WARNING

This textbook chapter covers the 2024 syllabus which is first taught from Term 4 2026 and
will first be tested at the 2027 Extension 2 HSC.

If you are sitting the HSC in 2026 you are studying the 2017 syllabus. You can use this
textbook chapter, but it will cover some content that you will be tested on in the Extension 1
HSC, not in the Extension 2 HSC. This includes:

» using the product to sum and difference identities in Lesson 4.7 and the revision exercise

» using the t-formulas in Lesson 4.9 and part of Lesson 4.10 and the revision exercise.

This textbook chapter does cover all of the 2017 content on integration, as new content has

been added for the 2024 syllabus, but nothing has been removed.

WARNING
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Introduction

Welcome! | hope all students and teachers find this book useful and enjoyable in your journey in Extension
2 Maths. This textbook will be continually changed and updated over time. For a free download of the latest
version, please visit howardmathematics.com.

This textbook is primarily a passion project. It is supported indirectly through school copyright licensing and
by increasing traffic to my commercial online professional development courses for teachers through TTA.

Some of the features of this textbook that students and teachers may find useful:

» The questions are in the style of past HSC questions where possible, so students are learning the right
type of questions throughout the course.

» The questions are graded in difficulty so students can work at their own level.

+ Each exercise starts with Basic questions that match the examples, so students can ease themselves
into the new concepts if they need to. More confident students can skip these first questions and start
with Medium and then Challenging.

» Each chapter has 100 revision questions, largely based on the matching exercise from the 1000
Revision Questions from the 2017 syllabus.

» All questions have fully worked solutions.

» There are lots of diagrams that help students understand concepts that would normally only be dealt
with algebraically.

» There are many hints and tips to help students answer questions more efficiently, while also highlighting
common techniques and recurring tricks used in HSC exam questions.

The textbook should be set out over roughly 44 lessons - the final number will be determined by how the
material is best bundled into lessons. The aim is for students to be able to finish the course as soon as
possible, so that there are months available for revision before the HSC to consolidate and master the
content.

If you find any mistakes or have any ideas that would make the textbook better, please contact me via
email below.

Cheers

Steve Howard
steve@howardmathematics.com

Thanks to all the teachers and students who have let me know errors or improvements for the textbook or 1000
Revision Questions, which have flowed through to this updated textbook.
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Integration is a great Extension 2 topic, as the question often gives no hint as to how it should be
approached, so you need to develop a deep understanding of the dozens of different techniques
to know how to solve the integral. The solution is then relatively short, while often also relying on
accurate algebra skills and using formulas from the reference sheet correctly, so students can
show their ability without taking up too much exam time. Some of the integration skills we cover
in this chapter are important in Applications of calculus to mechanics later in the course, which is

largely applied integration.

During the last 6 years Further integration has been the second least used topic, unlike for the
syllabus that went before where it was always neck and neck with Complex Numbers for the
number one spot. Further integration is largely the same as MEX-C1 Further Integration in the
2017 syllabus, with the addition of trigonometric product to sum identities and t-formulas, which
move here from Year 11 Extension 1. With the addition of this material, expect the share of the
marks for Further integration to increase. | have covered the product to sum identities and t-
formulas later in the chapter, so we can get stuck into integration right from the start of the

chapter, but you prefer to do this content first.

Lessons

4.1 Completing the square & manipulating integrands
4.2 The reverse chain rule & u substitutions

4.3 Other u substitutions

4.4 Splitting the numerator

4.5 Partial fractions

4.6 Definite integrals

4.7 Product to sum and difference identities

4.8 Powers of trigonometric functions

4.9 Expressions and equations using the t-formulas
4.10 Trigonometric substitutions

4.11 Integration by parts

4.12 Recurrence relations

Chapter 4 Further integration - 100 revision questions
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4.1 Completing the square & manipulating integrands

In Lesson 1 we cover:
 Integration in Extension 2
» Completing the square on a quadratic denominator

» Changing an integrand into an appropriate form using algebraic manipulation

We start by looking at how integration is used in Extension 2 integration and take a deeper look
at some background information that can help in more unusual questions. We then look at a
variety of definite and indefinite integrals where we need to complete the square on the
denominator so that we can use the standard integrals from Extension 1. We finish the lesson
by looking at integrals where we need to manipulate the integrand into a different form before

we can use the standard integrals.

This lesson mainly covers the 9" and 11t dot points from Further integration, with questions on

the 15 and 16" dot points included in the exercises.
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Lesson 4.1 Completing the square & manipulating integrands

Integration in Extension 2

Extension 2 integration involves a massive number of different techniques, some you have seen
before in Advanced and Extension 1, and others which are new. As well as the new techniques
you will learn, integration in Extension 2 is also harder as you will often be given a bare question
with no hints as to how it should be solved — you generally won’t be given the substitution if one
is needed, or any other hint if a different technique is needed, and you may have to use more

than one integration technique to complete the solution.

Integration questions occur throughout the HSC — most marks are easy to gain for those who
have practised. There are occasionally harder questions scattered throughout the paper, not just
in Q16. Focus on the small differences between integrands that require quite different

approaches and learn the tricks that appear through the chapter.

There are online integral calculators that can help you if you are doing a question without
worked solutions. Search for ‘integral calculator’ and end up at sites like integral-calculator.com
— type in the integrand and it will give you the final solution plus working if you select it. Just
keep in mind that it may use different techniques to what you would like, and the final answer
may be equivalent to what you want but in a different form. This is especially true with

trigonometric functions and inverse trigonometric functions.

At the end of this document is a summary of the topic, including many standard integrals that

you would benefit from memorising.

One of the results of having so many techniques to learn is we often focus on how to do each

type without really understanding what we are doing and why we are doing it.

The trick to successfully being able to solve the greatest variety of integration questions is to

deeply understand that integration is the inverse operation of differentiation.

This might seem to be an obvious statement, but it is something we often forget. At its simplest it

means that we can differentiate the primitive function to arrive back at the integrand.
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Lesson 4.1 Completing the square & manipulating integrands

Indefinite and definite integrals need to be understood in different ways.

Consider the indefinite integral, or primitive function, [ x?dx — what does it mean? We are trying
to find the family of functions whose derivative is x2. The solution is §x3 + ¢, which means that if

we differentiate any of the infinite numbers of functions in the form §x3 + ¢ the answer is x2.

Now look at the definite integral ff x% dx — how is this different? At its simplest we can say that it
is the area bounded by the x—axis, the curve y = x% and the lines x = 1 and x = 3. If this curve
was beneath the x—axis we would have to think of the definite integral as the negative of this

area. We can find the definite integral by evaluating any primitive of x? at x = 3 and subtracting

the value of the same primitive at x = 1. So, we find the difference between §x3 +c whenx =3

and x = 1. Since we can use any primitive, we usually let ¢ = 0 for convenience without thinking

about it, but we would get the same result if we used §x3 — 6 twice, or any other primitive twice.

So indefinite integrals are a way of finding the family of functions that can be differentiated to
arrive at the integrand, while definite integrals are most easily understood as the signed area

between the curve and the x—axis between the upper and lower limits.

Standard integrals
Standard integrals are common primitive functions which form the basis of our integration. They
all come from Advanced and Extension 1 — there are no new standard integrals in the Extension

2 course.

To find any standard integral we simply reverse the differentiation rules. For example, when
y =sinf(x) is differentiated we find y' = f'(x) cos f(x), so the primitive of f'(x)cosf(x) is

sin f(x) + c. This gives us the standard integral

[recosf dx = sinfo 4

The reference sheet has a list of the only standard integrals we need to know for the HSC. They
appear in two places on the reference sheet — there is a short list on the Extension 1 page and a

longer list on the Advanced page.
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Advanced

li n — 1
[rovwra=—

wheren # —1

ff’(x) sinf(x)dx = —cosf(x) + ¢
jf’(x) cos f(x)dx =sinf(x) +c
jf’(x) sec? f(x)dx =tanf(x) + ¢

ff’(x)ef(x) dx =ef® + ¢

flx)

00 dx=Inf(x)+c
ax

fa dx =—+c
Ina

[fOI" +c «<——

%

Lesson 4.1 Completing the square & manipulating integrands

This is one version of the reverse
chain rule — a massively underrated
tool for Extension 2 integration.

or use this version in terms of f(x):
£ o/
! X d —
[rear@a =5

+c

We will use the Advanced standard integrals throughout the chapter.

Extension 1

X
pemst (e
a

[ =

f dx—tan1<£)+c «—
2
a a

T

Careful — in this version of the standard
integral we need ‘a’ in the numerator

and there is no i on the RHS.

or use these versions in terms of f(x):
J f&) = sin~?! fx) +
vaz = [f()]? a

J f'(x) B ltan
a2+ [f(x)]2"  a

T

Careful — in this version of the standard
integral we don’t have ‘a’ in the

numerator, so we need % on the RHS.

'1@+c
a

When we use integrals whose primitive is the form tan™! [f( )] we will use the version shown in

the box to the right as it is more useful, not the version from the reference sheet.

We will use the Extension 1 standard integrals later this lesson when we complete the square in

the denominator of the integrand.
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Lesson 4.1 Completing the square & manipulating integrands

There are other standard integrals that you might see in other resources, but they are NOT
required in the HSC.

ff’(x)coseczf(x) dx = —cotf(x) +c

jf’(x) secf(x)tan f(x)dx =secf(x) +c

These are lesser used
trig standard integrals.
See the mnemonics at
the end of the chapter.

ff’(x) cosec f(x) cot f(x) dx = —cosec f(x) + ¢ —

secf(x)+tanf(x)|+c

ff'(x) secf(x) dx =1In

ff’(x)cosec f(x)dx = —In|cosec f(x) + cotf(x) |+ ¢

These standard

f'(x)
=In|f(x) +V[f()]? —a?|+c integrals come from a
f\/ [f (0] —a2 _ much earlier syllabus,

and you shouldn’t see

f (§x2)+ : x=In|f(x) + VIFOR + 22| + ¢ | them again.
w/ X a

You can safely ignore the seven standard integrals on this page for the HSC, although we will

use them in some exercises in this textbook to increase our understanding.
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Lesson 4.1 Completing the square & manipulating integrands

We have just seen a lot of differentiation and integration rules for trig functions to remember —

see the summary at the end of this chapter for some mnemonics to help you remember them.

Completing the square on a quadratic denominator

Some integrands need to be manipulated into a different form before we can use the standard
integrals. We will start by looking at some requiring completing the square in the denominator so

that we can use the Extension 1 standard integrals. These are common HSC questions.

Example 1

. dx :
Find f m OnIy perform one step of Worklng on

each line — it is very easy to make a
simple mistake when completing the

dx oy .
= J square within an integral.
x%2+10x + 25+ 4

_f dx
) (x+5)2+22

f'(x)
When we use | ————==dx
1 x+5 a® + [f(x)]
= -tan~! +c «— 1 £(x) 1
2 2 = atan‘1 — + ¢, don't forget ~on

the RHS — another common mistake.
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Lesson 4.1 Completing the square & manipulating integrands

Example 2

2 1
Find f —_—dx.
—3V16 — 6x — x2

One way to avoid making a minus
f 2 1 mistake is to take out a factor of

_3/—(x% + 6x — 16) dx minus one when the leading term is

negative.

2 1
=f dx
—34/—(x% + 6x + 9 — 25)

2 1
= f dx
-34/52 = (x + 3)?

When we usefﬁdx
; a? ~[f@P
= [sin_l <x ; 3)] B sin‘1¥ + ¢, we do not
-3

1
Y . _q need — on the RHS.
=sin""1—sin""0 a

Now let’s have a look at some integrands where we need to complete the square using a

function of x.

Example 3

In 4 3eX
Find dx.
fo 02 —2e* +10

axf'(x)

_ f1n4 3e*X p
~ )y e-nre3™
Here we have J > dx, so

e* — 1\]"* a? + [f (0]
= [tan™? < 1 -
3 we do not need P as a was included

0

4 -1 1—-1
=tan~! <T> —tan~! <T>

in the numerator.
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Lesson 4.1 Completing the square & manipulating integrands

Example 4

. cos 2x
Find f dx.
V8 — 2 sin 2x — sin? 2x

J‘ CoSs 2x d
= x
/= (sin% 2x + 2 sin 2x — 8)

cos 2x
= f dx
V9 — (sin? 2x + 2sin 2x + 1)

1f 2 cos 2x d
= — X
2J /32 — [sin2x + 1]2

f'(x)
, Here we use | ——————d
= gsin—l (%) i - f JZ P

=sin - ——+c.
a

Changing an integrand into an appropriate form using algebraic manipulation

Many integrands need to be manipulated into a different form before we can use out standard
integrals. In the next example we start by rearranging the integrand using two successive

trigonometric identities, then simplify before using standard integrals.

Example 5

. 1 + sin2x
Find f—_dx. When we have different angles (x
cosx + sinx . .
\ and 2x) our first step is usually to

B f 1 + 2 sin x cos x convert the trig ratios with the higher

. argument (angle) to the smaller
sinx + cos x argument.

sin® x + 2 sinx cos x + cos? x
= dx At the moment we are at a dead end,

sinx + cosx but if we use a Pythagorean identity,
we can simplify the integrand.

(sinx + cos x)?

sinx + cosx

= f(sinx + cos x) dx

= —cosx +sinx+c¢
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Lesson 4.1 Completing the square & manipulating integrands

When we have a fraction with powers of e in the numerator and denominator, we will generally
try to rearrange the integrand so that the numerator is the derivative of the denominator. To do
this, we must have any powers of e in the numerator with the same powers as those in the
denominator. The denominator can also have a constant term which disappears with
differentiation. If one term in the denominator is the odd—one—out, then we need to divide the
numerator and denominator by that power of e so that that term becomes a constant. In the next

example e* is the odd one out, so we start by dividing the numerator and denominator by e”*.

Example 6

er
Find fmdx
ex
=J.ex — 3dx

ex—3’+c

=In
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Basic
1 Evaluat Jl dx
valuate _,x%24+6x+25°
33
2 Evaluate f * ;dx
o V9 —4x2
3 Find f—dx
V20 — 8x — x2
4  Find f dx
NS I Toxz 122+ 78°
x% + 2x
5 F
ind f 24 2x + 5
6
Medium

) 1
7 Find fmdx

8 Eval _—
valuate f_15—2t+t2dt

) 2
9 Find j—4x2 —ar T 17dx

10 F'df Xy
n x4+2x2+5x

11
12 Find —f—dx
V3 —2x2% — x*
13 Ei d_f 2cosx (sinx + 1)
n (sinx + 3)(sinx — 1) x

14 i dj 2cosx (sinx + 1)
n (sinx + 3)(sinx — 1) x

Findf dx

15 x\

2 -1(X

(x? + 4) tan 1(2)

16 Itis gi thtdy— cosx dy=1wh =z Find functi f
is given tha dx_1+sin2xan y= wenx—z. ind y as a function of x.
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Exercise 4.1

Challenging

17

18

19

20

21

22

23

24

25

Find fo cosf de
n _m sin?0 + 2sinf + 4

e3x

Find f dx
V7 + 12€3% — 4¢6%

Find J‘cosx—smx
] X
2 + sin2x

SlIl X
Find f

cosx — 1

log, x 1
dx =1n2xIn2 +

Show that f +c.

X.

sin 2x + cos 2x
Find f d
CcoS X

) dx
Find f—
secx — 1

Find f(Zx cosecx — x? cot x cosec x) dx.

Given a, § are the roots of ax? + bx + ¢ = 0, prove that:

cosx (2asinx + b)

(sinx — a)(sinx — )
where k is a constant.

HSC Mathematics Extension 2 (2024) © Steve Howard
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4.2 The reverse chain rule & u substitutions

In Lesson 2 we cover:

* The reverse chain rule, u substitutions and u squared substitutions

The integrals we look at this lesson can be solved using either the reverse chain rule or a
suitable u or u? substitution. Using the reverse chain rule is always much more efficient, but
keep in mind that depending on the wording of the question, a u or u? substitution must be

used.

This lesson mainly covers the 6™ dot point from Further integration, with questions on the 11t

and 15 dot points included in the exercises.
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Lesson 4.2 The reverse chain rule & u substitutions

The reverse chain rule, u substitutions and u squared substitutions

Many integration questions in Extension 1 involve u substitutions, and in Extension 1 you must
be given the substitution to use. You may also be given the choice of whether you can use an
alternative method such as the reverse chain rule. It depends whether the examiners are

wanting to specifically check if you know how to solve integrals using substitution.

In Extension 2 we could get exactly the same integral, with either no guidance as to how we
should solve it or being directed to ‘use a suitable substitution’ without being told what it should
be. We either need to work out which substitution to use, or if the integrand is in the correct
form, we can use the reverse chain rule if the wording of the question allows. If you learn to
recognise integrands which are suitable for the reverse chain rule you can save yourself lots of

effort and time, which benefit you later in the exam.

The reverse chain rule is generally much quicker than using substitution, involving less algebra

and with less room for simple algebraic errors. It is a vastly underused technique in Extension 2.

One version of the reverse chain rule is the first standard integral on the Advanced page of the

reference sheet, where we have a function of x raised to a power other than —1.

f £ [FGdx = ——[fGOI™ ¢ wheren % ~1

A more generalised form of the reverse chain rule is

[rr@a(r@)ar = 6(r@) + ¢

where G (x) is the primitive function of g(x).

Note that an integrand can be solved using the reverse chain rule if it involves the product of a
composite function [a function of a function such as g(f(x))] and a multiple of the derivative of
the inner function [f'(x)]. We may need to multiply the integral by a fudge factor to get it in the
correct form, or rearrange the integrand, for example by rewriting it index form or using

reciprocal trig ratios.
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Lesson 4.2 The reverse chain rule & u substitutions

As well as being a much more efficient alternative to most integrals that would otherwise involve
substitution, mastering the reverse chain rule also makes integration by parts and recurrence

relations much easier when we get to them later in the chapter.

To help understand the reverse chain rule, consider the integral

fx(ZxZ + 3)3 dx.

Before we solve this integral using the reverse chain rule, let's differentiate the composite

function (2x2 + 3)*, where we have the inner function of 2x? + 3 raised to the power of 4.

% (222 +3)"] = 4(2x% + 3)"(4x)

= 16x(2x% + 3)°

So, when we integrate 16x(2x2 + 3)” we will get (2x2 + 3)" + ¢, or more importantly for our use

2 4
of the reverse chain rule, when we integrate 4x(2x2 + 3)3 we will get (2x7+3) 4+3)

+ c.

« In this second form we have the product of the composite function, (2x? + 3)3, and the
derivative of its inner function, 4x.
« To find the primitive of 4x(2x? + 3)3 , we leave the inner function alone and take the primitive

of the outer function — in this case the primitive of cubing a function is to increase the power

by 1 to become 4 then divide by 4.

The solution to the integral at the top of the page is shown below.

3
Jx(sz + 3) dx o 5 _
The derivative of 2x + 3 is 4x, so change x to 4x, and place
. a fudge factor of% at the front so the first two lines are equal.
= Zf4x(2xz + 3)3 dx
Leave the fudge factor at the front, take the primitive of the
1 (sz + 3)4 outer function, leaving the inner function alone.
=—X-—2+¢
4 4
, 4 > Simplify the primitive.
_ (2x%*+3) N
- 16 ¢
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Lesson 4.2 The reverse chain rule & u substitutions

We will now look at integrals that can be solved using either the reverse chain rule or by a

suitable substitution — we will solve each question using both methods.

For most substitutions we will let u equal the inner function of the composite function, then

differentiate both sides to find an expression for du.

When the composite function is the square root of the inner function then we let u? equal the
inner function (the radicand), as the algebra is easier because we work with integral powers

rather than fractional powers

When we differentiate both sides, the LHS becomes 2u du, which is an application of the chain

rule.

Again, a reminder that you should master both methods — the reverse chain rule is more
efficient in the questions where the integrand is in the correct form, but you may be required to
solve the integral using a substitution, plus we will see integrals next lesson which can only be

solved using substitution.
It is helpful to think of the functions we use in Further integration in five groups: Exponential
functions, Trigonometric functions, Algebraic functions, Inverse trigonometric functions, and

Logarithmic functions. We will use a mix of the five groups as the inner and outer functions.

In the examples below we solve the question using the reverse chain rule on the left and using a

u or u? substitution on the right of the dividing line.
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Lesson 4.2 The reverse chain rule & u substitutions

Example 1

1
Find f x3(x* —2)5 dx.
0

1 1 Z
x3(x* —2)5dx f 3(x% —2)5d u=x*-2
Jo ( ) Ox (x ) dx du = 4x3dx
1 (! 1 (1
= —f 4x3(x* - 2)% dx =—| (x*-2)>x4x3dx
4 ), 4 J,
4 el 1 1 Don’t forget to change
_1 [u] = Zf u®du the limits when the
4 6 0 —2 variable changes
1[uf]™
11 (s -3/5]
4\6 6 —2
1
__ 5 =—(1—64)
_ 63
24

Note that the solution using the reverse chain rule required only four lines, while the solution
using the u substitution was seven lines long — two lines to find an equation for du and dx, plus

another five lines for the solution.
Common mistakes when using the substitution method for definite integrals include forgetting to
change the limits so that they are in terms of u, or just replacing dx with du, rather than

differentiating the equation linking u and x to find the equation linking du and dx.

We can see that using the reverse chain rule has many advantages, so always use it when the

question allows.
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Lesson 4.2 The reverse chain rule & u substitutions

Example 2

2
X
Find] —dx.
1 V2x2 -1

2 x
—dx
Jl V2x%2 -1

1 2 _1
=—f 4x(2x2—1) 2 dx
4J;

1 172
=7 Xx2 (2x? — 1)2
1
1
=5(7-1)

u?=2x%*-1
2u du = 4xdx

Example 3

Find fe3x e3* 4+ 1dx.

fe3x\/e3x + 1dx

1 1
=§f363x(e3x+1)2 dx

1 2 3
=§X§(e3x+1)2+c

24/ (e3* +1)3 N
="+

9

HSC Mathematics Extension 2 (2024) © Steve Howard

fe3x e3* + 1dx

1
= §f\/e3x + 1 % 3e3*dx

Y
—3uuu

2
=§fu2du

u3+
X—+c
3

2/ + 17 |
=—+c

9

wl N

23

uz=e3+1
2udu = 3e3*dx
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Lesson 4.2 The reverse chain rule & u substitutions

Example 4

VT
Findf x sin(x?) dx.
0

VT , N , 0 = 22
: d . d =
Jo x sin(x“) dx J;) x sin(x*) dx du = 2xdox
1 (V7 1 (V7
=—f 2x sin(x?) dx =—f sin(x?) 2xdx
2J) 2Jo
1 s
_ 1 2 v =—f sinudu
=3 cosXx 2 J,
0
: ],
= ——|cosm —cos0 =T 5|cosu
2( ) 2 0
1 _ 1 0
:_E(_l_l) = —5|cosm —cos
=1 1
=-2(-1-D
=1

Example 5

Find f\/ cos 2x sin 2x dx.

2 _
J\/cos 2x sin 2x dx J\/cos 2x sin2x dx uo=cos 2.x
2udu = —2sin2x dx
1 . 1 1
= —Ef(—Z sin 2x)(cos 2x)2 dx = —Ef\/cos 2x X (—2sin 2x dx)
1 2 3 1
——EX§(COSZX)2+C :_Efuxzud”
Vcos3 2x
= —T'l‘ c = —fuz du
= 3 I
Vcos3 2x
R
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Lesson 4.2 The reverse chain rule & u substitutions

Example 6

Find fex sin(e*) dx.

I
®

Je" sin(e*) dx fex sin(e*) dx u

du = e*dx

= —cos(e*) +c

= Jsin(ex) X e*dx

fsinu du

—cosu+c¢

=—cose*+¢

Example 7

esin_lx
Find f—dx.
V1 —x2

sin~1 x sin~lx u=sin"lx
e e
dx

———dx ——dx
V1 —x2 V1 — x2 du = ——
L tox Vi-x?

1 s -1 dx
= —XeSll'l de =fesin—1x o
f\/l—xz V1= x2
= eSinTtx 4
=fe“du
=e+c¢
= esinT'x 4
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Basic
1 Find sz(x3 + 4)5 dx.
2 x
2 Evaluate fl \/ﬁdx
3 Find j e2*\[e2x — 1 dx.
4 Find fx cos x2 dx.
™
5 Evaluate fztan x sec? x dx.
6 Find f cosx
Medium

3
7 Find J sin2 2x cos 2x dx.
8 Find f\/sin 2x cos 2x dx.

9 Find fex cose” dx.

10 F'ndfe d
| X
V1 —x?

eZ cos(ln x
1 Evaluatef %dx
1

12  Find f(3x2 + 2x)/x3 + x2 dx.
13 Find fxzex

14 Find J‘ sin(tan™!
1+ x2

15  Find f(etz + 16)tet” dt.

16 Find fcosecxcotx
N X.
1 + cosec?

17  Find fexee" dx.

18
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Exercise 4.2

2+
19  Find f / X dx.
2—x
sin(tan 6)
F
20 nd f 5520
Challenging
COS x
21 Find f
\/smx
x sm 2x2 1
22  Find f ) dx.
smx
23 Find f
secx \/smx
24 Find f
1+ x2)2
25 Find J‘ 7sm(lnlxl)
‘/526962_2
26 Evaluatej T dx.
V2 X
V2x2—1
xeV2¥*=1gip e
27  Find f ) dx.
V2x2 =1
28 Indefinite integrals with trigonometric integrands can have many correct solutions.
Prove that fsin3 2x cos 2x dx is equal to each of the following expressions.
a sin® 2x N
3 C
b cos*2x cos4x N
8 g ¢
c cos* 2x N sin? 2x N
8 z €
d cos*2x cos?2x N
8 5 ¢
cos 4x + cos 8x +
16 64 ¢
f cos4x sin?4x N
16 16 ¢
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4.3 Other u substitutions

In Lesson 3 we cover:

» Other u substitutions and u squared substitutions

The integrals we look at this lesson can be solved using a suitable u or u? substitution but are
not in the correct form to use the reverse chain rule. These questions could also occur in
Extension 1, where the substitution would be given, so the trick in Extension 2 is to recognise

the best substitution to make.

This lesson mainly covers the 6" dot point from Further integration, with questions on the 11t,

15t and 16" dot points included in the exercises.
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Lesson 4.3 Other u substitutions

Other u and u? substitutions

We now look at integrands which are not suitable for the reverse chain rule, so that we must use

a u or u? substitution. Again, the substitution may or may not be given.

In general, simpler integrands are easier to integrate, so we aim to choose a substitution that

makes the integrand simpler. This will generally occur when we let u or u? equal the inner

function of the composite function, though in more complicated examples this will not be the

case. The only way to determine the easiest method for unusual examples is lots of practice.

Later in the chapter we will look at trig substitutions, which are only needed in a small number of

cases and often involve more lines of working.

In the next example we cannot use the reverse chain rule as we have x3, rather than x, in front

of the square root.

Example 1

Find jx3\/x2 — 1dx.
fx%/xz —1dx

1
= Efxzvxz —1 X 2xdx

1
=§f(u2+1)ux2udu

u?=x%2-1
2udu = 2x dx
x*=u*+1

U R (Gl Vi

5 3

HSC Mathematics Extension 2 (2024) © Steve Howard

The outer function of the composite
function is a square root, so we let u?
equal the inner function. Making x?
the subject is optional but helps
simplify the integrand.

| always write brackets here, but the
integral sign and du act as grouping
symbols, so the brackets are not

I normally skip this step but notice
how the denominator of the powers
tell us to take the square roots in the
next step, while the numerators tell
us the power required inside the
square root.
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Lesson 4.3 Other u substitutions

Example 2

3

x
Evaluatef dx.
1 1+x
L dx u?=x
1 1+x 2udu = dx
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Lesson 4.3 Other u substitutions

Example 3

7
x
Find j—dx.
V1 —x*

f x’ dx u?=1-x*
N 2udu = —4x3dx
1] a x (—4x3)d
=—— | ——x (—4x%)dx
4) V1 —x*
1(1-u?
=——f X 2u du
4 u

=—%f(1—u2)du

1 u3+
=—slu-75)+ec

_\/(1—x4)3 V1 — x4
B 6 2

+c
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Lesson 4.3 Other u substitutions

The next example is a classic integral. It is a great question to use in class, as we can solve it in
SO0 many ways. It can be a very poor exam question without some guidance, as many students
would waste time trying a variety of substitutions that appear to lead to dead ends, or use a
variety of other substitutions which could soak up lots of time getting to the answer. The final
answer varies depending on the method used, although the answers are equivalent. If we graph

them in GeoGebra or similar we can see that they only differ by the value of the constant.

Some relatively simple solutions involve letting u? = 1 + x or u? = 1 — x, which still soak up lots
of time. Later in the chapter we will solve this same integral using the substitution u? = x + 1
with a trig substitution, and separately just with a trig substitution, which is not as bad as the u?

substitutions mentioned.

We do have a much simpler solution that does not involve substitutions but rather involves
rearranging the integrand so that we can use standard integrals. Since the integrand involves
the square root of a rational function, we can rationalise the numerator (not the denominator),

allowing us to split the fraction in two, leading to two standard integrals.

Example 4

) 1—x
Find f ’ dx.
1+x

1—x 1—x We will end up with the square root of
= «— :
f 170 [T % a perfect square in the numerator.
1—x d
= X
V1 —x2
dx We can now split the integral and

1 -1
2 <
dx + Ef(—Zx)(l —x?) Zdx deal with each part separately.

) V1I=x2

1 1
=sin_1x+§><2(1—x2)2+c

=sinlx+/J1-x2+¢

HSC Mathematics Extension 2 (2024) © Steve Howard 32 Howard and Howard Education



Lesson 4.3 Other u substitutions

Some substitutions are much less obvious — the only way to be able to solve questions like
these is lots of practice! This integral looks very similar to the last example, but we do need to
start with a simple substitution. Since we are not replacing the whole radicand in the

substitution, we use u rather than u?.

Example 5

1—x2 _ 2
/ d u=x
fx 1+ x2 x du = 2x dx

_1f 1—u>< 1—ud
2 i+u " 1™
1 1—u

== du
2) V1 —u?

1 1 1 u
== du——f du
2-[\/1—u2 2)N1-u?

1 1 1 1
:Ef _1_u2du+1f(—2u)(1—u2) 2du

11 S
= 5sin 1u+Zx2(1—u )2+c

= Lsint +1 1—-u?+
—251n u 2 u c

sin1x? V1 —x*
= > + > +c

HSC Mathematics Extension 2 (2024) © Steve Howard 33 Howard and Howard Education



Basic
3
1 Find f X dx.
V1 + x2
2 Find fx3\/x2 + 1dx.
3 Find fxsvxz + 1dx.
1
4 Evaluate f x31 — x2 dx.
0
3
5 Evaluate J4 X dx.
oV 1—x
3
6 Evaluate f xvVx + 1dx.
0
Medium
2x
7 Find f ¢ dx.
Ver + 1
1
Evaluate dx.
8 fz ++/x X
9 Find fxs 2 —x3dx.
_ 2x3
10 Find fmdx
3
X
11 i ———dx.
Find f 2+ 1) dx
. er
12 Find jex_}_ldx.
1
13 Find the area under the curve y = ——— fromx = 1to x = 2.
Y xV2x —1
Challenging
2
14  Show thatf Y dx =S —100Vx+5+c
x+5 3

15 The velocity of a particle, t seconds after it starts moving along the x—axis, is given by

’1 + 2t2
x=t 122 metres per second. Determine the distance of the particle from its

initial position after 0.5 seconds. Answer correct to the nearest millimetre.

V3 X3
16 Evaluate J —dx.
O (1+x2)2
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Exercise 4.3

\/}
1-Vz

17 Show that j dx = —x — 24/x — 2In |1 — \/x| + c using the following substitutions.

a u’=x

b u=1-x

1
18 by letting u = oF

Find [ =2
in f —— -
T

Z sin®x

ml+ 2% X
2

19 Using the substitution u = —x, or otherwise, evaluate f

X
20 Use integration to prove f /x T dx =yJx?2+x—-In(vx +Vx+1) +c

You may assume f#dx =1In |f(x) +/I[f(0)]? - a2|.
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4.4 Splitting the numerator

In Lesson 4 we cover:
+ Splitting the numerator

+ Partial fractions by inspection

The integrands that we look at in this lesson are rational functions - the numerator and
denominator are both polynomials. The integrals can be solved by rearranging the integrand

into the sum or difference of simpler fractions.
We start by splitting the numerator, where we rearrange the numerator into multiples of the
denominator or its derivative. We then look at partial fractions by inspection, where we split the

fraction up without needing the formal methods, which we look at next lesson.

This lesson mainly covers the 7t, 8" and 10" dot points from Further integration, with questions

on the 9, 11, 15t and 16" dot points included in the exercises.
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Lesson 4.4 Splitting the numerator

Splitting the numerator

Rational functions are fractions where the numerator and denominator are both polynomials.

Examples include:

x2+2x+3 x+2 4x
x—1 x+1 x2+4x —6

Splitting the numerator is a method of rewriting the numerator as multiples of either the

denominator or the derivative of the denominator, so that we can then use standard integrals.

You may have used this method for dividing polynomials in Year 11, where it is a much better
alternative to long division. We can also use this method for functions that would become

rational functions after making a u substitution.

The degree of the numerator and the degree of the denominator determine whether we
rearrange the numerator as multiples of the denominator, or multiples of the derivative of the

denominator.

In all cases we need to end up with a rational function where the degree of the numerator is less

than the degree of the denominator before we can use any of the standard integrals.

Case 1: The degree of the numerator is greater than or equal to that of the denominator
If the numerator has degree that is greater than or equal to the degree of the denominator, then
we rewrite the numerator as multiples of the denominator, leaving us with the sum of a

polynomial and a rational fraction.

Example 1
_ x> +2x+3
Find f—dx
x—1

Jx(x—1)+3(x—1)+6
= dx

x—1
6
= f <x +3+ m) dx Don't forget the absolute value signs
X2 — if the argument inside the absolute
= > +3x+6ln|lx—1|+c <«— values could take a negative value,
then you will lose marks in the HSC if
it is missing.
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Lesson 4.4 Splitting the numerator

Example 2

2x+2 The limits have been chosen here so
Evaluate f P «——— that you cannot solve this definite
- integral if you don’t use absolute
values signs correctly.

f”x+1+1
= —dx
3

x+1
= f 1+ dx
_3 x+1
Without the absolute values signs we
= [x +In|x + 1‘ ] <—  could not evaluate the primitive
functions here.

:<—2+ln —1‘>—<—S+ln

=—-24+04+3—-1In2
=1-1In2

=)

Example 3

Fndfsz+5
! z2 41

x2+1
\/51 4 d
_fl HZEY

= [x+ 4tan_1x]

Ba?+1+4
- [ e
1

1

(@) +4)

7
:\/§—1+?

The same techniques work for functions that would be rational functions after a u substitution.
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Lesson 4.4 Splitting the numerator

Example 4

e?* +e*
Find f

2x_ex

fezx—ex+26xd
= X
er_ex

=x+2ln|l—e*|+¢

Case 2: The degree of the numerator is one less than that of the denominator
If the degree of the numerator is one less than the degree of the denominator, then we rewrite
the numerator as multiples of the derivative of the denominator, leaving us with the sum of a

polynomial and a rational function. The primitive will include a logarithmic function.

Example 5

Find f R
N ) e fax+13%
B f 2(2x +4) — 8
T X2 t4ax+4+9%
f 2x + 4 f e
x2+4x+13 (x +2)2+32
8 42 Since x? + 4x + 13 is always positive
=2In|x? +4x + 13‘ — §tan‘1( 3 ) c <«—— we would not lose marks in the HSC
if we did not include absolute values.
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Lesson 4.4 Splitting the numerator

Partial fractions by inspection

Partial fractions involve breaking a rational function into the sum or difference of two or more
simpler fractions - the partial fractions - which we then solve using standard integrals. It only
works for rational functions whose denominator can be factorised - think about cross multiplying

to realise why.
We can create partial fractions by inspection for easier examples. Next lesson we will look at

three formal methods for harder examples but never forget that it can be easier to break up the

rational function by inspection.

Example 6

) 3
Find f x(x+1) dx. We will try putting 1 over each factor, and
subtracting the two fractions, which will get rid of

_ 1 1 the x in the numerator when we cross multiply.
- 3_[ <; Cx+ 1) dx We then need to place a fudge factor out the
front, so that when it multiplies by the new
=3In|x| —31In|lx + 1|+ ¢ fractions, we get an answer equivalent to the
x original question. In this case % — x—il = x(x1+1) SO,
=3In ‘x + 1| e we need a fudge factor of 3 out the front.
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Lesson 4.4 Splitting the numerator

Example 7

Show that ’ ! d —1<3\/§>
owthat [ —gyax =)

We will try putting 1 over each factor, and
subtracting the two fractions, but cross

371 x multiplying we would be left with an x? we don’t
LHS = fz (; T2+ 1) dx want and be subtracting an x. We can get around
these problems if we make the second

3/1 1 2 denominator x. Cross multiplying in our heads we
f ( )dx
2

- see that no fudge factor is needed.

X
x 2 x%2+41

3
— x| = L1nfx2
In|x| 2ln|x +1|
2

—131110 12115
=1{ln >1n n >1n

=In3—-InvV10—In2 +InV5
_ 3v5
= |In Zm
-n(35)
-2

_ <3x/§>
=In T
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Basic
x% —2x —
1 Find f
x+1
32x—3
2 Evaluate f dx.
1 x+1
3 Find fo + 19
i 759 dx.
3x+ 2
4 Find f Tt oxt 10
5 Find f 2 d
in X0 =D x
6 Fi df 2 d
n x(x? + 4) x
Medium
7 Eval atef2 2x d
valiate | e ax+20%F
e 4 e*
8 Fmdf 2x+1
9  Find fx4+ Ly
I x2+2 X
x3
10 Showthatj 5 dx=2-—1In3.
x“+2
x®+3x%2 -1
11 Find f 11 dx.
X% —4x+2
12 .
Find J. =2 dx
Challenging
1 2x ex 4‘€e
13 Show that f ﬁdx = In <[e(eT)]2> .
2x
The area under the curve y = ——— from x = 0 to x = In 2 is rotated about the
14 Y ve2x +1

x—axis. What is the volume of the solid of revolution formed? Answer correct to
2 decimal places.

15 Find f cos X dx.

sin?x — 3sinx + 2

16
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, secxtanx
17 Find j—dx
secx + sec?x

tan® x + tanx + sec?x — 2

18 Show that f
tanx — 1

3cos? (L
19 Let1=f de_
1 x(4—x)

3sin? (Zu
a Show that1=f M

du.
; ué—u u

b Hence, find the value of I.

20 Eind f sinx d
N X.
sinx + cosx + e*
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X =

43

In

tanx — 1

CosXx

+ 2x +c.

Exercise 4.4
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4.5 Partial fractions

In Lesson 5 we cover:

+ Partial fractions using formal methods
* Equating coefficients
+ Elimination by substitution

* The cover-up method
In this lesson we look at splitting rational functions into partial fractions using formal methods
rather than by inspection as we did last lesson. We look at three different methods of splitting a

fraction into partial fractions, which can be simply integrated.

This lesson mainly covers the 7t and 8" dot points from Further integration, with questions on

the 16" dot point included in the exercises.
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Lesson 4.5 Partial fractions

Partial fractions using formal methods

Last lesson we looked at simple examples where we could split the rational function up by
inspection, while in this lesson we look at formal methods needed for harder examples. Never
forget that breaking up the rational function by inspection can be a valid alternative to the formal
methods - make sure you show enough working though if the question is worth more than one

mark. We will work through examples, with important notes beside each solution.

There are three methods we will investigate. All students should learn the first method, as it will
work for all questions, even if a little more slowly than the other methods. More capable students
should also learn the second and third methods as they each allow more efficient solutions to

some types of questions. In exams you can choose whichever method you like.
Most exam questions will tell you the original integrand (a rational function) and the form of the

partial fractions to use. Use the hints in the following examples so that you can answer those

questions where the form for the partial fractions is not given.
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Lesson 4.5 Partial fractions

Equating coefficients

The first method works for all questions but takes longer than the other two methods. We start
by cross-multiplying the partial fractions on the RHS to create a single fraction, then equating
the coefficients of x2,x and the constant in the numerators. In more complicated questions the

other two methods need to use this method to find the value of one or more variables.

Example 1

2x—7 a b
a Express m in the form T +m by equating coefficients.

2x —7 _a 4 b
x+Dx-2) x+1 x-2

Cross-multiply on the RHS.
2x — 7 _a(x—2)+b(x+1)/

x+Dx-2) (+DKEx-2) Equate the numerators and separate the RHS
2x—7=(a+b)x—2a+b / into multiples of x and the constant term.

c2=ath M ¥~ Equate the coefficients of x and the constant
—-7=-2a+b (2) terms to create simultaneous equations, then
(1-(@2) 9=3a > a=3 solve them to find a and b.

subin(1) 2=3+b » b=-1

2x —7 — 3 _ 1 . Rewrite the original fraction in the required form
x+Dx-2) x+1 x-2 as asked in the question.
b Hence find f 27
ence fin X
(x+1D(x—-2)

_ f 3 1 d

B x+1 x-—2 x

=31nx+1‘—ln x—2‘+c < Since x + 1 and x — 2 could be negative we

must use absolute values.

If the question didn’t give the required form, we could work it out as follows:

» The rational function has the numerator with a degree one less than the denominator.

» The factors in the denominator are x + 1 and x — 2, which give us the denominators in the
two partial fractions.

» Both denominators are linear functions, so we put a constant function in the numerator —

each has a degree one less than the denominator, just like the original rational function.
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Lesson 4.5 Partial fractions

Elimination by substitution

The second method works quickly to find variables in partial fractions with linear denominators,
but for the variables in other partial fractions we need to equate one or more of the coefficients
as we did in Method 1.

We start by cross-multiplying the partial fractions on the RHS, but do NOT expand the terms.

We then find the value of the variables one at a time by substituting values for x that eliminate

all but one of the variables.

If we used this method for Example 1 it would have saved us one line of working, so it is not

that much more efficient.

Hints for the following example:
* When the original denominator has a squared factor the simplest form of the partial fractions

involves a constant over a single power of that factor and a constant over the factor squared:

2x — 3 _a+b+ c
x2(x—1) x x2 x-—1

* Alternatively, we could expand the perfect square and use a linear numerator:

2x — 3 _ax+b+ c
x2(x—1)  «x2 x—1

* When there is a repeated factor then the substitution method cannot find all variables -
equating coefficients will be needed for at least one variable — ‘a’ in this example as it is over
the single x. This will also occur for the cover-up method we will use in a moment, which is

an abbreviated form of the elimination by substitution method.
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Lesson 4.5 Partial fractions

Example 2

a b c
a Express in the form o + o + a— by elimination by substitution.

2x —
x2(x—1)

2x — 3 a b c
x2(x —1) ~ + X2 + x—1 Cross-multiply on the RHS but do NOT
2x—3)=ax(x—1)+b(x — 1) + cx? / expand.

Letx =0 ~2(0)—3=a(0)+b(0—-1)+ c(0)

Substitute values of x that will eliminate

—3=-b other variables. We start by letting x = 0 so
b=3 / that we can find b, then let x = 1 so that we
Letx =1 ~2(1) —3 =a(0)+ b(0) + c(1) can find c.
-1=c
c=-1

equating coefficients of x?: 0 =a+c «—— There is no substitution that leaves a while

0=a-1 eliminating b and c, so we have to equate
a=1 coefficients. Since a is part of the
o 2x—-3 1 N 3 1 coefficient of x? and of x we could equate
2(x=1) x x* x-1 either one successfully.
3 2x-3

b Hence evaluate —dx.
valu _sz(x—l) x

f32x_3d_f31+3 1),
, x2(x—1) *= , \x x?2 x-—1 *

3 3 Since x and x — 1 cannot be negative for
= [ln X —;—ln x—1 ] <——— 2 < x < 3 we do NOT need to use absolute
2 values.

3
=<ln3—1—ln2)—(ln2—z—0>

1
=1n3—21n2+§

(3,1
i VY
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Lesson 4.5 Partial fractions

The cover-up method
The third method is a shortcut for elimination by substitution, allowing us to quickly find

variables in partial fractions with linear denominators.

Just like elimination by substitution, it will not find variables in partial fractions with non-linear
denominators. HSC questions are generally chosen so that this method cannot be used by

itself, as it reduces these questions to mindless technique without understanding.

To find a variable over a linear denominator we do the following:

+ Ignore (cover up) everything on the RHS except the variable we are trying to evaluate.

+ Find the zero of the denominator under this variable.

* On the LHS ignore (cover up) the factor matching the denominator for the variable, then

substitute the zero into what remains of the rational function and evaluate.

Let’s redo part (a) of Example 1, then try a harder example.

Example 3

2x—7 a
Express GrDG=2 in the form o) + pop— using the cover—-up method.
2(-1) =7 To find a, we find the zero of its denominator,
=T 15 ~ < which is x = —1, and substitute it into the LHS,
ignoring the factor x + 1.
)y = 2)-7 _ )

2+1 \ To find b, we find the zero of its denominator,

which is x = 2, and substitute it into the LHS,

ignoring the factor x — 2.
2x—7 3 1 : :

(x+1)(x—2):x+1_x—2

Note that this took three lines of working, whereas equating coefficients in Example 1 took

seven lines, making this a much more efficient method..
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Lesson 4.5 Partial fractions

Let’s look at standard HSC-style question where we can use the cover-up method to find some

of the variables and need to equate coefficients to find the others.

Example 4

2x+1 _ax+b

c
Gi =
ven 2+ Dx+1) x2+1+x+1

,find the values of a, b and c using the cover — up

method and equating coefficients.

2x+1 _ax+b+ c
(x2+Dx+1) x2+1 x+1

C2(-D+1 1

TPl 2

A

cover-up method

2% + 1 _(ax+b)(x+1)—%(x2+1)
2+ DE+1D 2+ D(x+1)

(a—%)x2+(a+b)x+<b—%)

= 2+ D+ D < equating coefficients
1 : .
ca-o= 0 <— equating coefficients of x?
1
72
b— 5= 1 <— equating constant terms
b=~-
_1, 3 g ]
a=z,b=-andc=-2
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Lesson 4.5 Partial fractions

In the last example one of the factors, x? + 1, is an irreducible quadratic — it cannot be

factorised within the real number system.

We can use the cover-up method to find the values of a and b if we find and use the complex
zero of x? + 1, which is x = i. We cover up everything on the RHS except for ax + b, and cover
up x2 + 1 on the LHS, then substitute x = i into both sides. After rewriting the RHS in Cartesian

form we find a and b by equating the real and imaginary components.

Note that we are using complex numbers as a tool to make our calculations easier, but the final

answers must be purely real values for a and b. We will still find ¢ in the normal manner.

Example 5

2x+1

Given T D+ D

ax+b c
=711 + ——, find the values of a, b and c using the cover-up method.
ajzi) +b =x2ﬁ1+ ! X 1- ‘'« Substitute x =i into both sides, then rationalise

i+1 11— the denominator.

2042411
A
~ b+ '—3+1'
- al—z 21
wq = 1 b= E < Equate the real and imaginary components.
2’ 2
BEGDLE S Use th thod to find
T D241 < se the cover-up method to find c.
_ 1
2
—1b— andc = !
a_zl _2 Cc = 2.
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Basic
1a Express 2x+1 in the form a + b by equating coefficients.
XPress e D+ 2) ! Xx+1 x4z Y equating coetiict
b Hence find f 2x+1
N NN
2a E 20F3 i the f +b+cb limination by substituti
a Xpress 2o+ D) in the form — o y elimination by substitution.
3 2x+3
b Hence evaluatef — -~ dx
o X2(x+1)
3 E 2x+1 the f ¢ += ing th thod
Xpr —————in rm —— in ver—-up m .
pess(x_l_l)(x_l_z) e fo 11 2us g the cover—-up metho
4 Given 2X*t3 %, b € dthevalues of a b and ¢ using the cover—
e 2ot D x Tt rET e values of a, b and c using the cover-up
method and equating coefficients.
5a Find a and b given that 1-x =_¢ + b
ind a g x+Dx+2) x+1 x+2°
b Hence find f 1-x d
N NN
. x+1 . . .
6 Rewrite ———— as the sum or difference of partial fractions.
x(x —1)2
x+2
7
Find f X2+ 7x+12
Medium
5x — a bx+
8 Express T DO+ D) in the form —— oS 2 21 using the cover-up method and
complex numbers, and hence evaluate ' X =5 d
X V .
P Y ’ Y 3 (x+2)(x2+1) x
9 It can be shown that 2 = ! X + ! Do NOT prove this
W x3+x22+x+1_x+1 x2+1 x2+1 ( prove this.)
2
Use this result to evaluatej 3 5 dx.
1 x> +x+x+1
It can be shown that 81 — %) I 2X_ Do NOT prove thi
10 can be shown tha (2—x2)(2—2x +x2) 2 —2x + x2 2—x2( © prove this.)
Use this result to evaluat f 8(1 - x) d
se this result to evaluate N oy ) x
5 x-—6
11 Evaluatej — - dx.
2 X“+3x—4
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Exercise 4.5

12a  Finda,band cgiventhat ——— ==, 2 ¢
a ind a, b and ¢ give axz(x_l)_x at—1
3 —5x+2
b Hence evaluatef Zx—dx.
o X%2(x—1)
13a  Gi that 16x — 43 b it 16x — 43 _ a N b N c
Ve =326+ ) SN N S e ) T -3 Tx—-3 x+2

where a, b and ¢ are real numbers, find a, b and c.

b Hen findf 16x — 43
ence x—32x+2)"
£ 2x +3 in the f a +bx+c dh
14 Xpress GT DT 4 in the form ~r1it2+a and hence
evaluate i 2x +3
vald o x+D(x2+4) X
Challenging
3x?2 +8
15 Find
" f PeTEY ke
2x3 —x? —8x -2
16 Fi .
mdf *—2) dx
e*+1
17 Flndf 2x—58x+6d
Given that 307 4% 4 12x — 12 *—3 + 2 show that
ivi = , W
18 (2 +4)(x2+2x+4) x2+2x+4 x*>+4
1 3x3 +x2 4+ 12x — 12 57 4 (m )
dx =In—+ —(—=—tan" 1 — .
o X2 +4)(x2+2x+4) 8 J3\6 V3
3! 1 3 3 1

19 Use partial fractions to show that

x(x+1)(x+2)(x+3)=;_x+1+x+2_x+3'
20 Itisgiventhat t* + 4 = (¢ + 2t + 2)(¢c — 2t + 2).

_ A+2t N B — 2t
t4+4  t242t+2 t2-2t+2°

a Find 4 and B so that

b A particle is initially at the origin and moves to the right along the x—axis. Its velocity
16
t seconds after it started moving is P
Show that its displacement after t seconds is
| (tz +2t+2
X =

metres per second.

-1 -1
= t2_2t+2>+2tan (t +1) + 2tan~'(t — 1) metres.

¢ Prove that the particle will approach but never reach x = 21 metres.
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4.6 Definite integrals

In Lesson 6 we cover:

« Simplifying definite integrals using symmetry

» Variable of integration (dummy variables)

+ Simplifying definite integrals using translations and dilations
» Simplifying definite integrals for odd and even functions

« Simplifying definite integrals using horizontal reflections
In this lesson we look at a wide variety of techniques that help us evaluate definite integrals.
The techniques we look at this lesson are rarely used one at a time in Extension 2 but can be

required within longer solutions or tricky multiple-choice questions.

This lesson is massively important for harder questions but is not covered in the syllabus in any

great detail. This content best fits with the 15t and 16" dot points from Further integration.
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Lesson 4.6 Definite integrals

Simplifying definite integrals using symmetry

An easy method to simplify definite integrals involves identifying parts of the integral that are:
» equal, where we simplify the integral by doubling one of the parts

+ of the same magnitude but opposite sign, where we cancel out the two parts.

Consider the graph of y = cos3 2x in the domain [—%%]

}“*
y = cos3 2x

1N R

I
a1

There are three equal areas in this domain, which could lead us to a variety of obvious and not

so obvious relationships between its parts, that we can use to create a simpler integral.

Some obvious results include:
b4 n

) 2
fncos3 2x dx = 2f cos32xdx and f cos32xdx = 0.
I 0 0

NE

Less obvious results include:

m T T

2 z 0 Z
'[ cos32xdx = j cos32xdx and f cos32xdx = f cos3 2x dx.
_n o n i

4 2

These types of relationships are particularly useful in simplifying definite integrals involving
functions of sine and cosine. Since cos 2x has a period of m, we could add or subtract 7 to the

upper and lower limits of any integral above without changing its value.
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Lesson 4.6 Definite integrals

Example 1

. w1
Consider the graph of y = sin3 2x for |- 5 2] :

yu

y = sin3 2x

N
NTE]
=

a Use the graph to arrange these definite integrals in ascending order.

s

% 0
A: f sin3 2x dx = f sin® 2x dx + f
n m o
)

Z'32 d 1+1 0
sin“2xdx = —-+5=
3 3

= o . 1 1
B: f sin3 2x dx =fﬂ sm32xdx+fnsm32xdx+f sin® 2x dx = —§+0(from a)=—§
- - - 0
2 4

NE

N[

NI

A

4 1 . . ) s
C: | sin 2x dx = f sin3 2x dx = 3 since sin®2x is symmetrical about x = —
0

Ll

T T T

. Z - Z . E =
In ascending order, we have: fﬂsm3 2x dx, fﬂsm3 2x dx, J;T sin3 2x dx.

Vs
T T 2
b What value of a in the domain [_E'E] maximises the value of f sin3 2x dx?
a

Vs

2
J sin3 2x dx is maximised when we exclude as much of the domain where the graph of
a

y = sin32x is below the x—axis, and include as much of the domain where the graph of
y = sin32x is above the x—axis.

This occurs when a = 0.
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Lesson 4.6 Definite integrals

Variable of integration (dummy variables)

The value of a definite integral is independent of the variable used - this is an important
technique used in proofs, often called dummy variables. In the diagrams below we can easily

2 2
see that f (x? + 3)dx and f (u? + 3)du must be identical.
0 0

—x + 3 —u +3

4[ (x2 + 3)dx 4] (u? + 3)du

This relationship only applies to definite integrals. If we compare f(x2 + 3) dx and f(u2 +3)du

we need to remember that not only do both sides end up with a function still in terms of the

different variables, but they each include an unknown constant, which are not necessarily equal.

3 3
For these indefinite integrals we end up with x? + 3x + ¢; and u? + 3u + c,, which follow a similar

pattern, but which are not equal - except by coincidence.
We will use symmetry and a u substitution, together with a change of variable in the next

example. Here we are comparing integrals under two different functions, rather than comparing

integrals under different sections of the same function.
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Lesson 4.6 Definite integrals

Example 2

sm T
P 2
Show that .L” cos™ 2x dx = f cos™ x dx.
T 0
5w
4
f cos™ 2x dx
3
4
5 u=2x
3 =
=2 cos™ 2x dx since cos™ 2x is symmetrical aboutx =« du fiﬁx
n dx = —
2
51

=2 du
=2f cos™u X —
2T 2

51

2
=j cosudu
2m

Y
z
= j cosudu sincecosu has a period of 27 we can subtract 2 from both limits

Y
z
= j cos"xdx  changing the variable

If n = 3 we can see the relationship between the definite integrals as the areas below.

yA

. ] 4
3 ; X
cos® x dx S f cos® 2x dx
\ =+
3m N 5w
4 . .4
N [ > x
\‘\ 2 ’l/
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Lesson 4.6 Definite integrals

Simplifying definite integrals using translations and dilations

In Advanced we looked at how to quickly sketch transformations of a function, and we can use
some of these skills to help simplify some definite integrals. We will look at horizontal reflections
shortly, but let's consider horizontal translations and dilations. Again, we are comparing

integrals under two different functions.

Horizontal translations
When a function is translated horizontally, it is not only the function that moves, but also the

upper and lower limits and the area between the curve and x-axis.

For example, the area under the curve y = sin? x from x = 0 to 7, must be the same as the area
under the curve y = sin? (x — %) from x = % to %”, shown below, where the curve, the limits and

the area all move % units to the right, preserving the area.

A A
y o, y
y =sin“x

T
sin? x dx E s
fo J- sin? (x - Z) dx

L]
N
|
|
L]
N
S
S

We will normally be trying to simplify the function in the definite integral, so moving from right to
left we see that:

51

% T T
'[ sin? (x - —) dx = j sin? x dx.
T 4 0

In general, using translations to simplify the function in an integral, we have:

o

b—c

b
J f(x—c)dx = f(x)dx.

a—

We can prove this rule by letting u = x — ¢ and then changing the variable.

Note that we added ¢ units to the value inside the function, but subtracted ¢ units from the limits.
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Lesson 4.6 Definite integrals

Horizontal dilations
When the area under the curve y = f(x) from x = a to x = b is dilated horizontally by a factor
of k:

+ the new functionis y = f(kx)

Bl R

« the new limits are x = % and x =

» the new area under the curve is % times the old area, since the width has been multiplied by%

while the height is unaffected.

Using definite integrals we see:

o

fbf(x)dx = kja f(kx)dx

k

&

For example, the area under the curve y = sin? x from x = 0 to =, must be twice the area under
the curve y = sin? 2x from x = 0 to%, shown below, where the curve and the limits have been

compressed towards the y-axis by a factor of 2.

A A
v _ y .
y = sin?x y = sin? 2x
n
T 2 =2
f STl 52 6lie f sin® 2x dx
0 0
T T 3 T x n n x
4 2 e 4 2

In general, using dilations to simplify the function in an integral, we have:

kb

b 1
J f(kx)dx = — f(x)dx
a k ka

We can prove this rule by letting u = kx and then changing the variable.

Note that we divided the value inside the function by k, but multiplied the limits by k. We also

multiply the definite integral on the right by % as its area increases by a factor of k.
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Lesson 4.6 Definite integrals

Example 3

Given that f(x) is symmetrical on the line x = a, prove the following results.

a fozaf(x) dx = Zj;af(x) dx.
fozaf(x) dx = foaf(x) dx + Lzaf(x) dx

a a
= f f(x)dx + f f(x)dx since f(x) is symmetrical aboutx = a
0 0

a
= Zf f(x)dx
0
3a a
b f(x)dxzf f(x —a)dx.
2a 0
3a 0
f(x)dx = j f(x)dx since f(x) is symmetrical aboutx = a
2a —-a
a
= j f(x—a)dx translating a units to the right
0

c foaf(Zx) dx = foaf(x) dx

a 1 2a
f f(2x)dx = Ef f(x)dx using a horizontal dilation of f(x) by a factor of 2
0 0

= faf(x) dx from part (a)
0

HSC Mathematics Extension 2 (2024) © Steve Howard 61 Howard and Howard Education



Lesson 4.6 Definite integrals

Example 4

a
2na

1 a
Show that the value of Ef ezndx + nfne”x dx for a,n € Z* is independent of the value of n.
0 0

a
- a a

1 [2ne x n 1 1
—J eanx+nf e""dx=2n><—J exdx+—><nj e*dx
nJy 0 nJy n

0
a a

=2f exdx+f e* dx
0 0

a
=3J e*dx
0

_3 H

= 3(e® — 1) which is independent of n.
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Lesson 4.6 Definite integrals

Simplifying definite integrals for odd and even functions

In Advanced we looked at odd and even functions, where the integrals that are equal or cancel
out are everything to the left and right of the y-axis. We will see these rules used in Extension 2,
often when we have a combination of two odd and/or even functions, where we first need to
determine whether the total function is odd or even. To help determine the rules, rather than
memorising them, we can use simple power functions as shown below. Realise that the rules

apply to all odd or even functions - the power functions are simply a memory aid.

Sum or difference of two functions f(x) + g(x)
+ If both functions are odd their sum and difference are both odd.
+ For example, x3 and x° are odd, and we see that x3 + x> and x3 — x> are also odd since
all powers are odd.
+ If both functions are even their sum and difference are both even.
» For example, x? and x* are even, and we see that x? + x* and x? — x* are also even as
all powers are even.
* If one function is odd and the other even, then their sum and difference are neither odd nor
even.
« For example, x? is even and x3 is odd, and we see that x> + x3 and x? — x3 are neither

odd nor even, as they have a mix of odd and even powers.

Product or quotient of two functions f(x) x g(x) and —ggg

* If both functions are odd, or both functions are even, their product and quotient are even.
+ For example, x* and x? are even, as are x* x x? = x® and x* + x? = x2. Similarly, x> and
x3 are odd, while x5 x x3 = x8 is even as is x° + x3 = x2.
» If one function is odd and the other even their product or quotient is odd.

« For example, x* is even and x3 is odd, while x* x x3 = x” is odd as is x* + x3 = x1.

Composite functions f(g(x))
* If both functions are odd, then the composite function is odd.
+ For example, x3 and x5 are odd, as is (x3)5 = x15,
 If one or both functions are even, then the composite function is even.

+ For example, x* is even and x3 is odd, while (x*)3 = x2 is even.
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Lesson 4.6 Definite integrals

Equivalent definite integrals involving even functions

An even function is defined by f(—x) = f(x), so the function has line symmetry on the y-axis.
Here are some of the rules that apply to even functions, with diagrams to help understanding.

1. Matching areas on opposite sides of the y-axis are equal.

0 a a a y
f f(x)dx=f f(x)dx and f f(x)dx=2f f(x)dx y = f(x)
—-a 0 -a 0

| ;af(x) dx = f ) dx —b\/_a a\/b .

2. The function and its reflection on the y-axis coincide, so definite integrals between the

same limits must be equal.

fo f=x)dx = fo fx) dx YLy =@ = f(—x)

a

Lbf(_x) dx:fabf(x) dx \/b ;

b b
j (F() + f(=x)) dx = zf f(x)dx

As an aside, the primitive of an even function is odd, so F(—x) = —F(x).
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Lesson 4.6 Definite integrals

Equivalent definite integrals involving odd functions
An odd function is defined by f(—x) = —f(x), so the function has point symmetry at the

origin.
Here are some of the rules that apply to odd functions, with diagrams to help understanding.

4. Matching areas on opposite sides of the y-axis are of equal magnitude but opposite sign.

A

fof(X)dx=—faf(x)dx and faf(x)dxzo Y y=f(X)l
—a 0 _a :

—b a

f_;af(x) dx = —_Lbf(x) dx V—a b ;

5. The function and its reflection on the y-axis are reflections on the x-axis, so definite

integrals between the same limits must be multiplied by —1.

f(—X) dx = — f(X) dx A
L h ’ =@
f f(=x)dx = —f f(x)dx y ) 5 X
a a —b —;\1‘\ //' a\\\ b X

b B
[+ fem)ar=0 : Ly = f(=x)

As an aside, the primitive of an odd function is even, so F(—x) = F(x).
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Lesson 4.6 Definite integrals

Example 5

a
State whether each of the following definite integrals in the form I = f f(x) dx is equal to zero
—-a

a
or 2/, where | = j f(x) dx. Justify your answer.
0

NE

a I=J. sinx tan x dx

|
SE

sinx and tan x are both odd, so their product is even, ~ [ = 2].

&
b I= fn(x3 — sinx) dx
6

x3 and sin x are both odd, so their difference is odd, . I = 0.

T

s x*
c1=f dx

T sin x
6

x* is even and sin x is odd, so their quotient is odd, . I = 0.

12
d szexdx

-1

x2 is even so e*” is even, = [ = 2J.

3
e I =f tan(x3 + x) dx
-3

tan x and x3 + x are odd so the composite function is odd, . I = 0.
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Lesson 4.6 Definite integrals

Simplifying definite integrals using horizontal reflections

We now look at reflecting any function to create a second function and finding parts of the two
different functions that are equal or cancel out. These results also apply to odd and even

functions.

Reflecting definite integrals on the y-axis
When we reflect a curve and the area under it about the y-axis, we replace x with —x in the
function. Note that the upper and lower limits swap their relative order, so the negative of the old

upper limit is now the lower limit, and vice versa.

fabf(x) dx = f__baf(—x) dx

In the diagram below we have f(x) = xe* +1,a = -2 and b = 0.5.

y A 2 0.5
f (—xe™ +1)dx = f (xe* + 1) dx YA
-05 2

y=—-xe *+1 y—xex+¥/
-2

»
>

=V

-0.5 2 0.5

a 0
If the lower limit is zero, we find a common application: f f(x)dx = f f(—x) dx.
0 -a

In the diagram at right, we have Y1
f(x)=xe*+1,a=1.
y:xex y:—xe_x+1

+1

We can extend this result to find: -1 1 x

a a y
[ reax=[ r@+feora

-a 0

y=xe*+1 y=-xe*+1
A little harder to see in the diagram, but the L —
two overlapping areas under the two curves 1 | Al >
- X

between x = 0 and x = 1 are equal to the area

undery = xe* + 1 between x = —1 and x = 1.
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Lesson 4.6 Definite integrals

Reflecting definite integrals on x = k

When we reflect the function y = f(x) horizontally about the line x = k the new function is
f(2k —x). You are NOT expected to know this, but it can come in handy. If it is needed in a
question, you will be asked to prove it in part (a) then use it in part (b), or it will be given in the

question.

If we also reflect the limits on x = k then we create equivalent definite integrals:

b 2k-a
f f(x)dxzf fQ2k —x)dx
a 2

k-b

Consider the area between the curve y = x sinx and the x-axis between the lines x = 0 and

x = %”, shown in the diagram below left. We will reflect it on the line x = g

y)\ y)\
y =xsinx
y = (m — x) sin(r — x)
T 3 \x T _ 3n - X
2 4 4 2 4

The equation of the new function is y = (2 (%) - x) sin (2 (g) - x) = (1 — x) sin(w — x).

The limits are also reflected about x = g
. T Vs . . s s T
* the new upper limit is St (E —old lower I|m|t) =5+ (E - 0) =2 (E) —-0=m

+ the new lower limitis ~ + (g — old upper Iimit) ="+ (E — 3—”) =2 (E) 3 =

3

T
4
From the diagram above we can see that L (m—x)sin(r —x)dx = f x sinx dx.
- 0
4

We will see expressions like this when we look at integration by parts later in the chapter. We
will normally use these rules in reverse, where we recognise a function in the form f(2k — x)
and change it to f(x), adjusting the limits if needed.
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Lesson 4.6 Definite integrals

a+b
2

Generally, when we reflect a function on the line x = k we choose a value of k which is halfway

Reflecting definite integrals on the midpoint of the limits, x =

o . . +b .
between the two limits as it creates more useful results - we reflect on the line x = aT This

leads us to the relationship which is informally known as King’s rule, which is more useful when

the lower limit is zero, as we will see over the page.

When we reflect the function y = f(x) horizontally on the line x = azib the new function is

f (2 (azib) — x) = f(a + b — x). Again, you are NOT expected to know this, but it can come in

handy. If it is needed in a question, you will be asked to prove it in part (a) then use it in part (b),

or it will be given in the question.

fbf(x) dx = fbf(a+ b — x) dx.

a

Since the limits are equidistant from x = asz they do not appear to change, which can cause

confusion.

Using similar definite integrals as before, but from x = % tox = %" so that they are equidistant

fromx = % we see the following diagrams. Note that the limits appear not to have changed, as

they actually swapped.

y)\ y)\

y = xsinx

y = (m — x) sin(mr — x)

\4

N
N
w
B
/
Ll 4
N
N
|w
)
B
8

3w 3

% s
From the diagram above we can see that L (mr —x) sin(mr — x) dx = L x sin x dx.
2 2
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Lesson 4.6 Definite integrals
Letting the lower limit equal zero, we see:

foaf(x) dx = Joaf(a —x)dx.

a

This is the reflection of f(x) on x = >

Using similar definite integrals as before, but from x = 0 to x = 7w so that they are equidistant

fromx = % and with x = 0 as the lower limit, we see the following diagrams.

y)\ y)\

y = xsinx

y = (n — x) sin(mw — x)

4
\4

N
/
=y
N
B
R

s

Vs
From the diagram above we can see that f (r—x)sin(mr — x) dx = f x sin x dx.
0 0

The most common application of this version of King’s rule involves trig functions between 0 and

g, where we let a = %. This leads to solutions using complementary angle properties, notably

. s
Sln(g— X) = COSXx.

In summary - keep the following rules in mind when you solve definite integrals. You will be

asked to prove them if they are needed, but they are often an option in other questions.

b b—c b 1 kb
ff(x—c)dx: f(x)dx ff(kx)dxz; f(x)dx
a a—c a ka
b —-a b 2k-a
| rerde=| fexax | rerde=| " reak - ds

fabf(x)dx=fabf(a+b—x)dx foaf(x)dx=f0af(a—x)dx

Let’s use various reflection and translation properties in some examples.
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Lesson 4.6 Definite integrals

Example 6

a Prove faf(a —x)dx = faf(x)dx.
0 0

a u=a-—x
f f(a—x)dx du = —dx
0 dx = —du

- f F) X (—duw)
= foaf(u)du

= J;af(x)dx

T

b Hence show that f xsinx dx = m.
0

Vs T
f x sinx dx :f (m — x) sin(m — x) dx
0 0

Vs Vs s
f xsinxdx = f wsin(mr — x) dx — f x sin(m — x) dx
0 0 0

Vs Vs
2f xsmxdx—nf sinx dx
0 0

T

T
f x sinx dx ——f sinx dx
0 0

1
T
= —-|—cCosXx

0
/A
=5(-CD-(D)

=T
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Lesson 4.6 Definite integrals

Example 7

a a 1
Givenf fla—x)dx = f f(x)dx,evaluate f x(1—x)"xdx.
0 0 0

1
f x(1—x)"x dx
0
1
=f (1—x)x" dx
0

= fol(x7 —x8)dx

Example 8

VA
2 T T
Evaluate | tan (x - —) sec (x - —) dx.
0 4 4
LA
4 .
= j _tanxsecx dx translating Zto the left

Vs
= fif(x) dx where f(x)is odd since tan x is odd andsec x is even
2

=0
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Lesson 4.6 Definite integrals

Example 9

The odd function f(x) is defined for all real x.

a a
a Show that f (fla=x)— f(x—a))dx = Zf f(x) dx using reflections and translations.
0 0

f (f(a —x)—f(x— a)) dx
0
= faf(a—x)dx—jaf(x—a)dx
0 0
a 0
= f f(x)dx — j f(x)dx reflecting (1) about x = % and translating (2) a units to the left
0 -a
= faf(x) dx + faf(x) dx since f(x) is odd
0 0

= ZLaf(x) dx

a a
b Show that f (fla—x) = f(x —a)) dx = 2 f £(x) dx using the substitution u = x — a.
0 0

u=a—Xx

fo(f(a—x)—f(x—a))dx du = —dx

- Z(f(—u) - W) du

- [ - rew) au

_ fo “(F(0) = f(=x))dx  changing variables
- fo (o + f0)dx  since f(x)is odd

= Zfoaf(x) dx
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Basic
a a 2
1 Prove J fla—x)dx = J f(x)dx,and hence find J xcosxdx.
0 0 0
a a 2
2 Givenf fla—x)dx = f f(x)dx, evaluatef xV2 —xdx.
0 0 0
2
3 Evaluatef (x + 2%+ x°)(1 + x% + x*)dx.
-2
0 s T
4 Evaluate f sin (x + —) cos (x + —) dx.
. 2 2
b
5 Give a condition on a and b that guaranteesf (x3 — x?) dx is positive.
a
Medium

6 A function f(x) has the property that f(x) + f(a — x) = f(a).
Given f fx)dx = f f(a—x)dx provef f(x)dx = %f(a).
0 0 0

7 Without evaluating the integrals, which one of the following integrals is greater than
zero?

T n L 1
A J‘z e*cosxdx B f x3cosxdx C f4 (sin?x — cos?x)dx D J- sin™!(x3) dx
-z - - -1
a
8 Which integral is equal tof f(x)dx forall f(x)?
—-a
a a
Af (f(x—a)—f(—x))dx Bf (f(a+x)—f(x))dx
0 0

Cf (F() + f(=x)) dx Df (fx—a)— f(a—x))dx
0 0

9 Itis given that f(x) is a non—zero even function and g(x) is a non-zero odd function.

a
Which expression is equal to f f(x) + g(x)dx?
—-a
a a
A f gx) + g(—x)dx B 2f gx) + g(—x)dx
0 0

C f fx)+ f(—x)dx D Zf fx) + f(—x)dx
0 0

3a a
10 Provef f(x—a)dx=f f(a—x)dx.

11 Which of these integrals has the smallest value?

G & G &
A f sinx dx B f sin? x dx C f (1 —sinx) dx D j (1 — sin? x) dx
0 0 0 0
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Exercise 4.6

s
2 sinx

12 Evaluate f S ——
o SInx + cosx

2
13 Evaluatef (1 + sin(m(1 — x)?)) dx.
0

2
d
14 For what values of a isJ = defined?
o 1 xX—a

T

15 Evaluate fi dx
0 cos? (x — %)
5

16 Given that xy = x + 1, evaluate f xdy.
3

1 1

tan” "~ x
17 Evaluate f

114 sin?x x
1 2
18  Find the smallest value of f (x? —a)” dx as a varies.
0
19 Given that f(a + x) = f(a — x), prove each of the following results.
2a a
a f f(x)dx=2f f(x)dx
0 0
a a
b f f(2x)dx=f f(x)dx
0 0
a a
c ff(x+a)dx=ff(x)dx
0 0
3a

d faf(x—a)dx= f(x)dx
0 2a

Challenging

a

2 COoSx

20 Eval tf—
valuate o 2—sin2x

a a
21 Given f f(x)dx = f f(a — x) dx, which expression must be equal to
0 0

fa[f(a —x) + f(a+ x)]dx?
0

2a

A foaf(x)dx B ; f(x)dx C ZJ:f(x)dx D f_zf(x)dx

T xsinx

22 Evaluatej —
o 1+ cos“x
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Exercise 4.6

1
23a  Prove 1a AN fl ) f@ dx.
ﬂ{ﬂ@+d@) ax@@ﬂf@D

2

sin x
b Hence or otherwise evaluate I = fl T dx.
7 X (sinx + sin—)
X
s
_ a a 2 e*sin®x
24  Given that j f(x)dx = -f (f(x) + f(—x)) dx, evaluate fﬂwdx.
—-a 0 —_—
2

f@® . _b-a
fl@a+b—x)+ f(x) x_T'

b
25a Prove f
a

x2

V29 — x2 +x

5
b Hence evaluate f dx, using the substitution u = x2.
2

In(x + 2)
dx.
In(24 + 10x — x2)

b b 7
26 Givenf f(x)dx = %f (f(x) + f(a+ b — x)) dx, evaluate f
a a 3
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4.7 Product to sum and difference identities

In Lesson 7 we cover:

+ Product to sum and difference identities

» Solving equations using the product to sum and difference identities
« Sum and difference to product identities (optional)

* Product to sum identities and integration

In this lesson we look at the product to sum and difference identities, content that has been
moved from Year 11 Extension 1. Expect to see this content used in harder questions than they

have been in previous Extension 1 HSCs.

We also briefly look at the sum and difference to product identities as an alternative when we
need to change a sum or difference into a product, although they generally offer little advantage
over the product to sum and difference identities. They are not in the syllabus, so feel free to

skip them.

Note that the first part of this lesson doesn’t actually use integration at all — we will be working

with expressions and equations..

This lesson is massively important for harder questions but is not covered in the syllabus in any

great detail. This content best fits with the 15" and 16t dot points from Further integration.
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Lesson 4.7 Product to sum and difference identities

Product to sum and difference identities

When we are given the product of the sine or cosine of one argument and the sine or cosine of

a different argument, we can convert the product into the sum or difference of sines or cosines

using the product to sum and difference identities listed below. We can use them when the two

arguments are the same, but it is usually easier to use the double angle formula.

We need to be able to convert back and forth between the two forms of expression as:

The product of two trig ratios allows us to find zeros when solving equations or graphing
more easily.

The sum or difference of two trig ratios allows us to integrate and differentiate more easily.

These identities are applications of the double angle formula from the Extension 1 course.

The four product to sum rules are:

cosAcosB = % cos(A — B) + cos(A + B)

sinAsinB = 1 |cos(A — B) — cos(4 + B)

- - These identities
2|sin(A + B) + sin(4 — B) ARE given on the
] l reference sheet

sinA cos B

cosAsinB = % sin(A + B) — sin(A — B)

Can we remember these identities without the reference sheet? Yes - but always check the

reference sheet in an exam!

o g ks~ 0w N =

If the two ratios on the LHS are the same (both cos or both sin) then use cos on the RHS.
If the two ratios on the LHS are different (one cos and one sin) then use sin on the RHS.
If cos is on the RHS use the difference (A — B) first and the sum (4 + B) second.

If sin is on the RHS use the sum (4 + B) first and the difference (A — B) second.

If cos is the second ratio on the LHS then add the ratios on the RHS

If sin is the second ratio on the LHS then subtract the ratios on the RHS.

HSC Mathematics Extension 2 (2024) © Steve Howard 78 Howard and Howard Education



Lesson 4.7 Product to sum and difference identities

Now let's look at how one of the four rules is derived - the other three rules are proved in a

similar way.

Prove cosAcosB = %[COS(A — B) + cos(4 + B) ] .

T
RHS = > cosAcosB + sinAsinB + cosAcosB —sinAsinB

= ZCOSACOSB]

= cosAcosB
~ cosAcosB = %[COS(A — B) + cos(4 + B)]

Example 1

Write sin 2x sin 4x as the difference of cosines.

1
sin2x sin4x = = [cos(Zx — 4x) — cos(2x + 4x)] _
2  Both ratios on the LHS are the

same so use cos on the RHS.

1 * When we use cos, we use the
) (COS(_Zx) —cos 6x> difference first and the sum
second.
1 o » Since sin is second on the LHS
=5 (cos 2x — cos6x) cosine is even we subtract the ratios on the

RHS.

Alternatively:
sin 2x sin4x = sin4x sin 2x
Note that it is much easier to

rearrange the terms so the ratio
with the larger angle is first

1
=3 cos(4x — 2x) — cos(4x + 2x)

=3 (cos 2x — cos 6x)
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Lesson 4.7 Product to sum and difference identities

Example 2

V3 +4/2

Show that sin 52.5° cos 7.5° = )

1
LHS = > [sin(52.5° + 7.5°) + sin(52.5° — 7.5°)]

1

=3 (sin 60° + sin 45°)

_1(+3 N 1

2\ 2 "2

_1(V6+2

2\ 2v2

_1<\/§+\/§>
= (55

_V3+V2
=

The ratios on the LHS are
different so use sin on the
RHS.

When we use sin we use the
sum first and the difference
second.

Since sin is second on the LHS
we subtract the ratios on the
RHS.

Example 3

a Writecos8 — cos 36 as the product of trigonometric functions.

cos 6 — cos 30 = cos(20 — 0) — cos(26 + 0)
= 2sin260sin0

b Hence show that 20 %30 _; o0
ence sno a 7 — 200520 = 4ZCOS0.

cos @ — cos 36 _ 2sin20sin6
2—2cos?0  2sin%6

_ 2sinf cosfsinf

sin2 0

= 2cosf
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We are using the identities
backwards.

When both ratios on the RHS
are cos the two ratios on the
LHS are the same.

Since we subtract the ratios on
the RHS the second one on the
LHS must be cos, so they are
both cos.

The first angle is the difference,
and the second angle is the
sum, so we have 26 then 6.
We double it, as we don’t have

the % from the identities.
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Lesson 4.7 Product to sum and difference identities

Solving equations using the product to sum and difference identities

Let’s use the identities to solve trig equations.

Example 4

T
Solve cos3x — cos7x = sin5x for0 < x < 7

cos 3x — cos 7x = cos(5x — 2x) — cos(5x + 2x)
= 2sin 5x sin 2x
~ 2sin5xsin2x = sin5x

sin5x (2sin2x —1) =0

sin5x =0 or 2sin2x—1=0
5x =0,m, 27 2sin2x =1
_On 2m in2 1
X = T sin x—2
) o 5
*T5%6
_m 5t
*T1212
) _On m 2w 5w
XEU125 5 12

Optional: It can help your understanding to graph both sides of the equation in your favourite
graphing application (GeoGebra, Desmos etc) and see where they intersect, as shown below.
Note that since 2?” and i—: are so close together, it would be easy to miss one of them if we just

look at the graphs. Graphing y = cos 3x — cos 7x — sin 5x and looking for the x-intercepts can be

safer.

y = cos3x — cos 7x
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Lesson 4.7 Product to sum and difference identities

Sum and difference to product identities (optional)

Although not mentioned in the syllabus, the sum to product identities are applications of the
product to sum identities. You do not need to learn these rules, as the product to sum and
difference identities solve related questions just as efficiently — they are just provided here so

that you can be assured that you do NOT need to know them.

The four sum and difference to product identities are:

A+ B A-—B
cosA + cosB = 2 cos > cos >

These identities
ARE NOT given on

A+ B) (A _ B) the reference sheet.
Ccos 2

A+ B A—B
cosA — cos B = —2sin > sin >

sind + sinB = Zsin<

2

A+ B A—-—B
sinA4 — sinB = 2 cos > sin

The identities can be determined by using the product to sum and difference identities and

replacing A with % and B with %, simplifying and rearranging.

If you are very good at remembering formulas, then you can try to memorise these identities,

but it is safer to use the product to sum and difference identities from earlier in the lesson.
In the following examples we will solve each question two ways — first using the product to sum

and difference identities and then using the sum and difference to product identities. As you will

see, there is no advantage in using this second set of identities.
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Lesson 4.7 Product to sum and difference identities

Example 5

A+ B A—-B
a Prove thatcos4 + cos B = 2 cos > cos 3 )

RHS—le A+B A-B + A+B+A—B
= S |cos{— > cos | — >

A+B—-A+B A+B+A-B
= COos f + cos f

=cosA + cosB

b Hence solvecos4x + cos3x —cos2x —cosx =0for0 < x <.

7x x 3x x
2 cos - cos (E) — 2cos - cos (E) =0 The pairs of angles
4x and 3x, and 2x

; and x each have a
2 cos (f) [cos <7—x> — cos <3_x> =0 difference of x, so
2 2 2] we can leave them
as these pairs. We
x 5x 5x ] could also rearrange
—2cos (E) [COS <7 - x) e <7 * x> =0 the LHS to use 4x
’ and 2x, and 3x and

2cos(3)sin (5 )sin3) =0 ’
Cos B sin 2 sin B =

| &

—sinx sm(

.o =0 5x
S SINX = or 2

5x
x=0,m —=0,m,2m
2
02n4n
x_l5I5
_027'[ 4T
x—,5,5,7T
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Lesson 4.7 Product to sum and difference identities

Example 6

Write cos 3x + cos x as a function of cos x and show that cos 3x = 4 cos3 x — 3 cos x:

a using the product to sum and difference identities

cos 3x + cosx = cos(2x + x) + cos(2x — x)
= 2c0s2xcosx
=2(2cos?x —1)cosx
=4cos3x —2cosx

s cos3x = 4cos3x —3cosx

b using the sum and difference to product identities.

3x +x 3x—x
cos3x + cosx = 2cos cos
2 2
= 2c0s2xcosx
= 2(2 cos?x — 1) cos x
=4cos3x —2cosx

s cos3x =4cos®x —3cosx

As we can see both methods took five lines, so there is little if any point learning the sum and

difference to product identities.
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Lesson 4.7 Product to sum and difference identities

Product to sum identities and integration

The product to sum identities can also be used to solve definite and indefinite integrals. Once

the identities have been used, the integration is fairly simple.

Example 7

3vV3 -4

T
Show thatfécos 3xsin2x dx =
o 10

|
= f > sin(3x + 2x) — sin(3x — 2x) ] dx
o ~L

18]
=—f sin5x — sinx | dx
2Jo [
T
1[ cos 5x ]6
=-|- + cosx
2 0

1<cos% 1 )
—E 5 +COSE+§—1
_1<6Xv5 4>

" 2\57 2 5
_3V3-4

10
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Lesson 4.7 Product to sum and difference identities

Example 8

sin(m —n)x sin(m + n)x

- f ne€eZ andm # n.
2m—n) 2(m+n) + ctform,n andm #n

Show that fsin mx sinnx dx =

= j % [cos(mx —nx) — cos(mx + nx)] dx

= f%[cos(m —n)x — cos(m + n)x] dx

_sin(m—n)x sin(m+n)x
~ 2(m—-n) Bl 2(m+n)

Example 9

T
The curve y = sin 2x + sin4x betweenx = 0and x = 7 is rotated about the x—axis.

Find the volume of the solid of revolution created.

T
4

V= nj (sin 2x + sin 4x)? dx
0

T

7
= nf (sin? 2x + 2 sin4x sin 2x + sin? 4x) dx
0

T

= ﬂfz (1 (1 —cos4x)+2 (l [cos(4x — 2x) — cos(4x + 2x)]> +l(1 — cos 8x)) dx
0 2 2 2

T
z 1 1

= nj (1 —Ecos4x + cos2x — cos6x—zc058x> dx
0

L
4

16 8 6+2

[ sin8x sin4x sin6x sian]
=r|x—

0

T 1 1
=n<<z—0—0+g+z>—(0—0—0—0+0))

_ n(3m +8)
12

units?
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Basic
1 Write sin 4x cos 3x as the sum of sines.
1

2 Show that cos 75°cos 15° = 7

sin(4 + B) + sin(4A — B)

Show that =tand.
3 owtha cos(A — B) + cos(A+ B) an
4 Show that cos 130° + cos 10° = cos 70°.
T 5 T
5 Use the product to sum results to show that C0S 1o — COS T = COS .
1

6 Prove that sinAsinB = > [COS(A —B) —cos(A+ B)|.
7a Find fcos 3x cos 2x dx.
b Find Jsin 8x cos bx dx.

T

1
8a Evaluate J sin 3x sin 4x dx.

0

T
b Evaluate Jﬂ cos 5x sin 3x dx.

2
Medium

9 Solve sin4x — sin2x = 0 for 0 < x < m, using:
a the double angle results

b the product to sum identities

2 sind x
3

10 Prove fsin xsin2xdx =

a Using the double angle results and the reverse chain rule
b Using the product to sum identities.
c Which method is most efficient for this integral?
11 Find the values of A and B such thatcos 6x cos 3x — sin 7x sin 4x = cos Ax cos Bx .

) . . M+ N
12 Ifsin(x —y) = M andsin(x + y) = N show that cosxsiny = B

cos(4 — B) + cos(A + B)

13 ShowthatcotAcotB=COS(A_B)_COS(A+B)-

14 Write sin 3x + sinx as a function of sinx.

A+ B _ sin4 + sinB
2 " cosA+cosB’

15 Prove that tan <
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Exercise 4.7

16 Solve sin3x + cos2x —sinx = 0for0 < x < 2m.

T

17 Evaluate f sin(mx) cos(nx) dx where m and n are positive and even, with m # n.
0

18a Show thatsin 26 + sin 46 — sin 660 = 4 sin 8 sin 20 sin 36..
b Hence solve sin 68 = sin 26 + sin 486 for [0, 7].

19 Solve sin 2x + sin 3x + cos 2x + cos 3x = 0 for [0, 27].

sinx + sin 3x + sin 5x 1
20a Show that = tan 3x where cos2x # ——= and cos 3x # 0.
cos x + cos 3x + cos bx 2

b Hence solve sinx + sin 3x + sin 5x = cos x + cos 3x + cos 5x for 0 < x < m, given

2x # —=.
COS 42X )

Challenging

3
21 Solvecos(x+g)sin(x—g)=—§ for0 < x < 2m.

22a Show that sin(a + b) sin(a — b) = sin? a — sin?b.
A
b Hence solve sin? 4x — sin? 2x = sin6x for0 < x < >

23 Express 4 cos 2x sinx + cos 3x — 2 sinx + 1 in the form R sin(3x + a) + c.

A+ B A—B A+ B A-—B
24a Prove that sin > cos > + cos > sin > = sinA.

] T T T\ | T V3
b Hence solve sm(x+g)cos(x—g)+cos(x+g)sm(x—g) = —Tfor —nT<x<Tm.

25 Find fx cos 4x? cos 2x? dx.
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4.8 Powers of trigonometric functions

In Lesson 8 we cover:

* Powers of trigonometric functions
» Powers of sine and cosine
* Powers of tangent and secant

» Powers of cotangent and cosecant (briefly)

In this lesson we look at powers of trigonometric functions, either singly or in pairs. Integrands
involving powers of trigonometric functions require the use of the Pythagorean identities and
standard integrals, including the reverse chain rule. As we have many different approaches
depending on the function(s) and the powers, this is a great way to increase your understanding

of many aspects of integration.

This is an underutilised source of HSC questions for the early to middle sections of the exam, as

they rarely occur!

This lesson mainly covers the 11t 15t and 16™ dot points from Further integration.

HSC Mathematics Extension 2 (2024) © Steve Howard 89 Howard and Howard Education



Lesson 4.8 Powers of trigonometric functions

Powers of trigonometric functions

Trigonometric functions can occur on their own, or in pairs, often with the same function. For
example, sine and cosine are commonly paired, as are tangent and secant, due to their links

through their derivatives and in the Pythagorean identities.

Cotangent and cosecant are paired but are rarely used in exams. The relationships are identical
to those between tangent and secant, with negative signs included. We will only cover them

briefly, then use them in exercises.

Powers of sine and cosine

To integrate powers of sine and cosine we use the following rules and standard integrals.

sinx + cos?x =1
1

cos?x = = (1 + cos 2x) <

%( A— Memorise these identities. Notice

sin?x = 3 (1 —cos2x) «— thatthe only difference is the sign.

jsinxdx =—cosx+c

fcosxdx =sinx +c¢

It is best to practise many examples until you are able to determine the technique to be used.
Alternatively, consider these suggestions.
+ If the integrand is in the form sin x cos™ x or sin™ x cos x then use the reverse chain rule
« If the integrand is in the form sin™ x or cos™ x, then break off sin? x or cos?x respectively,
expand, then use the reverse chain rule
+ If the integrand is in the form sin™ x cos™ x we have different techniques required depending
on the values of m and n.
« if m or n is odd take out a factor of the trig function with the odd power - if they are both
odd, it doesn’t matter which one you choose - then use the Pythagorean identity to
express the trig function that now has an even power in terms of the other trig function

« if m and n are both even, then replace both functions using the half-angle identities:

sin?x = %(1 — cos2x) and cos? x = %(1 + cos 2x).

Personally, | prefer to do enough examples so that the correct method is obvious, rather than

trying to remember more rules.
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Lesson 4.8 Powers of trigonometric functions

It is best to practise many examples until you are able to determine the technique to be used.
Alternatively, consider these suggestions.
* If the integrand is in the form sin x cos™ x or sin™ x cos x then use the reverse chain rule
+ If the integrand is in the form sin™ x or cos™ x, then break off sin? x or cos?x respectively,
expand, then use the reverse chain rule
 |If the integrand is in the form sin™ x cos™ x we have different techniques required depending
on the values of m and n.
» if m or n is odd take out a factor of the trig function with the odd power - if they are both
odd, it doesn’t matter which one you choose - then use the Pythagorean identity to
express the trig function that now has an even power in terms of the other trig function

» if m and n are both even, then replace both functions using the half-angle identities:

sin? x = %(1 — cos 2x) and cos? x = %(1 + cos 2x).

Personally, | prefer to do enough examples so that the correct method is obvious, rather than

trying to remember more rules.

Example 1

T

6 . .
a Evaluate J. cos x sin® x dx b Find jsm3x dx.
0

= fsinzxsinx dx

= f(l — cos? x) sinx dx

11\ .
T4\ \2 =fsinxdx—fsinxcoszxdx
:i B +Cos3x+

) = —cosx 3 c
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Lesson 4.8 Powers of trigonometric functions

Example 2

A

3 . - 2 0 ein2
a Evaluate f cos? x sin3 x dx b Flndfcos xsin®x dx.
0

1 1
= f sin x cos? x sin® x dx = fz(l + cos ZX)E(l — cos 2x)dx
0

1
z =Zf(1—c0522x)dx

=f sinx cos? x (1 — cos? x) dx
0
—1f 1-2(1 + cos4n) ) d
r =2 > cos 4x) | dx

=f sinx (cos?x — cos* x) dx
0 _lf 1 1 ax)d
=7 ] |55 cos4x)dx

X naxs
—8 32511’1)6 c

Vs
3

= —f (—sinx)(cos? x — cos* x) dx
0

Wiy

3 5

[cos3 x cos® x]

0

“((zsve0)-(-3)

47
"~ 480
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Lesson 4.8 Powers of trigonometric functions

Powers of tangent and secant

Integration involving tanx and secx can be more involved, as the two functions are linked by
many different rules, which can cause confusion. Not all integrands involving tangent and/or
secant can be integrated using the simple techniques below - some rely on integration by parts

as we will see later in the chapter.

This complexity makes integration using tangent and secant great for Extension 2. We need to

solve the integrals using the following Pythagorean identities and standard integrals.

tan?x + 1 = sec®x

ftanxdx = —In|cosx| + ¢

jsecx dx = In|secx + tanx| + ¢ Memorise these '_FUIeS -
see the mnemonics at

fsecz xdx = tanx + ¢ the end of the chapter.

jsecxtanxdx =secx +c

Again, it is best to practise many examples until you are able to determine the technique to be
used. Alternatively, consider these suggestions.
+ If the integrand is in the form tan™ x sec? x or secxtanxsec™x then use the reverse chain
rule
« If the integrand is in the form tan™ x or sec™ x, then break off tan? x or sec? x respectively,
expand, then use the reverse chain rule - if you can - it won’t always work
+ If the integrand is in the form tan™ x sec™ x we have different techniques required depending
on the values of m and n.
+ if m is odd take out a factor of tan x sec x, then use the Pythagorean identity to express the
remaining function in terms of sec x then use the reverse chain rule
- if n is even then take out a factor of sec® x, , then use the Pythagorean identity to express
the remaining function in terms of tan x then use the reverse chain rule
» for other cases there is no one method to follow, which makes these questions a

challenge!
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Lesson 4.8 Powers of trigonometric functions

Example 3

s
. 3
a Find fsecz xtan* x dx b Findf tan* x dx.
s
6
T
4
tan® x = f tan? x tan? x dx
= +c 0
5 s
2 2
= | tan“x(sec®x —1)dx
07T
42 2 2
= | (sec”x (tanx)* —tan“x)dx
OE
z
= f (sec? x (tanx)? — (sec®?x — 1)
° L
tan3 x 4
= —tanx + x
0
= ! 1+ T 0—-0+0
-~ \3 4
_3m—8
12
Example 4
a Find ftan3 x sec3 x dx b Find ftanzxsec4xdx.
= ftanxsecxtanz x sec? x dx = jtanzxsec4xdx
= ftanx secx (sec?x — 1) sec? x dx = fsec2 xtan? x (1 + tan? x)dx
= ftanx secx (sec* x —sec?x) dx = fsec2 x (tan? x + tan* x)dx
sec’x sec3x N tan® x +tan5x N
= - c = I
5 3 3 5

Example 5

If this question was asked in an exam, it
would be scaffolded so that students
could see the method required.
f secxdx = f secx X de Alternatively, we work backwards from the
secx + tanx primitive to see that we need to change
the integrand to be
secx tanx + sec? x

secx + tanx

Provefsecx dx = In|tanx + secx| + c.

J‘ secxtanx + sec?® x
secx +tanx
= In|tanx + secx| + ¢
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Lesson 4.8 Powers of trigonometric functions

The next example is interesting as it looks like it should be included with the integrals including
powers of sine and cosine, but as we can see, after a slight manipulation it involves powers of

tangent and secant.

Example 6

ia2

sin
The area between y = —
COoOS™ Xx

T
and the x—axis between x = 0 and x = 7 is rotated about

the x—axis. What is the volume of solid of revolution formed?
1 sin? x\° y
ﬂfo o5t x dx )= sin3 x

cos? x
T
7 sin*x
T 3 dx
o cos®x

r

4
s f tan* x sec* x dx
0

<
I

o |

INE]
N

nf sec? x tan* x sec? x dx
0

INE

= nf sec? x tan* x (1 + tan? x) dx
0

T

4
nf sec?x (tan*x + tan® x) dx
0

NE

[tan5 x tan’ x]
s

+
5 7 1,

(24 0v0)

_12rn g3
=3g units

Powers of cotangent and cosecant

There are many similarities between the pair of functions cotx and cosecx and the pair of
functions tanx and secx that we have just looked at. There are no separate examples for this
pair — have a look at the previous slides for the techniques to be used, replacing secx with

cosec x and tan x with cot x, remembering that there will also be a minus sign involved.
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Basic
1a FindJsinx cos3 x dx.
T
b Evaluate an cos3 x dx.
2a Find fsec“ xtan?x dx.
b Find jsec4 xdx.
3 Provefcosecx dx = —In|cotx + cosecx| + c.
4 Find jtanxsecg'xdx.
5 Find fcos“ xdx.
6 Find jtan3 x dx.
s
7 Evaluate jﬂs cot3 x cosec? x dx.
6
8 Find J-cosec4 x dx.
9 Find f\/cos x sin3 x dx.
10 Find J-sin2 xcos*x dx.
Medium

. CoS 2x
11 Flndf dx.
cosx

n
tanx

12 Evaluate f s
_Tcos“Xx

dx.

13  Find f(cos“ x — sin* x) dx.
14 Find f(tan4 x — sec x) dx.
15 Findfsecexdx.

s
16  The area between y = sec? x tan3 x and the x—axis between x = 0 and x = " is rotated
about the x—axis. What is the volume of solid of revolution formed?
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Exercise 4.8

Challenging

(cosx + sinx)3

17 i .
Find sin2x+ 1 dx
V1 +sinx
18 Fin df +smx
secx

19 Find fcotz x dx.

sin® x
20 FlndJ

21 Find fcot3 x dx.
22 Find Jcot3 x cosec? x dx.

23 Show thatfx/l + sinx dx = 2 sin
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4.9 Expressions and equations using the t-formulas

In Lesson 9 we cover:
+ t-formulas
* Using t-formulas to simplify expressions

* Using t-formulas to solve equations
In this lesson we derive the t-formulas from the double angle formulas and use them to simplify
expressions and solve equations. This content used to be included in Extension 1 and has

nothing to do with integration. We will use t-formulas for integration next lesson.

This lesson covers the 5" dot point from Further integration.
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Lesson 4.9 Expressions and equations using the t-formulas

t—formulas

Some proofs, equations and integrals are difficult to solve using standard trig techniques, but we

can use the double angle results to find expressions that allow us to use algebraic approaches.

If we let t = tan%, then we can write each of the trigonometric ratios in terms of t — these are

called the t-formulas and are listed below.

i A 2t

sind =

1+t2

1—¢2 These identities
CosA = > ARE given on the

t+t reference sheet.

tan A4 =

1—t2

Note that tan is undefined for odd multiples of% (odd multiples of 90°), so /;l cannot equal 232—”

etc (or 90°,270°). This means that A cannot equal 3w etc (or 180° 540°). This becomes

important later in the lesson when we use t-formulas to solve equations.

You can think of the t-formulas as the Swiss army knife of trigonometry - not always the best

tool for the job, but useful for all sorts of little odd jobs.

When A is acute we can visualise t = tang using the triangle below left and the t—formulas

using the triangle below right. These diagrams become useful in solutions.

14+ t?
2t
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Lesson 4.9 Expressions and equations using the t-formulas

Example 1

. 2t A
Prove sin4A = ——,where t = tan—.
1+ t2 2

s )

A A
=2 Sinf cos using the double angle result

A A
251n7c057 )
=—F =4 since cos? 6 +sin?0 =1
c0527+ sinzi

2 tan% A
=— dividing the numerator and denominator by cos? 5
1 + tan? >
2t
C14t2
_4+2
We can prove cos A = % in a similar manner, while the proof of tan A = % is simpler as we

don’t need to use the Pythagorean identity.
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Lesson 4.9 Expressions and equations using the t-formulas

Using t—-formulas to simplify expressions

In the next set of examples, we will use t—formulas to simplify expressions and find the exact

value of trigonometric ratios.

Example 2

1—-cosA A
a Use t—formulas to prove that —— = tan—.
sin A 2
1—t? o : i
1—cosd 1-— 1+e2 Be careful when you are working with fractions within
sinA = 2t <«—fractions — this is a common cause of simple mistakes
1+ 22 in the HSC. Make your handwriting large and use plenty
of space on the page!
1+t%2—1+t?
2t <—__ Wemultiplied the numerator and denominator by 1 + t?
2t? to remove the fractions within fractions correctly.
o2t
=t
. A
=tan—
2

b Hence show that tan 15° = 2 — /3.

30°
tan 15° = tan <T>

_ 1 — cos 30°

S 30° from (a)

V3
_1-7

2
=2(1) -2 <7

=2-3

N =
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Lesson 4.9 Expressions and equations using the t-formulas

Example 3

2 X
Prove that ———— = sec? (—)
1+ cosx 2
2 2

1+cosx= 1—t2
1+1+t2

o 242t7
C14t2+1-t2
_2(1+1¢2)
2
=1+t?

X
=1+t 2(—)
an 2

= sec? f)
sec (2

Let’s prove that tan 15° = 2 — /3 directly from the t — formulas.

Example 4

to show that tan 15° = 2 — /3.

2t
Use the formula sin 8 = T

+ t?
lett = tan 15°
130° = 2t Note sin 150° is also % so we will get two solutions to
St T 14¢t2 T this equation, but only one of them answers the
1 2¢ question.
2 1+
2
T+to =4t This quadratic has two solutions for t. The smaller one
t2—4t+1=0 <—— s the value of tan 15° and the larger one is the value of
tan 75° since tan is an increasing function in the domain
4 — \/(—4)2 —4(1)(1D) and 0° < 15° < 75° < 90°, so we only use ‘—’ rather
= 2% 1 than ‘+’ in the quadratic formula.
4 —+12
2
4—-2v3
2
=2-V3
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Lesson 4.9 Expressions and equations using the t-formulas

Using t-formulas to solve equations

In Extension 1 you will have used a variety of methods to solve trigonometric equations. In the

next few examples, we will use t—formulas to solve trigonometric equations.

As we noted earlier in the lesson, when we use t—formulas, A cannot equal any odd multiple of
T since tan% is undefined for these angles. This means that when we solve equations using
t—formulas, we will only find solutions that are not odd multiples of m, and so we need to
manually check whether any angles in the domain for which tan’z—l is undefined also solve the

equation.

Expect to lose marks in the Extension 2 HSC unless you specifically check

whether r radians or 180° is also a solution or justify why it cannot be a solution.

We will generally look for solutions in the domain [0, 2], so we only need to manually check
whether  also solves the equation. If the equation is solved over a different domain, then you

will need to manually check all odd multiples of = within the domain.

In the next example we will solve the same equation using the auxiliary angle method from
Extension 1 and then using t—formulas. The equation has been chosen since x = m is a solution

but it will not appear using t—formulas, only from the manual check.

While the auxiliary angle method shouldn’t be required in Extension 2, it can still be used to
solve some trig equations where t—formulas are used. | would expect that the standard
expected in Extension 2 will be higher than in Extension 1, so we will follow the trend from
recent Extension 1 HSCs and avoid using the shortcut method. | will use one method in the next

example, and a different method in the exercises.
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Lesson 4.9 Expressions and equations using the t-formulas

Example 5

a Solvesinx + cosx = —1in the domain [0,27] by first writing sinx + cos x in the form

R sin(x + a) where « is acute.

sinx + cos x = R(sinx cosa + cosx sin @) R

R cosa = 1 €Y (Cf’s a > 0) <——— values of R and a using
Rsina =1 (2) (sina>0) simultaneous equations, rather
~ a is in the 15t quadrant than using the shortcuts.

(D2 + (2)%: R?(cos?a + sina) = 12 + 12

R?=2

R =42
Rsina 1
2) +(1): = -
@+ Rcosa 1
tana =1
T
“=3

T
~sinx + cosx = \/Esin(x +Z)
T
ﬁsin(x +Z) =-1

_<+n) 1
sinfx+-)=—-——
4 V2
+T[_5 7
YTET 4,

_ 3

X—Tl.',2

b Solvesinx + cosx = —1 in the domain [0,27] using t formulas.

2t 1 —¢2 The solutions to this equation
>+ 5= - <— with ¢ will include all solutions to
1+t 1+t the original equation that are

2t+1—t?=—-1-t? NOT odd multiples of 7.
2t = =2
t=-1
t 4 1
an— = —
2
A 3m This is the only solution to the
274 original equation that is NOT an
«— oddmultiple of .
3
A= 7
Always manually check whether
Check x =m: sinm+cost=0+(—-1)=—-1+ <——— any odd multiple of & in the
domain solves the equation
3 when using t — formulas.
SX = 7'[,"7
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Lesson 4.9 Expressions and equations using the t-formulas

How can one solution just disappear? If we look at the graphs of y = sinx + cosx and y = -1

within the domain [0, 27t], shown below, we can see that they intersect when x = 7 and x = 32—”

which matches the two solutions to the equation.

y =sinx + cosx

2t 1-t?

When we look at the graphs of y = +— and y = —1 with an unrestricted domain, shown

1+t2  1+t2

below, we can see that there is only one point of intersection when t = —1, which leads to the

. 3
solution x = ~

2t 1—t?

y

= +
1+t2 1+1t2

What happened to the other solution? Even though there isn’t a second point of intersection, we

_ 42
can see that as y = —1 is an asymptote to y = % + %

the curve and the line get closer as
. A . A ..
t - oo, in other words as tan; — oo, This shows 5™ g and so A - m. This is where the second

solution of x = m has ‘disappeared’. If we extended the graph to the left, we would also see that
the graph approaches the same asymptote as t - —o, and if our domain included —x then it

would also be a solution to the equation.
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Lesson 4.9 Expressions and equations using the t-formulas

Could we tell that x = r is a solution without manually checking whether x =  solves the
equation? Yes, but it is much easier to just check whether x =  solves the equation, plus what

we look at below hasn’t been in the last two syllabuses.

The alternative way to find if x = m is a solution involves what happens to y as t —» o -if it

approaches the RHS of the equation then x = « is also a solution.

In this case:
2t 1-—t? Do NOT use this method in an
YE11e2 + 152 exam — it wastes a massive
amount of time and may not
—t2 4 2t+1 earn you full marks.
T 211
2 1
-1+ 7 + %)
= dividing the numerator and denominator by t2
1+ z
2.1
N i) -1+0+0\ -1
Now lim{ ——— |=(———— | =—=-1.
t—oo 1 1 + 0 1
1+ ]

Since this matches the RHS of the equation that means all odd multiples of 7 in the domain are

also solutions — in this case it means that x = « is also a solution to the equation.
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Lesson 4.9 Expressions and equations using the t-formulas

Example 6

.8
Solvecos —sin-=0for —m <6 <. _ 5
2 To find sin in terms of ¢, draw a

quick diagram where tang = %
1-t? t

- =0
1+t ViZ+1

VtZ+1

1—t2 t t

= 6
1+t Viz+1 o
1—t? =ty/1+t? 1

1-2t2+t*=t>+t*

Since we have squared both sides of
3t2=1 the equation, we must check that we
have not introduced false solutions by
checking that any solutions solve

2 _
=3 / 1-t2 = tV1+¢2.
1

1
t=— sincet = —— does not solve 1 — t? = ty/1 + t2
V3 V3
. 0 1
an— = —
2 3
0 =w i g < 7T<9<7T
e —_ - —— — -
276 Since —=m=sU=sm==5%35%7
0_7'[
"3

Check 6 = —m: cos(—m) — sin (_7”) =—1-(-1)=0v

T Always check all angles in the domain
Check @ =m: cosm—sin—=—-1—-1=-2%#0X for which ¢ is undefined, even if it will
not lead to a solution.

T
The solutions are 6 = _”'5'
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Lesson 4.9 Expressions and equations using the t-formulas

If we look at the graph of y = cos 6 — sing, we can see that it intersects the 6-axis at two points

in the domain, giving us the solutions of x = _”E-

= cos@ — sin—
y CosS Sll’l2

o

_4+2
When we look at the graph of y = % - \/tztﬁ within an unrestricted domain, shown below, we

can see that there is one point of intersection when t = i3 which leads to the solutions of x = =.

~ Y

There are two horizontal asymptotes -y =0ast » —o and y = —2 as t - . Since the RHS of

s

0
approaches 0 as t » —oo, then ~- =

_+2
the equation is 0, this means that since y = LZZ - ﬁ

so 8 — —m. This gives us the second solution to the equation.

In these two examples, either —t or —m was a solution but that won't always be the case —

these examples have been chosen to increase our understanding.
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Basic
_t2 A
1 Prove cosA = ——,where t = tan—.
1+ t2 2
1+ cosA A
2a Use t—formulas to prove that ——— = cot—
sin4 2
b  Hence show thatcot 15° = 2 + /3.
X X
3 Solve 2tan§=\/§(1 —tan25> for0 < x < 2m.
. 7]
4 Prove the following results, where t = tani:
a tan@sin 0 = 4t
an o sin = 1- t4
b 1—6t>+t*
cos 20 = 1+ 92
5 Prove the following results:
2 e = (3)
1—cosx cosec 2
14 cosx +sinx X
b — = cot (—)
1—cosx +sinx 2
2t T
6a  Use the formula tan 8 = - to show that tano = V2 - 1.
. 2t T
b  Use the formula sin = —— to show that tan—= = V2 — 1.
1+ t2 8
Medium
7 Prove cot?6 = 1+ cos26
€0 1—cos26’

8a Solve sinx — 2 cosx = 2 in the domain [0, 2r] by first writing sin x — cos x in the form
R sin(x — a) where « is acute, giving answers to 2 decimal places if needed.

b Solve sinx — cosx = 1 in the domain [0,2m7] using t formulas, giving answers to
2 decimal places if needed.

9 Solve cosx — 2sinx = 1in the domain [—m, ] using t—formulas, giving answers
to 2 decimal places if needed.

Vs
10 Prove that the only solutions to V3 sin x — cos x = 1 for [0, 2] are x = 3 andx = m.

1 Prove that the only solutions to sinx + cosx = 0.5 for [0, 2] are x = 2.00 and x = 5.86,
correct to 2 decimal places.

0
12 SoIvesinB—sin§=0for—nSGSn.

X
13 Givensecx + tanx = tan(ax + b), use the substitution t = tan (E) to find aand b

whent # —1.
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Exercise 4.9

Challenging

X X
14 Use t—formulas to solve 3 cos (E) —sin (E) =3for0 < x < 2m.

15 The equation mcosx — sinx = 1, where m > 1, has one acute solution.
(Do NOT prove this.)

m-—1 X
a Showthatt = —— wheret = tan—.
m+1 2

T
b Hence show that the single acute solution is x = 2tan™1m — 7

16 The two solutions to the equation 2 sinx — cos x = 0 in the domain [0, 2] are a and 8.

(04
Prove that tani is the negative reciprocal of tang.

1—cosx V2t X
17a  Show that — = where t = tan=.
1+ sinx t+1 2

1—cosx 1
b  Hence solve [———— = — for [0, 2x].
1+ sinx 2

HSC Mathematics Extension 2 (2024) © Steve Howard 110 Howard and Howard Education



4.10 Trigonometric substitutions

In Lesson 10 we cover:
* Integrating with t—formulas

+ Other trigonometric substitutions
In this lesson we look at more trigonometric integrands, this time looking at methods we keep in
reserve for use when easier methods will not work. We look at how to recognise those similar

integrands which are more easily solved using a u or u? substitution.

This lesson mainly covers the 6™ dot point from Further integration, with questions on the 15t

dot point included in the exercises.
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Lesson 4.10 Trigonometric substitutions

Integrating with t—formulas

Integration using t-formulas is one of our methods of last resort, as many integrands involving

trigonometric functions can be solved more easily using other methods.

Once you have substituted for t, the integrand can be rearranged into one of the standard
integrals and solved. If you are solving an indefinite integral, remember to rewrite your answer in

terms of the original variable so that you have answered the question.

Most questions end up using similar methods through the solution, so we will only go through a
couple of examples. Take care during an exam, as simple errors often cost marks - incorrectly
simplifying complex fractions (fractions within fractions) or not rewriting the final answer of an

indefinite integral in terms of the original variable are common mistakes.

A note on finding dx or d@ as a function of t

When we have an integrand as a function of x, and use the substitution t = tang, we need to

22 Note that the RHS on the final

find an expression for dx in terms of t. This is always dx = ™

line is almost the same as the t-result for sin 4 with d inserted. The t-formula for sin 4 is on the

Reference Sheet.

A common question that arises is - can we just use this result, or do we need to derive it each
time? For most questions you can just memorise and use this result. See the marking guidelines
for Q11(f) in 2022 and Q11(d) in 2024, where that is exactly what has been done. Other marking

guidelines use the full derivation, but | would expect that you can achieve full marks using the

shortcut.
X
t =tanz
There is always the possibility that part (i) of a question could ask dt 1 x
—— =-sec’>
you to derive the result - see Q1(e) in 2005. dx % 2 X
= E (1 + tan2 E)
See the full derivation on the right, which uses the Pythagorean = %(1 +t2)
. . 2dt
identity sec2Z = 1 + tan?Z. dx =
2 2 Tiye
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Lesson 4.10 Trigonometric substitutions

Example 1

) dx
Find f—
1+ cosx

J‘ dx
1+ cosx
] 1 2dt
= X
1+1—t2 1+ t2
1+ t2

1
=2
f1+t2+1—t2

1
=dt

=2
=t+c

=tan=-+c¢

) X
using ¢ = tan.

t = tan~
= x’:ll’l2
e 2t
s

Take care when simplifying nested
fractions within integrals - this is a
very common exam mistake.

Example 2

T

Eval ate.F dx
val o 4+ 5cosx

X

using t = tanf'

t = tan~

—anz
Lo 2t
TIir e

2dt

1+ ¢2
dt

I
()
-

fl 1
— t2 X 2
o 5(1 t) 1+t

dt
— tZ

ST ST e
O

I
NS} NI-P

5

wlr—xwlr—twlr—\ wl»—k w| N
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Lesson 4.10 Trigonometric substitutions

Trigonometric substitutions

Another method we can use when nothing else works is to use a trig substitution, though they
are rarely needed. Often, we can use a u? substitution instead and save a lot of work, as trig

substitutions are often quite long.

Trig substitutions can be used whenever the integrand involves a square root (including in the
denominator) where the radicand is the sum or difference of two squares. This might involve

completing the square to make the appropriate substitution obvious.

In the following examples we will see how the trig substitution gives us an expression that we

can then simplify using a Pythagorean identity.

Example 3

Vi
Using the substitution x = sec 8, or otherwise, evaluate fx3\/x2 —1dxwhere 0 <x < 5

fx3 (2 — 1 dx x = sech

dx = secHtan 0 db

_ fsec3 0Jsec? 0 — 1secO tan § do The trig substitution chosen is x = sec8, as

then the radicand becomes the LHS of the
Pythagorean identity sec? 8 — 1 = tan? 6,

=fsec39 tan? @ sec @ tan 6 d6 o
which simplifies to tan 6.

= fsec4 0 tan? 6 d6

fsec2 0 sec? 0 tan? 0 d6

fsec2 6 (tan? 6 + 1) tan? 6 dO

= fsec2 0 tan* 0 do + fsec2 0 tan? 0 do

20 — 29 _
tan®0 tan3@ tan” 6 —sezc 0 -1
= +c =x°—1

5 3 We take the positive root only,
tand = x2—-1 |€<——— P y

since tan x > 0 in the domain

I R Gt Ok
= < + 3 +c
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Lesson 4.10 Trigonometric substitutions

Example 4

1
Use a suitable trigonometric substitution to find f ————dx,where x > 0.
x2V4 + x2
1 =
f ————dx x=2 ta“;‘ The trig substitution chosen is x = 2tanu, as
x2\4 + x2 dx = 2sec”udu

then the radicand becomes the LHS of the

_ J‘ 1 « 2 sec? u du Pythagorean identity 4(1 + tan? u) = 4 sec?u,

4tan?uv4 + 4 tan®u which then simplifies to 2 sec u.

1 sec?u
=— du
2 ) tan? uv4sec?u

_1f sec?u
"2 ) tan2u x 2secu U
_1fsecud
"4 ) tan?2u v
_1fcosud
%) sinza ™

1

= Z-f(sinu)‘2 x cosu du

= %f j—u(—(sinu)‘l) du
1

4sinu

x2+4

=—-——+c

Integrals in the form f dxn = 1,2,3... can be solved using u? = radicand, avoiding

1
xVx™ —c

trig substitutions. For example, in the integral J dx we would letu? = x — 4.

1
xVx — 4
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Lesson 4.10 Trigonometric substitutions

Trigonometric substitutions (continued)

We now return to an indefinite integral we first encountered in Lesson 3 Example 4, where we

found the integral by rationalising the numerator. That is the simplest method for this integral,

with 5 lines of working.

In the next example we will use a trig substitution which takes 8 lines. We will also solve this

same integral in the exercises starting with a u? substitution - this takes 14 lines including a

second substitution.

Example 5

1—x
Using the substitution x = cos 26, or otherwise, evaluate f ’1 g dx.

f 1—xd
1+x X

B zf 1—cos26 20 do
- 1+C0529Sln

X = cos 20
dx = —2sin260 df

1—(1-2sin%20)
= —4j sinf cos 6 db

1+ (2cos?6—-1)

3 4J‘ 2sin2%0 - 0 do
= S eoszg Sino cos

sin @
=—4f X sin @ cos 6 dO
cos 6

= —4fsin29d9

1
= —4]5(1—c0529)d6‘
= —260 +sin260 + ¢

=—cos !(x)+vV1—x2+c
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Exercise 4.10

Basic
1 Flndf usmg the substitution t = tan;
2 Using the substitution ¢ = tan, or otherwi f'ndf >y
sing the substitutio —anz,oo erwise, fi 12+13cosxx
3 Using the substitution x = sin 8, or otherwise, find jx3 1—x2dx.
4 Using the substitution 2sec@, or otherwise, find j ! d
[ ubstitution x = 2sec@, ise, fi —dx
xVx2—4
6
5 Lett = tan—
2
dt 1
a —_— == 2
Show that 70 2(1+t )
2t
b Show that sin8 =
1+ t?
I 0, .
c Use the substitution t = tani to find fcosec 6 dé.
0
6 Using the substitution ¢t = tan—, or otherwise, fmdf—
2’ 1—-cosx
Medium
Vs
: T 0 z db
7 Using the substitution t = tan— evaluate f _—
2 o 2—cosb
8 Using the substitution x = 4 tan? u find f\/x + 4 dx.
Vs
. T X . 2 1
9 Using the substitutiont = tanf’ or otherwise, evaluatef

% 3sinx —4cosx+5

2
10 Using the substitution x = sin2 6, or otherwise, evaluatef - dx.
o _
2T
. _ 0 X 3 do
11 Using the substitution t = tan—, or otherwise, evaluate j —,
2 T sinf

12 Prove jcosecx dx = In tan

X
> + ¢ using the substitution t = tanE

1 X
13 Find j_—dx using the substitution t = tan—.
sinx + cosx 2
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Exercise 4.10

14a Use the substitutiont = tan > to show thatcosecx + cotx = cotE.
b Hence show that j: (cosecx + cotx)dx =In2.
15  Find f sec” x
! 1 —tan?x
Challenging
2
16 Use a suitable trig substitution to findf dx
? Vi—x
, , I ) 3+ cosx
17 Use a suitable trig substitution to find f —
2 —cosx
18 Use a suitable trig substitution to find f\/Zx —x2dx.
o i —x
19 Use the substitution u?2 = 1 + x to flndf " dx.
T
20 Uthftthtfa d—fa dxt ItF dx
se the fact tha ; f(x)dx = ; f(a — x) dx to evaluate L A +sinn?
7 d 2
21a Showf2 X
01 +75inx 3vV3
2a
b Show f(x) dx = J [f(x) + f(2a — x)] dx
T xdx
¢ Hence evaluate f

01 +§sinx
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4.11 Integration by parts

In Lesson 11 we cover:

 Integration by parts

 Integration by parts using DETAIL

* Integration by parts using the reverse chain rule
» Other applications of integration by parts

« Tabular integration by parts (optional)
In this lesson we look at integration by parts, a method that we generally only use to integrate
an integrand that involves two different types of functions. It is sometimes used for two similar

functions as we will see.

This lesson covers the 11t and 12" dot points from Further integration.
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Lesson 4.11 Integration by parts

Integration by parts

Integration by parts (IBP) is used to find or evaluate integrals when other methods don’t work.
You can use it on any integral - you will just waste your time and effort. We will mainly use IBP
on integrals which are the product of two different types of functions, such as e* sinx, which is
the product of an exponential function and a trigonometric function, though there are a small
number of other integrands where it is required. IBP works for both indefinite and definite

integrals.

Integration by parts comes about by taking the product rule from differentiation, integrating both

sides and rearranging.

(X ) = du+ dv
dxu v_vdx udx

'fd(x)d —f iy +f iy
o dxuvx— dex udxx

X —f dud +f dvd
uxXxv= dex udxx

f dvd B f dud
udxx—uv vdxx

1. split the integrand into two functions

In words:

2. integrate one factor to obtain v, which then appears in both terms on the right-hand side

3. the other function is u and stays the same for the primitive function, uv, while is differentiated

. du
for the integrand, v

This makes more sense when you see it used in the examples to follow.

We used integration to remove the derivative, but don’t forget that when an indefinite integral
‘disappears’ it leaves a constant. The IBP formula should include uv + ¢ rather than just uv, but
since there is still an indefinite integral in the formula which will have its own constant, we ignore
it for the moment as it will be absorbed into the other constant at the end of the solution.

In some questions you will need to integrate by parts twice to get the answer. We will briefly
look at tabular integration by parts, which is generally not recommended, but useful when we

need to use IBP twice, though we can use it in any question.
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Lesson 4.11 Integration by parts

Integration by parts using DETAIL

Once you split the original expression into the correct functions for u and % then this work is

straightforward. However, if you split the integrand incorrectly then the work becomes either

much harder or impossible, and you have to start again.

The trick to IBP lies in correctly splitting the integrand into one function that is easy to

integrate and a second function that is simpler when it is differentiated.
To split the integrand and make our solution work as easily as possible we have two choices.

(1) DETAIL - This rule of thumb helps us to choose which function is most easily integrated,

dv
which we make I when we have two different types of functions. It works in the vast majority

of questions in the HSC or from textbooks.

dv
(2) Reverse chain rule - If one of the functions is a composite function we find Tx as the

product of the composite function and the derivative of the inner function. This can then be

integrated using the reverse chain rule.

There are some other integrands where neither of these shortcuts work, but if we always try

dv

and find the most detailed function that can be integrated for T we will split the function

successfully.

DETAIL
Let’'s have a look at the DETAIL mnemonic, which focuses on choosing the function to be

integrated.

dv
D - Let Tx equal the first function from this list to appear in the integrand

E — Exponential
. . Easiest to Integrate, so these are the best functions for v
T — Trigonometric dx
A — Algebraic } Easy to Integrate, so still good for %

| — Inverse Trig }
dv
L — Logarithmic Hard to Integrate, so no good for .
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Lesson 4.11 Integration by parts

For example, fxz In x dx has x? (an Algebraic function) and Inx (a Logarithmic function).

dv
Since A comes before L in DETAIL we let Fi x2 while u equals the rest of the integrand,

in thiscase u = Inx.

DETAIL focuses on the function that is best to integrate, but it is also interesting to consider

du
how well each function works as u. We want Tx to be much simpler than u.

+ Logarithmic functions differentiate to become simple algebraic functions, so are the best
choice for u if available.

 Inverse trig functions differentiate to become algebraic functions, so are also a good choice
for u.

+ Algebraic functions differentiate easily so are a good choice for u.

+ Trig functions often cycle from sine to cosine, so while we can use them for u they will require
us to integrate twice (see Example 2)

» Exponential functions don’t get simpler when they are differentiated, plus we need to know
extra rules, so are no good as u.

dv
If we only have one function in the integrand we often let Frie 1 (as this is easy to integrate)

and let u equal the function.

, . . , , . d
In the exercises we will do one of the integrals using different choices for u and d_Z' In one case,

we will use DETAIL; in the other, we will go against it.
» when we follow DETAIL, the answer is straightforward
» when we go against DETAIL, we will still get the correct answer, but it will be a harder

solution.

Alternatives to DETAIL are LIATE or ILATE, which focus on choosing the function for u rather

than the function for %. In other countries LIPET is also used for choosing u, where P stands for

Polynomials rather than Algebraic. Note that since we will probably never have an integrand
with a logarithmic and an inverse trig function it doesn’t matter whether LIATE or ILATE is used.
Since exponential and trigonometric functions can both be integrated, we can swap the order of

those terms and still achieve success.
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Lesson 4.11 Integration by parts

Example 1

Findfxlnxdx. dv
Using DETAIL it andu =Ilnx
dv
u=Ilnx —=
fx Inx dx “ dx
du 1 x?
—_— e "7 vV =—
dx x A 2
x*Inx  [x%* 1 \ : ,
= > |7 X —dx At the start it can help to draw these lines
x
to see which pairs we need to multiply
_ x%Inx 1[ p
= > x dx
_x*lnx  1(x? N
—T2 “a2\z)7°¢
x?Inx x?
= 2 — Z +c i dv
Using DETAIL — = e”*

dx

Example 2

r

2
X i . dv
Evaluate fo e’ sinxdx. Using DETAIL =~ = e* andu = sinx
X
dv
> u = sinx v e*
e*sinx dx x
0 du x
—=Ccosx UV=e
dx
dv :
T
: g U = COS X - = ¥ We have to use Integration by Parts
=|e*sinx | — f e*cosxdx |, a second time. Since the u and v
1o 0 — — —qj = ¥ n
dx sinx- v=e don’t form part of our actual solution
Y Y -
12 2 g we can use the same variables
=|e*sinx| — [e"cosx] +f e*sinx dx i
I Io 0 0 again. Using DETAIL — = e*
T L
2

2
2f e*sinxdx = |e smx] —[excosx]
0 0

s
i . . .

f e sinx dx = —<<ez _ 0) ( _ 1)) This is a very common integrand for IBP.
0

e* stays the same while sine and cosine
Vi
ez + cycle, requiring us to use IBP twice.

2

We will come back and solve these two integrals using tabular IBP shortly.
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Lesson 4.11 Integration by parts

Integration by parts using the reverse chain rule

The vast majority of questions you come across will be solved using DETAIL, but there are
more obscure questions where DETAIL will not work since both functions are of the same type,
commonly with one of the functions being a composite function. Here we will use the reverse
chain rule. While we could often simplify the integrand first using u substitution it would cause
more confusion (you would need a different variable as you couldn’t use u twice) and make for a
longer solution. This method is also good for recurrence relations where we are not given the

rule.

dv
Let T be the product of the composite function and the derivative of the inner function.

In Example 3 we will look at fx%"“2 dx.

. eisthe composite function.

. The derivative of the inner function, x?, is 2x

d
. Let Y = 2xe*’
dx

*  Thatleaves us with x; from the integrand, which gives us u.

Example 3

. 3 2
Find fx e*” dx. . dv - 2
Using RCRE=2xe andu=7
2
X dv
z =7 w2
3xd
jxe x du .
dx_x v=e
2%
x‘e
= > —fxexzdx
x2eX® 1 )
= 5 —EJerx dx
x2eX’ X’
—T T te
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Lesson 4.11 Integration by parts

Other applications of integration by parts

We can also use IBP with the reverse chain rule to integrate integrands with two similar
functions, although quite often it is a hidden example of reversing the quotient rule as we will

see in the next example.

Example 4

Find Inx .
n f(1+lnx)2 X

. v 1
a Using IBP u=xlnx —==(1+Inx)"2
dx x
Inx d du -1
GEATYSE x E_lnx+1 v=—(1+Inx)
_ 1
" 141Inx

_J‘ xInx d
) x(1+1nx)? x

xInx Inx +1
=_1+1r1x+_f1+lnx dx

xInx
__1+lnx+x+c

x
=1+1nx+c

hy  A+h0O-6(3)
(1 4+ Inx)? - (1 +1Inx)?

b By first showing

In x _ 1+Ilnx—-1
(1+Inx)2  (1+Inx)2
1
(1 + 0 - () (5)

(1 +1nx)?
x (1 +In0) - (x) (%)
md“J Aoz &
(X Y,
_fdx<1+lnx> X
X
=1+lnx+c
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Lesson 4.11 Integration by parts

There are some integrands that we would think should work using other methods, such as the
next example, which is very similar to integrals in Lesson 8 where we used Pythagorean

identities.

Example 5

Given jsecx dx = In|secx + tanx |, use integration by parts to show that

1
fsec3xdx = Esecxtanx +Eln secx +tanx |+ c.

dv )
u=secx oy = sectx
fsec3x dx X
du
— =secxtanx v =tanx
dx

secx tanx — jsecxtanz x dx

secx tanx — jsecx (SeC2 X — 1) dx

secxtanx — fsec3x dx + fsecxdx

2fsec3x dx =secxtanx + In|secx +tanx |+ ¢

1
Jsec3x dx =Esecxtanx +Eln secx +tanx |+ c
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Lesson 4.11 Integration by parts

Tabular integration by parts (optional)

A little-known variation of integration by parts is tabular integration by parts. As with any unusual
method, | would generally not recommend you use it in the HSC or assessments. The main
problem occurs if you make an error - you may achieve no marks at all if the method is not
covered by the marking scheme. This section is only included here as | often get asked about

this method, and whether it is OK. Personally, | don’t use it.

This method is mainly useful for quickly checking an answer you have found using the normal
setting out of IBP. The only integrals where | would consider its use would be integrals that
require using IBP twice, such as we saw in Example 2, where it is much more efficient.

We start with a table which has three columns.

S D |

* The first column is S for sign. We will place + on the first row, then alternate between — and
+ down the column as we add new rows.

» The second column is D for derivative. We will place the function for u in the first row and
differentiate from row to row as we down the column.

* The third column is | for integrate. We will place the function for % in the first row and

integrate from row to row as we go down the column.

We choose the functions for % and u as normal. If the integrand requires use of the reverse

chain rule this method will quickly reach a dead end, and it is much easier to use ordinary IBP.

We continue to add rows to the table until the product of the two terms on the same line is an
integrand we can find or evaluate easily. This happens when either we:

« differentiate u until it reaches 0, so the remaining integral is zero

«  create a simple integral we can solve

» create an integral that matches the original (so that we can swing it back with the original)

We will also look at using tabular IBP for a recurrence relation next lesson.
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Lesson 4.11 Integration by parts

Let’s start by solving fxlnx dx from Example 1, using tabular IBP. As we will see, this integral

is not one where tabular IBP is more useful than the normal setting out.

: dv s D I
We used DETAIL to find that T =xandu=Ilnx,
i ) ‘ In x ‘ x
so here is the first row of the table.

The next row is completed by placing — in D I
the S column, differentiating In x and finding + Inx X
the primitive of x. 1 X2
- x 2

1 x? «x o X

Here we see that — x — = —, and we can easily find f—dx.

x 2 2 2
So, what do we do with this table? S D |
+ —1»lnx x
1. Green - Multiply S and D on the first row by | on the 1 S 2
X
next row. In other examples we will need to do this I I i o

more than once.

2. Red - Multiply all three cells on the last line and take their primitive.

x? 1 x2
So,fxlnxdx=+lnxx7—f — X — |dx

x*’Inx 1
= ——fxdx

2 2
x’lnx 1 x2+
= —_ = X —
2 2 ¢
_lenx x?
2 g "€

As | mentioned, this integral is better done using the normal setting out.
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Lesson 4.11 Integration by parts

Let’s compare this example done both ways. We could skip a couple of steps in tabular IBP if

we are careful.

dv D |
u=Ilnx d_=
fxlnxdx du 1 X o2 Inx x
dx  x V=T _ 1 x?
X 2
_lenx xled
~ T2 2 X
*Inx 1
Inx 1 fxlnxdx: > —Efxdx
T2 _EIde _lenx x?
-T2 T3
_lenx 1 [x? N
T2 2\2)7°¢
_lenx x?
= 5 4+c

Now let’s look at an example where we have to complete more rows of the table until we can

find an integral that is easy to integrate.

Example 6

Find fxz sin x dx using tabular IBP. dv
Using DETAIL o sinx and u = x?

D |
fxz sin x dx
+ —t» x? sinx
= +(x2)(— cosx) — (2x)(—sinx) + (2)(cosx) + ¢ — 1y 25 A osx
=(2—x%)cosx + 2xsinx + ¢ +—> 2 A sinx
SA
— —» 0——» cosx

We could stop at the third row as we
can easily find [ (=2 sinx)dx, but
going one more row makes things
easier as [ 0 dx is even simpler.
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Lesson 4.11 Integration by parts

Let’'s redo Example 2. This time we continue the table until we get an integral which is a multiple

of the original integral, which we can then swing back to the other side.

Example 7
i
2
Evaluate f e* sinx dx using tabular IBP. dv
0 Using DETAIL Fri e*andu = sinx
S D |
+ —»sinx e*
———+»cosx \‘e"
+ > — sin x —+\ex < Contin'ue until t'he product qf Fhe two
terms is a multiple of the original integral.

T

2
—j e*sinx dx
0

N

T
2
f e*sinxdx = [exsinx - excosx]
0

Vs
e*sinxdx =e2(1-0)—1(0—-1)

SIE]

+1
2

T
z . e
e*sinxdx =

You can see that this is much shorter than the solution using the normal method.

This is why | would recommend that integrals which require using IBP twice are suitable for

using tabular IBP.
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Exercise 4.11

Basic
Use integration by parts to find or evaluate the following integrals.
1 fxz Inx dx
L3
2
2 f e* cosxdx
0
3 fx3 sin x? dx
) dv _ . .
4 flnx dx. Hint:letu =Ilnxand T 1. You may wish to memorise this result.
5 jxezx dx
Y
6 f x cosx dx
0
2
7 f tetdt
0
1
8 j tan~! x dx
0
Medium

Use integration by parts to find or evaluate the following integrals.
9 jlnll + x| dx
10 fox dx
11 jsin‘1 x dx
e+3
12 f In|x — 3| dx
4
13 ftan‘1 x dx
14 flnlcosxl cosec? x dx

15 fzxsinxdx
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Challenging

16 Find JxZ\/x —1dx:
a Using IBP

b  Using a u? substitution

17 Find [ 22X
n f(lnx—l)2

a Using IBP

b By using the quotient rule to find a function whose derivative equals the integrand.

d
18 Using the result from Q4, repeat Q1 but ignore DETAIL and let u = x? and d_z =Inx.

19 Find fx sin x cos x dx.

20 Find [ =24
" f(1+x)2 ¥
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4 .12 Recurrence relations

In Lesson 12 we cover:

* Recurrence relations

* Recurrence relations using integration by parts

* Recurrence relations using other integration methods

* Finding recurrence relations when the relation is not given
In this lesson we derive and use recurrence relations that link integrals involving unknown
powers. This is a common source of exam questions, particularly late in the paper, which can

become a source of easy marks using the hints in this lesson.

This lesson covers the 14t dot point from Further integration , with questions on the 15" dot

point included in the exercises.
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Lesson 4.12 Recurrence relations

Recurrence relations

Recurrence relations express an integral (where the integrand includes a function to the power
of n) as a function of another integral whose integrand includes the same function to a different

power of n. For example, we can prove that

n+2

1 n—1 1
fx”\/l—xzdx=< )fx"‘zvl—xzdx
0 0

The first integral includes the term x™ and is expressed as a relation of the integral including the
term x™~2. The power in the second integral is usually lower, as in this example, which gives us

the common alternative name of reduction formula.

Typically, we use abbreviations such as I,, for the integrals, and will find a relationship between

I, and I,,_4, or I, and I,,_,, so, we would write the reduction formula in the above example in the

n—1
In = n—+2 In—2-

We can use letters other than I for the integral, such as U or A, or leave the integral written in

much simpler form

complete form.

We often use the recurrence relations to evaluate integrals with higher powers by breaking them

down into functions of a lower-powered integral that we can integrate.

Recurrence relations are normally considered to be of medium to higher difficulty, as it is very
easy to choose the wrong method and have to start again. Success has traditionally required
much practice and a deep knowledge of differentiation and integration. Part of the problem is
that while most recurrence relations are found using integration by parts, others can only be
solved using standard integration techniques. While the 2024 syllabus only mentions using IBP
for recurrence relations, other methods could easily be covered as an application of other dot

points, so make sure you cover these types as well.
There is a very easy way to choose the correct method, which converts the topic to a simple

mechanical process. This is great for quickly gaining marks in an exam, but our understanding

suffers! We will also try to attain a deeper understanding of the work.
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We can also use tabular IBP for those recurrence relations where IBP applies but is only an

interesting aside - | recommend you use the traditional setting out.

As a rule of thumb, look at the coefficient of the lower-powered integral on the RHS (/,_; or

I,_,) and see if it involves n. Here are three examples:@

e@ sec* ?xtanx n-—2 1 @I

A1n=§—n1n_1 BInz n—1 +n_11n_2

Integration by parts

If the coefficient involves n (examples A and B above) then use IBP. The numerator of the
coefficient also gives us an important rule of thumb - use it (or the multiple closest to the power
in the original integral) as the power to use for u. This rule of thumb requires that the integral
with the higher power, when written in index form (usually n), is the subject of the reduction
formula, so on the LHS. If the integrand involves a power in the denominator we need to

rearrange to make the other integral the subject for this rule of thumb to work.

Other methods
If the coefficient does not involve n (example C above) then we do not use integration by parts.
It is normally easiest to move both integrals to the one side and simplify, then rearrange to find

the given result.

Let’'s have a look at some integrals and recurrence relations to plan the easiest method.

Original integral Recurrence relation to be proved

62
L, = f (log, x )™ dx L, =e?2" —nl,_,
1

* The coefficient of I,,_; involves n so use IBP.
* The numerator is n, so let u = (log, x)"

U

xtanx+n—21
n—1 n—1 "2

sec™ 2

X
I, =j sectdt I, =
0

» The coefficient of I,,_, involves n so use IBP.
« The numeratoris n — 2, so let u = sec™ 2 t.
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Original integral Recurrence relation to be proved

1 e
I, = f x2nt1x? g L, = 57 nl,_1
0

+ The coefficient of I,,_; involves n so use IBP.

« The numerator is n, and in this case we use a multiple of n, sou = x2".

* Where there are two functions in the integral, use the function that is already to the power of
some function of n.

T

* o 1
I, = . tan“" 6 dO I”=2n—1_ n—-1

» The coefficient of I,,_, is —1. As it does not involve n we don’t use integration by parts.
* The easiest method is to rearrange the expression and first prove that

In +ITL—1 =—2n_ 1

T

2 m\"
I, = -f x™cos x dx I, = (E) —nn—1I,_,
0

The coefficient of I,,_, n(n — 1) is the product of two consecutive terms, which indicates that we
will integrate by parts twice:

* thefirsttime using u = x™

+  the second time using u = x™!

Note that we use the higher term for the first IBP. Since we use IBP twice, this is a situation

where tabular IBP can be useful.
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Recurrence relations using integration by parts

Let’s start with the most common questions you will encounter for recurrence relations, those where you

do need to use IBP.

Example 1

If I, = jxnex dx prove that I, = x"e* —nl,_;.
The coefficient of I,,_, involves n, so use

IBP. The numerator is n which gives us

dv
u=x" —=e* the power we want, so we let u = x™.
L = n,x dx
n= | x"e*dx du
—=nx"1 p=e*
dx

= x"e¥ — fnx"‘lex dx

= x"e¥ — nfx"‘lex dx

=x"e* —nl,_4

We can also solve this using tabular IBP, but the normal method above is recommended.

I, = f x"e* dx S D I
+ —f» x" e*
n—-1 A X
=+(x™(e*) — f(nx”_l)(ex) dx ——pnxT " —P>e
_ Add rows until the product involving
. — M pX n-1,x
“Ip =x"e n f x" et dx the differentiated term produces the

n o x required lower-powered integrand.
=x"e* —nl,_4

This is the last time we will discuss tabular IBP, though we will use it as an alternative solution

in exercises requiring IBP twice.
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Example 2

If I f% ™ x dx prove that [ n_ll
= cos" x ax = —1y_9.
") P nToop n? The coefficient of I,_, involves

- ne1 dv n, so use IBP. Looking at the
> u = cos X — = CO0SX
2 2
I, = j cos™ x dx du dx final answer, we see a
0 — _ n-2 H = qj . o
dx (n—1)cos™“xsinx v =sinx numerator of n — 1 which gives

us the power we want, so we let
T

2 n—1

u = cos X.

V3
_1 . i _2 . 2
=|cos™lxsinx| +(m—1)| cos™ “xsin“xdx
0

0

A
2

=0+ (n- 1)J- cos™ 2 x (1 — cos?x) dx
0

Vs Vs
2 2
=(n- 1)] cos" 2 xdx — (n — 1)] cos™ x dx
0 0
vy =M= D, —(n— DI,
nly = -1,

n—1
I, =

In—Z

Example 3

In Example 1, we proved that if I, = fx”ex dxthen I, = x"e* —nl,_;.

Use this recurrence relation to evaluate f x3e* dx.

3 x 1. We usually start by evaluating I, as it will
xe*dx L
be the easiest integral to evaluate.
— Sometimes I, or rarely I, will be easy to
-3 integrate.
= x3e* —3I, using the recurrence relation 2. I?eéermine which integral you are trying to
ind.
= x3e* — 3(x%e* — 21) 3. Use the reduction formula to express the
integral you are trying to find in terms of
= x3e* —3x%e* + 6(x'e* — 11) Io.
4. Evaluate.

= x3e* — 3x%e* + 6xe* — 6l

= x3e¥ — 3x%e¥ + 6xe* — 6 jxoex dx
= x3e¥ — 3x2%e* 4 6xe* — 6jexdx
= x3e¥ — 3x%e* 4+ 6xe¥ — 6e* + ¢
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Recurrence relations using other integration methods

We will also cover questions where we use methods other than IBP to find the recurrence relation. This
could be included under the 15t and 16t dot points in the syllabus which relate to using multiple

techniques of integration to solve theoretical and practical problems.

Example 4
1

If1,, = f tan™ x dx prove that I,, =

n-1
tan" "t x — I, _,.

The coefficient of I,,_, does not
involve n, so move both integrals

I+1, ,= ftann x dx + ftann_z xdx to the one side and simplify.
= ftann‘2 x (tan2 x + 1) dx
= ftann‘2 xsec?®x dx

_fd tan™ 1 x p
T )dx\ n—-1 X

_n—l an

n-1

X

n-1

R 1 tan" "t x —I,_,
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Finding recurrence relations when the relation is not given

In most HSC questions, the recurrence relation will be given in the question, so we can use the

tricks from this lesson to quickly choose whether to use IBP, and if so the correct value of u.

But how do we proceed if the recurrence relation is not given? This might occur if the examiners

want to create a much more difficult question for use late in the paper.

In our shortcut that we have used so far this lesson we have focused on u, but if the recurrence

relation is not known we shift our focus back to %, choosing it so that it is the most complicated

function that we can easily integrate. This often uses IBP with the reverse chain rule that we

used last lesson or is sometimes equal to 1. For trig functions we often need to split the powers

so we can use the Pythagorean identities. It is important in all types that the n stays as a power

of u, not becoming part of %.

Example 5

1 n

X
Find a recurrence relation for I =f -_—
o)y (241

> dx,forn=0,1,2...,interms of I,,_,.

_1
xn u—zx
du 1

2

1
I = T S
n fo S e

dx

n—-1

(n—1x"2

dv

dx

v

= 2x(x? + 1)_247 RCR

= —(x2+1)7"

1

2

X1 1 n—1 (1 xn2 J
+ x
x*+ 1] 2 fox2+1
1 n—1flx”_2(x2+1)
0

370t (x2 + 1)2

dx

n—1 n—1 1

X

n-2

1 T 4
S dx +
4" 2 Jo Z+ 1)z

. 1 n—lI
"T2(n—3) n-3"7?
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Exercise 4.12

Basic
n,2x n
1 If I, = fx"ez" dx prove thatl,, = - Eln‘l'
_ sin"lxcosx n-1
2 IfL, = fsm"xdx prove that I,, = — - + - Iy_».
3 If1,, = jcot”x dx prove that I, = — ——cot™™ ' x — I,,_,.
4 Use the result from Question 1 to find fxzez" dx.
1 . n—
5 It is given that when I,, = f x™"(x? — 1) dxforn >0, thatl, = g2 forn > 2.
0
1
Use this recurrence relation to evaluate f 23(x? = 1) dx.
0
n
4
6 It is given that I,, = f tan?" 0 df forn > 0.
0
1
a Show that I,, = o1 I forn>1.
b Hence calculate I5.
eZ
7 Itis given that I,, = f (Inx)™dx forn > 0.Show that I,, = e22™ — nl,,_,.
1
Medium
o T sec™2xtanx n-—2
8a LetIn:J; sec tdtwhereOstE.Showthatln: — n—1I"'2'
s
3
b Hence find the exact value off sec*t dt.
0
x?’(lnx)* n B ,
9 Prove jx(ln xX)"dx = — ij(ln x)""1 dx and hence find jxlnz x dx.
Y
2 m\"
10 IfI, = f x™cos x dx prove that I, = (E) —nn— DI,_,.
0
x™/(2x +1)3 n
11 If1,, = fx"\/Zx + 1dx prove that I, = mt3 i3 L_;.
e?* 2
12 IfI, = fx‘"ezx dx prove I, = — = Dxn + — 1In_1 forn > 2.
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. . x™ 1 (Inx)" n
13a  If L, = fx (Inx)™ dx prove L, = 1 m+1 Imn—1
b Hence find fxz(ln x)? dx.
sin 3x cos 3x sin 3x 3
14 Iflnzf e dxand]nzf o dx prove I":_(n—l)xn‘1+n—1]”_1 forn>1.

Challenging

1 xn
15 Find a recurrence relationship for I,, = f mdx in terms of I,,_,,forn > 3.
0
1

16  Find a recurrence relationship for I,,, = f x™(x% — 1)5 dx in terms of I,,,_,.
0

0
17 Find a recurrence relationship for I,, = J x™x + 3dxin terms of ,,_q,forn > 1.
-3

p— in terms of I,,_,.

18 Find a recurrence relationship for I,, = J

1

=| x e dx n ,

Given that I, n+lex® dx where n is a positive integer, find a recurrence relation
0

for 41 in terms of I,,,_4.

19a
b Hence evaluate Is.

1
20 Consider the integral I,, = f Vx(1—x)"dx, forn=0,1,2,3,...
0

By finding a recurrence relation for I, in terms of I,,_,, evaluate I;.
1 1
21 Letl, = f (1-x%)"dxand J, = f x2(1 - x2)" dx.
0 0
a Show thatl, = 2nJ,_;.

b  Hence show that I,, = Ly_q.

2n+1

¢ Show that J, = I, — I,,1 and hence deduce that J,, =

L,.
2n+3"

d Hence write down a reduction formula for J,, in terms of J,,_;.

22a  Show that dx ___2, -1(3t x)+
a ow tha f5—4cosx_3 an anz | +c
b Given that fn da z show that "__cosx d z
iv —_— W —  dx=-
o D—4cosx 3 o D—4cosx *~%
T cosnx 5
c Ifu,= . mdx show that un+1+un_1—zun =0,forn > 1.
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1
23 |etI —IEL where n is a positive integer
") (1 + 4x)n’ P ger.

a Find the value of I;.

2nl,4q 1

b  Using integration by parts, show that I,, = -1 21 —2n)

1
c H luate I F dx
ence evaluate = —_—
37 ), (1+4x2)3

n-1

1
24 Let1n=f (1-¢%) 2 dtforn=0,1,2,...
0

n—3 n—3 n—1

3 Showthat t?(1—¢2) 2 =(1—t2) 2 —(1—t2) 2 .
b Using integration by parts, show that nl,, = (n — 1)I,,_, forn = 2,3,4,...

¢ Letj,=nl,I,_,forn=1,2,3,... By using the principle of mathematical induction,
s
prove that J,, = > forn=1,2,3,...

d Brieflyexplainwhy 0 < I, <I,_,forn=1,2,3,...

T T
Ded tht’—<1</—f =1,2,3...
e educe tha 2D o, forn=1,2,

n(n—2)(n—4)...2 foreven integers n

. , "W
25 Double factorials are defined as n! {n(n —2)(n—4)..1 forodd integers n

a Prove that for even integers n = 2k that (2k)!! = 2k k!

b Show (2k + 1)!" 2¥k! = (2k + 1)! and thus for odd integers n = 2k + 1 that

2k + 1)!
T
C  Provel fi in“" x d n(Zn)!
Vi = =
2n 0 SI=x ax 22n+1(nl)2

1 22n+1(n!)2

26 P I = 1 e 2 n d =

rove I,, f_l( x%)" dx TEEN
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Basic

10

11

12

13

14a

) dx
Fmdfx2+6x+10'
) 1
Fmdfmdx.
e
Letl, = f (Int)*dtforn=1,2,3,...
1

Show thatl, = e —nl,_; forn=1,2,3,...
Hence, or otherwise, find the exact value I5.

Find fx tan~! x dx.
Find fsinx cos(cos x)dx.

Which of the following is an expression forf

1
N
—6x —x
x—3 x+3 x—3 x+3
Asin‘1<T>+c Bsin‘1<T>+c Csin‘1<T>+c Dsin‘1< >+c

4
1 ex
Using the substitution u = e* + 1 or otherwise, evaluatef ———dx.
o (1+e%)
. 1
Flndf dx.
xInx
What is the value of fl cos " x dx?
i valu X
o V1 — xz
AT g T c T p T
4 4 8 8

T

3
Evaluate J sec? x tan x dx.
0

1

If n is a non—negative integer, then for what values of n is f
0

A no solution B non-zero n, only C n even, only D all values of n

Find [— &%
n f(x—l)(x+2)'
1

Evaluate J xe " dx.
0

1
x"dx = f (1—x)"dx?
0

10 a bx +c

Find real numbers a, b an h that = .
ind real numbers a, b and ¢ such tha GI DT x+1+x2+4

] 10
Hence flndf T DG+ D dx.
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15

dx
16 Findf—.
V6 —x — x2

17 Find fxz log.(3x) dx.

18 Fi djcose
N 149

] dx
19 Flndf—.
V2 —4x — 2x2

20 Prove the following results:

cos 2x — cos 4x ]
a - - = tanx,forsin3x # 0.
sin 2x + sin 4x

b sinx + sin3x = 4 sinx cos? x.
c cosx + cos3x = 4 cos3x — 2cosx.

d 2tanxcos3x = secx (sin4x — sin 2x).

21 Find fx cos x dx.

22

X
23 Which of the following is an expression forf ——dx?
J V16 — x2

1 1
A—2J16 —x%2+¢ B-+v16 —x%2+¢ CE 16 —x2 +c D_E 16 —x%2+c¢

T

) X 2 dx
24  Using t = tan=, evaluatef —.
2 o 1+sinx
25 Use the substitution * or otherwise findf e7dx
u=-e”, , —_—
V1 —e2x

4x3 —2x%2 +1
26 Flnd_[ dx.
2x—1

27 Findf—x.
V3 —4x — 4x2

T

2
28 Evaluate f i cos* x sin® x dx.

1
29 Evaluatef tan~! x dx.

F'ndj “6x+13°
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31 Show that sin 130° + sin 10° = sin 70°

32 Find the amplitude and period of f(x) = sin 3x cosx — cos 2x sin 2x.

6 —cos @
33 Given the substitution t = tanz, the expression e can be written as which of
the following.
1
A 2t Bt C 7 Do
V3 43
34 Use the substitution u = 1 + x2 to evaluatej —dx.
0 (1+4x?):2

13
35 Find f x\x (xi + x§> dx.

logz 2

36 Evaluatef 3x1083 2 gy
0

Medium
37 Show that cot A+ B _ sinB —sinA
W co 2 " cosA—cosB’
s
3 do . o
38 Evaluatef ————— using the substitution ¢ = tan 6 .
0o 9—8cos*0
er
39 Fi .
mdfex n 1dx
40a Find real numbers a, b and c such that 8- 2x -G + bt ¢
@ ¢ (1+x)(44+x2) 1+x 44x2
b H luate in simplest f F 8-z
n n sim rm .
ence evaluate in simplest fo AT 0@+ x
. . x+1 . . .
41 The algebraic fraction m where h is a non—zero real number can be written in
partial fraction form, where A and B are real numbers, as
AA+BBA+BCA+BDA+B
x+h x+h 5x+h (x4 h)? x+h (x+h)? 5x+h) x+h
1 1
42 The value off —dx is
11+e™™*
1
AE B1 Cin(1+e) D2In(1+e)

0
43  Solve 2cosf +3sin@ = —2 for 0 < 6 < 2w using the substitution t = tan-.

HSC Mathematics Extension 2 (2024) © Steve Howard 146 Howard and Howard Education



Chapter 4 Further integration - 100 revision questions

1
44 Consider the integral I,, = j Vx(1—x)"dx, forn=0,1,2,3,...
0
Show that I, = (——)1._,forn = 1,2,3
a ow that I,, = m T3 n-1,forn=1,2,3.

1
b Hence evaluate I; = f Vx(1 —x)3 dx.
0

45  Show that sin3x + sin 2x + sinx = sin 2x (2 cos x + 1).

16 _ax+b+ c
(x24+4)2—-x) x244 2-x’

. 16
b Flndf(x2+4)(2_x)dx.
1

47 Evaluatef sin~1 x dx.
0

46a Find g, b and c such that

48 Evaluate

1 x
fo GrDexr D&

s

49  Which of the following equals f4 x sec? x dx?
0

1 T 1 T T
A —Ean B Z+Eln2 C Z+21n\/§ D Z—Zln\/f

s
4

50  Which of the following equals f(tan3 2x + tan 2x) dx?
1 1 1 1
A Ztan42x+zsec22x+c B tan’2x+c¢ C Ztan2 2x+c D Etan22x+c

X
51 Solve cosx —3sinx + 3 = 0 for 0 < x < 2w using the substitution t = tanz.

s

L 0 3 1
52 Use the substitution t = tan> to evaluatef —df

o 1—sing
5_
53 Findj/ X dx.
5+ x

54a Find the real numbers 4, B and C such that 10 = 4 + Bx+C
I . ' ) B+x)(1+x2) 3+x 1+x2°
o i 10
b Hence use the substitution t = tan 8 to find f —dé.
3+tan6
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1 n
55 Consider the integral I, = j dx, forn = 0.
g " oV 1+x
a Show thatl, = 2v2 — 2.
1 22 = 2nl,_
b Giventhatl, +1I,_ ;= f x™"1V1 + x dx, show that I, = Tlnl
0

¢ Hence evaluate I, in exact form.

2 dx

56 Eval _—
vauatej;x(l_l_xz)

X
57 Findf dx.
v1—x

58 Find fe‘z" cos x dx.

59 Consider the following two statements:
y fl dx <f1 dx o1
C o 14 x™ ), 14 xnH (n>1)

T T
2 2

II: f \/sinxdx=f \/cos x dx
0 0

Which of these statements is correct?
A Neither statement B Statement |l only C Statement Il only D Both statements

1

60 Evaluate _[ cos~ 1 x dx.
0

1 n

dx.

61 Consider the integral I =f
g n g

4
a Showthatl; = 3

1
b Showthatl, -1, = f x" V1 — x dx.
0

2n
¢ Use integration by parts on the result of part (b) to show that I,, = 2n—+11"—1'

X
62 Use the substitution t = tan— to find which of the following are equal tofsecx dx.

t2+1
—|+c

1+
Alnlit+1D)(t—-1D|+c Bln

1-— t2—1

t
t‘ +c Clhnj(1+¢)(1-t})|+c DIn

s

63 Evaluate f4 x tan? x dx.
0

| - cos(v%)
64 Which of the following is equal todex?
X

1 2

A sin(v/x) + ¢ B 2sin(vx) + ¢ Cm+c Dm+c
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652 Find real numbers A and B such that ———>—2 _ 4 _, B 1
ind real numbers 4 and B such tha DI rritioiT G
b Hencef'ndf 3x% 4 3x — 2 d
N D+ 12"
Vi q
66 Use the substitution x = 2 cos @ to evaluate f ———dx.
1 x%2V4 —x2
67a Find constants A, B and C such that X oxtl A+ B + ¢
i , — = )
N (x + 1)? x+1 (x+1)?
b Hencef'ndfxz_x+1d
)T
3 V3

68  Show, using integration by parts, that J. xsec?xdx = = - In2.
0

T
69 Letl, = f x™sinx dx, wheren=20,1,2,...
0

a Use integration by parts to show that I,, = " — n(n — 1)I,,_, forn = 2, 3,4,..

T

b Hence evaluate f x* sin x dx.
0

In 2 x In 2 e *
70 IfI = fo mdx and ] = fo mdx, then the exact value of I — J is:

5 5
A ln<§> B In2 C In5 D 1H<Z>

71 Given f(¢) = 3sin(4t) and g(t) = 3sin (4t + %) find £(0) + g(t) in the
form R sin(4t + ).

% n—1
72a  |f], = f sin™ x dx show that I,, = Tln_z.
0

T

2
b  Hence evaluate f sin® x dx.
0

73 Find fsin3xdx
. 1 1
A151n4x+c B—cosx+§cos3x+c C—Zsm‘*x+c D—cosx—gcos3x+c
74 Solve sin4x + sin3x +sin2x =0for0 < x < m.

2 5 2 3
75 Show that fx\/x—1dx=§(x—1)5+§(x—1)5+c.

X
76 Findf dx using the substitution x = v2sin9.
V2 —x2 9
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cos3 x + sin® x

77 Which of the following is an expression forf ———————dx? You are given that

cosx + sinx
a®+ b3 = (a+ b)(a® — ab + b?).

1 1 1 1
Ax+—c052x+c Bx—zc052x+c Cx+§sin2x+c D x—zsin2x+c

sin 2x + sinx
78 Find f dx.
cos? x

79 Find fex sin x dx.

sin2x sin6x

80 Prove fsm 2x sin4dx dx = T 12 c.
. T . T
sin|x +-J)+sin{x — -+
81 Prove f ( ﬁ) ( 4) dx = —In|cos x| + c.
cos (x — Z) + cos (x + Z)
Challenging
X
82 dx =
Vvx+5
2
A 2Vx+5+c B§ (x+5)3+c

C %{\/(x+5)3—10\/x+5}+c D %(x—lO)\/x+5+c

T

) 2 dx % x dx
83 By using the fact thatf — =1In2, evaluate f —,
o 1+ cosx+sinx o 1+cosx+sinx
dx 1 2 x? -4
84 Prove | ———=-—cos™!(— :
\ i —a 16 cos <x> + 82 +c

85 Using the substitution u = 7 — x:

T xsinx T(m—x)sinx
2 Showthat ["XINE_g, _ ["@-Dsinx
o 1+ cos*x o 1l+4cos“x
T xsinx w2
b Hence deducethatf ———dx=—.
o 1+cos“x 4
T
2 CoS X .
86 The value off ——  dxis equal to:
o Sinx + cosx
A0 B o D=
2 4

T

o T P % 2
87a  Use the substitution u = — — x, to show f In(1 + tanx) dx = f In|—— ) dx
4 0 0 1+ tanx

b Hence find the exact value of f41n(1 + tan x) dx.
0

88 Find f( x+e‘x)2
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Chapter 4 Further integration - 100 revision questions

T

6
89 Letl, = f sin®" @ secO do, forn > 1.
0

1
a Showthatln—ln—1=—m'
b Hence show that I —11 3 zn: =
show that I, = - n 22k=1(2k — 1)

k=1
L3

4
90 Given that I, = L cot"xdx,forn=1,2,...
6

1
a Showthatl, = Elnz.

1 (Lim-n
b Showthatl, , +1,=——|32 —1),forn=2,34,...

n—1
¢ FindI.
0 2 do 1 1
2

91  Use the substitution t = tan=to sh thtf =-tan"!|=|.
se the substitution an - to show tha | Zsin0—2cos0+ 6 Stan ™" |7

1In(1 + x) s _ o 1—u

92 Show thatf ————dx = <In2, using the substitution x = .

o 1+x 8 1+u

932 showthat | — % g trim?
W s A+2z0+x 7 2\" " 1)

T
CoS 2x

7
b Hence evaluatef

dx using the substitution t = t .
o 1+ 2sin2x + cos2x x 9 anx

T

2 T\ "
94a |f], = f x"cos x dx, show thatforn > 1, I,, = <§> —nn—1I,_,.
0
b Hence find the area of the finite region bounded by the curve y = x* cosx and the
x-axis for0 < x < %

1 4 2n I
2n(1-2n) 2n—1 "%

T dx
95 i I,=| ——=f >1sh hat I, =
Given I, fo ETDL orn > 1 show that I,

1
96 Letl, = f x™/1 —x3dx, forn > 2.
0

2n
a Showthatl, =

— 1, _,forn>>5.
2n+5 "3 n

b Hence find I.

97a Show that 2sinx sin((Zk + 1)x) = cos(2kx) — cos(2(k + 1)x).

b Hence, use mathematical induction to prove for all integers n > 1, that

1 —cos(2nx
sinx + sin3x + sin5x + ...+ sin((2n — 1)x) = #
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Chapter 4 Further integration - 100 revision questions
-1 -1
98a Show that (1+t2)" +t2(1+¢2)" = (1+¢?)".

X
b Givenl, = f (1+ tz)n dt forn =1,2,3,..., use integration by parts, and part (a) to show
0

2n

271.
(1+x)x+2n+
e

I = L,_4.
" on+1 1t

1 1
99 Forn=0,1,23,...,letl, = (1 +loge.x)"dxand ], = f (loge x)(1 + log, x)™ dx.
-1 -1

e

a Showthatl,=1-nl,_;forn=1,2,3,...
b Showthat],=1-(n+2)I,forn=0,1,2,3,...
¢ Hence find the value of /5 in simplest exact form.

100 By first multiplying the numerator and denominator of the integrand by sin 3x, show

th tfc055x+cos4x 1 5 x4
a T~ Jcos3, 0X=—3sinZx—sinx+c
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Standard integrals and identities Chapter 4 Summary

Standard integrals - trigonometry

ff’(x) sinf(x)dx = —cosf(x) + ¢

ff’(x) cosf(x)dx =sinf(x) +c
f'(x) sin f(x)

ff’(x)tanf(x) dx = | ———————dx = —In|cosf(x)| + ¢

cos f(x)
ff’(x)cosec f(x)dx = —In|cosec f(x) + cot f(x)| + ¢
ff’(x) sec f(x) dx =In|sec f(x) + tan f(x)| + ¢

, [ F' @) cos f(x)
ff (x)cotf(x)dx = Wd

ff’(x) sec? f(x)dx = tan f(x) + ¢

= In|sin f(x)| + ¢

ff’(x)coseczf(x) dx = —cotf(x)+c
ff’(x) secf(x)tan f(x)dx =secf(x) + ¢
ff’(x) cosec f(x) cot f(x)dx = —cosec f(x) + ¢

Standard integrals - other
1
U n — n+1
[r@ e = e +c
wheren # 1
ff’(x)ef(x) dx =e/® + ¢

oo
00 dx=Inf(x)+c¢
) 9 af®
ff(x)a dx=1na+c
J- [ = sin_1@+ c
vaz = [f(0)]? a
Fo _1t L),
J-az+[f(x)]2 =g a ¢

=In|f@) +JIF@P —a?| +c
=In |f(x) + I )]? + a2| +c

[LE

\/[f(x)]z—az
@

| o VG
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Trig identities

sinx +cos?x =1
sin?x = 1 — cos?x
cos?x =1—sin®x

tan?x + 1 = sec?x
tan?x = sec?x — 1

1 + cot? x = cosec?x
cot? x = cosec?x — 1

sin2x = 2sinx cosx

cos 2x = cos? x — sin® x
=2cos?x—1
=1-2sin%x

9y = 2tanx

X = T anZx

1
cos?x = 5(1 + cos 2x)

1
sin?x = > (1 — cos 2x)
Product to sum identities

cosAcosB =3 1lcos(A — B) + cos(4 + B)]

sinAsinB = = |cos(A — B) — cos(4 + B)]

N[~
1T T

sinA cos B = 5 |sin(A + B) + sin(4 — B)]

N[~
T

cosAsinB =

sin(A + B) — sin(4 — B)]

ST
r

t-formulas
t =tan=
2
dt 1 X

E=ESCC E
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Hexagon mnemonic Chapter 4 Summary

Co-function relations: The trigonometric functions sin cos
cosine, cotangent, and cosecant on the right of the
hexagon are co-functions of sine, tangent, and secant
on the left respectively.
sin(90 — 8) = cos B ;tan(90 — 8) = cot b ;sec(90 — 8)
= cosec @

Reciprocal identities: The two trigonometric tan cot
functions of any diagonal are reciprocals of each
other.

cosech =

- ;sec =
sing "’ cos @

;cotl =
tan @

Product identities: Along the outside edges of the
hexagon any trigonometric function equals the product
of the functions of the adjacent vertices.

tan @ X cosf = sin @ ;secO X cotf = cosecl etc

sec cosec

Quotient identities: along the outside edges of the hexagon, any trigonometric function equals the quotient of the
next two trigonometric functions going either clockwise or counter clock wise.
sinf@ = tan @ <+ secf;cotf + cosec 8 = cos b etc
Pythagorean identities: For each shaded triangle, the upper left function squared plus the upper right function
squared, equals the bottom function squared.
sin? 6 + cos?260 =1;tan%0 + 1 =sec?0 ;1 + cot? § = cosec?6

To rearrange any identity, drop any term from the top line to the right end of the bottom line with a minus in front.
sin28 =1 —cos?6 ;tan? @ = sec28 — 1;cosec?0 —cot26 =1

Product to sum mnemonic

The fours Product to Sum Identities are very similar, so to save us looking at the Reference Sheet each time, try:
Factors Difference Sum

Factors are the { cosAcosB = % cos(A — B) + cos(4 + B)]

same SO use

cos on RHS 1 [
sinAsin B = 3|cos(4 — B) — cos(4 + B)
Factors are . 1 [ . .
different so use sindcosB = 5 Sln(A + B) + Sln(A - B)
sin on RHS L
cosAsinB = % sin(4A + B) — sin(4 — B)

If cos is the second factor add the
ratios on the RHS, if sin then subtract

Sin or Cos on the RHS?
« If the factors use the same ratio then use cos on the RHS, if the factors use different ratios then use sin

Sum or Difference of Angles first on RHS?
» If using cos then difference of angles is used first, if using sin then sum of angles is used first

Add or Subtract the Ratios on RHS?
« If cos is the second factor then add the ratios on RHS, if sin is the second factor then subtract
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Differentiation & integration of trig functions Chapter 4 Summary

The arrows show differentiation - go against the arrows for primitives/integration. The bottom two triangles show
rules that are more often used in integration.

When differentiating:
. any of the complementary ratios (cos 8, cot8 or cosec8) the sign changes.
. any ratio ending in ‘c’ (sec 8, cosec 8) gives two terms.

sin
/ Function Derivative
sin x COS X

-CoSs cos cosx —sinx
—sinx —Ccosx

\ / —Ccosx sin x
-sin

In the diagrams below:

* an arrow pointing at a side means the derivative is the product of the vertices, so the derivative of secx is
secx tanx

+ the plus sign on the RH side means to take the In of the sum of the vertices, so the derivative of
In|tan x + secx]| is secx

tan
In Function Derivative
- tan x sec? x
+ secx secxtanx
In(tan x + secx) secx
v
sec sec
cot
In
/ - - -
+ Function Derivative
cotx — cosec? x
cosecx — cosecx cotx
v In(cotx + cosecx) — cosecx
-cosecC cosec
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Exercise 4.1 solutions

Question 1
1 dx
f_7x2 + 6x + 25
1 dx
=f_7x2+6x+9+16
1 dx
:f_7(x+3)2+42
-5l ()]
4 4 )]
— 1 -1 -1
= Z(tan 1 —tan (—1))

S )

V20 — 8x —x2

f\/ (x2+8x—20)

f\/ ((x +4)2 - 36)

| =

. (xt+4 +
= sin c
6

HSC Mathematics Extension 2 (2024) © Steve Howard 156

Question 4

f dx
12x%2 +12x + 78
dx

1
_§j4x2+4x+26
_1f 2dx

T 6) 2x+1)2452

—1><1t 2x +1 +
=% 5an 5 c

1 2x+1
—%tan ( z >+c
Question 5
x? + 2x
fx2+2x+5dx
x>+2x+5-5
_J- x24+2x+5

5
=f<1‘(x+1)2+22>d"

_ 5t 4 fx+1 4
=x—5tan 3 c

Question 6

e—x
J-e—x — 1dx

= —In

e ¥ — 1| +c
Question 7

1
fx2—3x+3dx

f : d
= _ —dx

9 3
2 _ 243
X 3x+4+4

@

_3
2 x—3

= n_l
V3 /,

2 <2x—3>
=—tan +c

dx

a
V3
V3
Question 8
1 1 d
J_15—2t+t2 ‘
_jl dt
) -1z 422
1
1 t—1
I -1
=3l ()]
=50-(-})
_2( 4
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Question 9

2
L
f4x2—4x+17 X

zf(2x—1)2+42dx

_Lo (21,
—4an 7 C

Question 10

J‘ 2x d
x*+2x2+5 x
2x
(x2+1)2 +22

_1t (¥ +1 N
= tan 5 c

Question 11

[
ex+1x
2e™*

=J-1+e‘xdx

—e~ X
=-=-2 d
J1+e‘x x

=—-2In

dx

1+e™* +c

Question 12
2x

—dx
V3 —2x2 —x*
2x
) T
V4 — (14 x2)2

x2+1 . x2+1
= cos~! 3 +c¢ or —sin™?!

Question 13
2cosx (sinx + 1)
(sinx + 3)(sinx — 1) x
_ f 2sinxcosx + 2cosx

- - x
sin?x + 2sinx — 3

=In

sin? x + 2sinx — 3‘ +c
Question 14

[ e
xIn7 x
2 dx

ln7

_2 In|x| +
=7l +e

_21n|x|+

" In7 ¢

ln(xz)
In7
= log7(x2) +c
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)+e

Question 15

J‘ dx
(x2+4)tan? (%)
2
_l( s
RN
1)
2 tan~—1 (%)
1 X
= Eln |tar1‘1 (§)| +c
Question 16
dy coS X

dx 1 +sm2

cosx
f dy = f 1+ sinZx
J-x d—(smx)
1+ (sin x)2
y—1= [tan‘1 (sinx )]
z

T
(sin x) —tan~! (sin—)
2
T
y = tan~! (sinx) 27t 1

Question 17

X

=tan~!

JO cos 6 "
_g sin?8 + 2sinf + 4
cosd

-2 (sin9+1)2+\/—2

1 sinf + 1
e e ( V3 )]_E

) 2

3

1

deé

Il
—
o

= —(tan_1 (%) —tan~?! 0)

6V3
Question 18
3x

fx/7 + 12e3* —

dx

4e6x

eBx

dx
\/—(4667( —12e3* - 7)

e3x

d
[~ = 3= .

d
f\/42 — (2e3* —3)2 *

point (2270 40

= —sm

Exercise 4.1 solutions
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Question 19
J‘ cosx —sinx
2 + sin2x
J‘ cosx —sinx

dx

2+ 2sinxcosx
J‘ cosx — sinx

sin? x + 2sinx cosx + cos?x + 1
cosx — sinx d
= , x
(sinx + cosx)Z +1

=tan! (sinx + cosx) +c

Question 20
J‘ sin3 x
——dx
cosx —1
3 J‘ sin x sin® x
h cosx —1
f sinx (1 — cos? x)
= dx
cosx —1
J‘ sinx (1 + cosx)(1 — cosx)
dx
cosx —1

— J(sinx + sinx cos x) dx

1
—f(sinx+zsin2x> dx

= CcoSx +Zc052x +c

Question 21

elogz x
dx
X

dx

o(m3)
_f -
(elnx)ﬁ
- f IS S
X
1

xIn 2
=f dx
x
1
=fxm_1dx
1
=In2xn2+¢

Question 22
J sin 2x + cos 2x

cosx
J‘Zsinxcosx+2coszx— 1
= x

dx

Cos X

J-(Z sinx + 2 cosx — secx) dx

—2cosx + 2sinx — In [tanx + secx
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Exercise 4.1 solutions

Question 23
J‘ dx
secx —1
CoOS X
= | —dx
1—cosx
CoS X 1+ cosx
= X X
1—cosx 1+ cosx
J‘ cosx + cos? x
1—cos?x
f cosx + cos? x
sin? x

dx

= fcosx (sinx)~?dx + fcot2 x dx

1
=—= +f(cosec2x— 1) dx
sinx
= —cosecx — cotx —x + ¢
Question 24

f(Zx cosecx — x? cotx cosec x)dx

2x  x?cosx
= - R dx
sinx  sin2x

J‘Zx sinx — x% cosx

— dx
sin? x

_Jd x? p
) dx\sinx x
2

x
=—+c

sinx
Alt:

f(Zx cosec x — x2 cotx cosec x) dx

d d
_ 2 2
= J (dx (x ) cosecx + x e (cosec x)) dx

_J d 2 d
= | & (x* cosecx) dx

= x% cosecx + ¢

25[ cosx (2asinx + b)
(sinx — a)(sinx — 8)
_J cosx (2asinx + b)
"~ ) sin2x — (a + ) sinx + af x
fcosx(Zasinx+b)

b c

in2 L L

sin x + _ sinx + -
J‘acosx(Zasinx+b)

= dx

asin?x + bsinx + ¢
J‘Zasinxcosx+ bcosx

asin?x + bsinx + ¢
= aln|asin2x+bsinx+c| +k
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Question 1
fxz(x3 + 4-)5 dx

1 1
= —j 3x2(x3 + 4)5 dx
3),

3 6
zéxwﬂ
RGED)
=1 ¢

Alt:

u=x3+4
du = 3x%dx

J-xz(x3 + 4)5 dx

= %f(x3 + 4)5 x 3x2dx

1
=3 u®du

Question 2
J-2 x2 .
——dx
1 V2x3 -1
12 1
= —f 6x2(2x3 - 1) 2 dx
6J;

(2x3 - 1)%]j

V15 -1
3

—1><2
"6

Alt:

2u du = 6x%dx

2 42
—dx
f1 V2x3 -1

u?=2x3-1

1f2 ! X 6x2d
=—| ———=X6bx“dx
6J; V2x3 -1
V15
1 1
=—f — X 2udu
6J), u

1 (V15
=—j du
1
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Question 3

e?*\e2x —1dx

1 1
= E,[ 2e%*(e?* —1)2dx

1 2 3
— 2 f(.2x _1)2
2><3(e 1) +c

=g+

Alt:

fezx\/ezx —1ldx
1
= Ef\/ezx —1x2e?*dx

=—fu><2udu

= +c

_Jem
Ve

Question 4
fx cos(xz) dx

= %fo cos(xz) dx
1
= Esin(xz) +c

Alt:

fx cos(x?) dx

1
= Efcos(xz) X 2x dx

_1f d
—2 cosuau

.
==-Sslnu c
2

(N
= -Ssinx c
2

Exercise 4.2 solutions

u? =e? -1
2u du = 2e%**dx

u=x?
du = 2xdx
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Exercise 4.2 solutions

Question 5 Question 7

T 3
f‘* tan® x sec? x da f sinZ 2x cos 2x dx

® a 1 3
7 = —f 2 cos 2x (sin 2x)2 dx
= f sec? x (tan x)3 dx 2
0 1 2 5
T =—=X=(sin2x)2 + ¢

[tan4 xr z2 .5

= sinz 2x
4 0 = +c

1 5

41} Alt:
T4 sin2 2x cos 2x dx

f 3 u = sin 2x
du = 2cos2xdx

. 1 3
AI,E' = Ef sinz 2x X 2 cos 2x dx
4 =
f tan® x sec? x dx u B tanzx 11 3
o du = sec® x dx :Efuzdu
1
o — g2z
ot 2" 5
— [Z sin2 2x +
= c
0
‘11 Question 8
2 J-\/sin 2x cos 2x dx
1 1
Question 6 = —f(Z cos 2x)(sin 2x)Z dx
CoS X 2
f ——dx 1 2 . 3
sin® x =Ex§(sm2x)2+c
= J-cosx (sinx)75 dx Vsin3 2x
=——+c¢
(sinx)™* 3
=——+c¢
—4 Alt:
= - +c 2 — G
4 sin* x f\/sin 2x cos 2x dx u® = sin2x
2udu = 2cos2x
. 1
Alt: = —J-VSin 2x X 2cos2x
Cos X u = sinx 2
- dx
J-sm5 x du = cosx dx 1
1 = > uX2udu
= f —— X cosx dx
sin® x _ fuz du
= fu‘s du 3
_ u_4 = ? +c
Ry te Vsin3 2x
1 =73 +c
= - +
4 sin* x ¢
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Question 9
fex cose* dx
=sine* + ¢
Alt:

fex cose* dx

u=e*
du = e*dx

= fcosex X e*dx

= fcosudu

=sinu+c
=sine* +c¢

Question 10

-1
eCOS X

V1 —x2

-1 1
_ cos™tx
==

-1
= —COsT X | o

dx

Alt:

ecos_lx U=C0S "X
dx d dx
— 2 u
Vi—x 1=

— _J-ecos_lx % (_ dx )
o

=—fe“du

=—e%+¢
cos™1

= —e *+c

Question 11

eZ cos(In x
f cos(inz) .
1

X
L

ez 1
= f —cos(lnx) dx
;X

n
ez

= [sin(ln x) ]
1

=sin(3) = sin0
= Sin 2 — Sin
=1-0

=1
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Exercise 4.2 solutions

Alt:
e% u=Inx
f cos(Inx) dx d
1 X du =—
X

T
2

€ dx
= f cos(lnx) X —
1 x

NE

= f cosudu
0

o]

— . 7-[ - 0
= sin (E) — sin

ol

=1-0
=1
Question 12

f(3x2 + 2x)y/x3 + x2 dx
1
= f(sz +2x)(x% +x%)%dx

3
2 3 2\2
27@ -3I-x) +c
24/ (x3 + x2)3 N
=—"+c
3

Alt:

u? =x3 +x2

2
f(Sx +2x) dx 2udu = (3x2 + 2x)dx

= f\/x3 +x2 x (3x% + 2x)dx

=J-u><2udu
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Question 13

3
fxzex dx

= —f3xze"3 dx

u=x3
du = 3x%dx

1
= gfe"3 x 3x%dx

_1 ug
—§f€ u

==e'+¢
3

=—e

x3
+c
3

Question 14
J‘ sin(tan™! x)
1 + x2

J-l 1x)dx

—cos(tan Ix)+c¢ v1+x2: .
1
= ——c

V1 + x2 1

Alt:

dx

5 X sin(tan™

R
J‘ sin(tan~ x) u=tan "x
— " dx dx
14+ x? du=——

1+ x2
dx

1+ x2

= fsin(tan‘1 x) X

= fsinudu

—cosu+c
—cos(tan™?!
1
=———+c

V1 + x2

x)+c

Alt Il:
J‘ sin(tan™! x) p
1+ x2 x

:f(x/m)
1+ x?

3
= fx(l +x%) 2dx

1 2
=EJ2x(1+x2) 2dx

dx

1 1
=Ex(—2)x(1+x2) 24¢

1
=-———+c

V14 x?
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Exercise 4.2 solutions

Question 15
f(efz +16)tet” dt

- %fnefz (e"‘2 +16) dt
( 2 4 16)2

-1 +
VG ——
A
Z( +16) +c
Alt:
_ ,t?
f(efz +16)te” dt u=e +16
du = 2tet dt
1
= Ef(etz +16) x 2tet’dt
_ 1f d
= Judu
1 u? N
= — X —
Lz
—_ = t2
= 4(6 + 16) +c
Question 16
fcosecx cotx
1 + cosec? x
B J‘ — cosec x cotx
- 1 + (cosec x)?
= —tan"1(cosecx) + ¢
Alt:
cosecx cotx U = cosecx
J- 1 + cosec? x du = — cotx cosec x dx

1
=— | ————— X (—cotxcosecx dx
f1+cosec2x ( )

_ f L
B 1+u2u

=—tantu+c
= —tan~!(cosecx) + ¢

Question 17

X
J-exee dx

=e® +¢
Alt:

X
Je"ee dx

= Jeex X e*dx

=fe”du

=e+c¢
X
=e® +¢

u=e*
du = e*dx
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Question 18

In3 x
dx
x
1
= | =(Inx)3dx
x

_ln“x+

Alt:

In3 x
dx
x
1
= [ (Inx)3 x —dx
x

=Ju3du

In* x N
= c
4

u=Inx

1
du = —dx
X

Question 19

24+ x
f 2_xdx
24+ x 24+ x
=J-"2—xx‘ 2+xdx
24+ x d
Vi—xz

2 1 1
= < +=x (—2x)(4 — x2) 2) dx
4 — 2
J- 4 — x? )

x 1

= 2sin~! (E) +§ X 2(4 - xz)z +c
x

= 251n_1<§)+ 4 —x2+¢

Question 20

J‘ sin(tan @) d6

cos? 6
= J-sec2 0 sin(tan 8) d@

= —cos(tan @) + ¢
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Exercise 4.2 solutions

Question 21

X cosx dx

VS

(sinx) _% — (sin x)%> dx

=fcosx
2 5

1
= 2(sinx)2 — z (sinx)2 + ¢

2Vsin® x
= 2Vsinx —T+ c

Alt:
3
cos3x 2
—dx u
Vsinx
cos? x

Vsinx
1 —sin?x
= X cosx dx

Vsinx
1—ut
= f X 2u du
u

=2f(1—u4)du
us
=2u—T+c
Vsin® x

2
= 2\/sinx—T+c

= sinx
2u du = cosx dx

X cosx dx

Question 22
x sin (\/sz — 1)
1 1 —=

= —f <§(2x2 —1) Zx 4x) sin (\/ 2x% — 1) dx

2

dx

= ——cosy2x2—1+
2COS X c

Alt:

1
u= (2x2 — 1)E

1 1
dx |du= E(sz —1) Z(4x)dx
2x

= dx
2x%2—1

=%fsin(\/2x2—1)><2—x dx

2x2%2—1

x sin (\/ 2x2% — 1)
| ==

_1 i d
—Zfsmu u

! +
= ——-Cosu c
2

1
= —Ecos\/2x2 —-1+c¢
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Question 23
e\/sin X

——dx
secx Vsinx

_ Zf cos x . F“xdx
2Vsinx
= 2eVsinX 4 ¢
Alt:
e\/sinx

——dx
secx Vsinx
e\/sinx

Vsin x
eu

= f—x 2udu
u

=2fe“du

=2e%+¢
= 2eVsinx 4 ¢

Question 24

u? =sinx
2udu = cosx dx

X cosx dx

Question 25
1
sin(In|x|) dx

ez .
J; X

T

ez 1
f —sin(In|x|) dx
;X

n
2

— [cos(lnlxl)]

)
= COS2 Ccos

——(0-1
=1
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Exercise 4.2 solutions

Alt:
€7 s | u = In|x|
f sin( nle)dx dx
1 X du =—
X

T
2

dx
sin(In|x|) X —
X

=f
-l

= —[COSU]

0

— (cos— cos0)
COS2 COS

=—(0-1)
=1
Question 26

‘/§Zexz_2

f 3 dx

vz X
1 V3

= f (4x‘3)ez" dx

NE

sinu du

S

2
_e—es
T2
Alt:
2
u = ex2
= g2x7?
V32ex? du 2
J- 3 dx — = —4x3ex?
N dx
2
du ex?
—T = Fdx
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Question 27
i(evz’fz‘l) = l(2x2 - 1)_%(4x)evz"2'1
dx 2
zxe\/2x2—1
V2x2 —1
J_ xe\/2x2—1 sin (e\/2x2—1)
V2x2 -1

1 [ 2xeV2x*-1

“2) vaxz—a

= —Jcos (V1) 4. c

dx

sin (e‘/m) dx

Question 28a
fsin3 2x cos 2x dx

1
= EI(Z cos 2x)(sin 2x)3 dx

(sin 2x)*

1
- X
2 4
3 sin® 2x N

Alt:
J-sin3 2x cos 2x dx

u = sin2x
du = 2 cos2xdx

1
=§fsin3 2x X 2 cos 2x dx

1
=Efu3du

1 u4+
= — X —
274 "¢

1
= gsin4 2x + ¢
Question 28b
J-sin3 2x cos 2x dx

= fsin 2x (1 — cos? 2x) cos 2x dx
= fsin 2x cos2x dx — fsin 2x cos3 2x dx

1 1
= Efsin 4x dx + Ef(—z sin 2x cos? Zx) dx

1 cos4x N 1 cos*2x N
=—=x Zx

27T Tt Ty 7TC
3 cos*2x cos4x N
-8 g ¢
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Exercise 4.2 solutions

Question 28c
fsin3 2x cos 2x dx
= fsin 2x X sin? 2x X cos 2x dx
= fsin 2x X (1 — cos? 2x) X cos 2x dx
= f(sin 2x cos 2x — sin 2x cos3 Zx) dx

1 .
= EI(Z cos 2x sin 2x) dx

1 .
+5 f(—z sin 2x cos® 2x) dx

sin?2x 1 cos*2x

1

==X — X
22 13 z ¢
C

os* 2x N sin? 2x
8 4
Question 28d
fsin3 2x cos 2x dx

+c

= fsinz 2x sin 2x cos 2x dx
= f(l — cos? 2x) sin 2x cos 2x dx
= J-(sin 2x cos 2x — sin 2x cos3 Zx) dx

1
= EI(Z sin 2x cos 2x — 2 sin 2x cos? Zx) dx

1 cos?2x N 1 cos*2x N
=——x — X
2T 2 T Ty 7f
3 cos*2x cos?2x N
-8 s €
Alt:
U = CoS 2x

sin3 2x cos 2x dx

du = —2sin 2x dx

1
= _Efsmz 2x cos 2x X (—2sin 2x dx)
1
= _Ef(l — cos? 2x) cos 2x X (—2 sin 2x dx)

= —%J-(l—uz)udu

s 1 +c
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Exercise 4.2 solutions

Question 28e Question 28f
J‘sin3 2x cos 2x dx fsin3 2x cos 2x dx
= fsin2 2x X sin 2x cos 2x dx = fsinz 2x sin 2x cos 2x dx
10 . 11 .
=§jsm2 2x sin 4x dx =Efsm2 2x sin 4x dx
—1j1(1 4x) sin 4x d —1f1(1 4x) sin 4x d
=53 cos 4x) sin 4x dx =53 cos 4x) sin 4x dx
1 1
= Zf(sin 4x — sin4x cos 4x) dx = Zf(sin 4x — sin 4x cos 4x) dx
—1f'4d 1f'8d —1f'4d 1f4— 4xsindxd
= | sin4xdx 3 sin 8x dx = | sin4xdx — | 4 cos 4xsin 4x dx
1 cos4x 1 c058x+ 1 cos4x 1 sin?4x
= ——X — X =—-= ——
2 7 3 3 c 4)( 7 4)( 2 +c
cos4x cos8x cosdx  sin? 4x
= - + +c [ — +c
16 64 16 16
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Exercise 4.3 solutions

Question 1

dx

X3
f\/1+x2

u?=1+«x?
2udu = 2x dx

X 2x dx

_1f x?
2) V1 +x2
1ru®-1
=—f X 2u du
u

2
f(uz —1)du

u3
=—=-u+c

3
Y (1+x2)3
- 3
Question 2

J-x3 x2 4+ 1dx
1
=Efx2\/x2+1x2xdx

1
=5f(u2—1)xu><2udu

= J-(u4 —u?)du
u®  u

-5 3*°

1+x2+¢

5 3
Question 3

fxs x% +1dx
=%Jx4\/xz—+1><2xdx
=%J(u2—1)2><u><2udu
=J-(u4—2u2+1)u2du
=f(u6—2u4+u2)du

u’ 2uS

~7 5 tate

ut=x%2+1
2udu = 2x dx

JaEz2+1)5  Jx2+1)3
- +c

u?=x%+41
2udu = 2x dx

Jaz+1)7 2J/(x2+1)5 J(x2+1)3
= - + +c

7 5

HSC Mathematics Extension 2 (2024) © Steve Howard

3

167

Question 4

1
f x3\1—x2dx
0

1 1
= _Ef x%/1 —x2 x (—2x)dx
0

1 0
Z_EJ- (1—u2)u><2udu
1

1

=J- (uz—u4) du
[23 us]l

13 5],

R

15
Question 5

ut=1-x

d
X 2udu = —dx

3
fZ X
o\ll—x

1
_Fl—u2 oud
= | C2udw)

=2L1(1—u2)du

31

Question 6

3
fx\/x+1dx
0

ut=x+1
2udu = dx

2
= f (u? — 1)u x 2udu
1

2
= Zf (u* —u?)du
1

us u3]
—2=_=

5 3 1

25 23 15 13

=2 () (- —

(3-5)-5-%)
_116
~ 15
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Question 7

2x
e u?=e*+1

dx
VerXr +1 2udu = e*dx
X

e*dx

X
veX +1
_J‘uz—l
B u

=2f(u2—1)du

X 2u du

=z 2u +
== u+c
24/ (e* +1)3
WD Ve
Question 8
2 _
d u x
J-2+\/§ X 2u du = dx
1
=J- X 2u du
24+u
—zf Y g
B u+2 u
u+2-2
Lo [rrie2y,
u+2
—Zf 1 2 d
B u+2 u
=2u—+4In u+2‘+c
=2Jx—4In x|+ ¢
Question 9
2 _ 3
5./2 _ x3d u‘-=2—-x
fx X ax 2udu = —3x%dx

1
= —gfx3\/2 —x3 x (—3x%)dx
1
—gf(z—uz)quZudu
2
—gf(z —u?)u? du
2
=—§f(2u2—u4)du
o2 2w WP
~73\3 "5)7°

4/2-x3)3 22 -x%)3
T o9 tT 1z tc
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Exercise 4.3 solutions

Question 10

f(x —1)2
[
J-ujldu

=f<%+u_2>du

1
—-—+c
u

u=x%*-1
du = 2x dx

x2xdx

=ln|u

=In

+c

2
x“—=1(—
‘ x2 —

Question 11

u=x%*+1

S—|
f(xz+1)2 * | du=2xdx

1 x?
:Ejmxbcdx

1(fu-—1
=5f 2 du
=%f<%—u_2)du

1 1

=_1 —
2n u +2u+c

1
202+ ¢

“linlxze1|+
—211 X

Question 12

f e dx u=e’
e*+1 du = e*dx

ex
= X e*dx
_’-e" +1

—In

u+1‘+c

=e*—In

e"+1|+c
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Exercise 4.3 solutions

Question 13 Question 15

J-Z dx 61;2:2_;—1 Qe j-OS 1+2t2 u=t2
1"2"_1 Zudu = 2dx =22 du = 2t dt
1

1 2
=-| —/—=x
fl 2x—1 2dx B 1+ 2t2
o d _20 1-—2t2
Zf u2+1 X o au _

X 2t dt

X U _1[025 1+2ud
1 2, Ji-2u™
=2f a1
1 U +¢§ 1f°-25J1+2uxJ1+2ud
=3 u
zz[tan—lu] 2)y (12" T+2u
1 1f°-25 1+ 2u p
== ——du
=2(E_E) 2)y V1-4u?
T 3 4 1 0.25 du 0.25
— = — 7-{-"- —du
6 Zfo Vi—4uz Jy V1-4u?
Question 14 1 025 2 .
x 2 _ 5 =-— ———du
dx ut=x 4 4)o  J1-(u?
vx +5 2udu = dx 1 025 1
Z-5 —= —8u)(1 — 4u?) 2du
=J-u X 2u du 8]0 ( )( )
u 1 0.25 170.25
= zf(uZ —5)du 4[sm 1(Zu)] ——[2(1 — 4u?)? ]
0
2u
=T—10u+c ZE(E_O)_E 2 5_2
N CTISE 4\6 8\ “J4
X
=ﬁ—10\/x+5+c r V3 1
= — ——+— metres
2(x+5)Vx+5 — 24 8 4
- 3 —10Vx+5+c = 164 mm (nearest millimetre)
2
=§Vx+5(x+5—15)+c
2
=§(x—10)\/x+5+c
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Question 16
V3 x3
[ ——
0 (14x2)2
1[\/5 x2
0

=1+x2
d u
x du = 2x dx

Question 17a
v dx u? =x
1—+/x 2udu = dx

u
zfl—u
u?
=2f1_udu

_ —u(l-uw)-A-u)+1
—Zf =% du

1
=2f<—u—1+ )du
1—u

=—u?—-2u—2Injl—u|+c

X 2u du

=—x—2yx—2In|1—+x|+¢c
Question 17b
1
u=1-—x2
1
\/? d du:—lx_f
1—yx 2
d du
u=—-——
2vx

fl_ux(—Z(l—u))du

u
_ 2
‘4%“

_2]<%—2+u>du

—2Inlul +4u—-u?+c

—21n|1 — Vx| + 4(1 - vx) - (1 —Vx)* +¢
==2ln[1-Vx|+4—-4yx—1+2Vx—x+c

1-vx

=—x —2yx—2In +c
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Question 18

I
—
|
|
QU
<

Il

(@]

o

w

AN
(0]

><|"‘
N———

+

a

Question 19

T
f? sin? x p
x
%1 + 2*

T
3 f‘isinz(—u)
CJr 1427u

LA 2 u
fz sin“(u) 2
—X_
%1+2'u 2¢

T 2¥+1

T
2 2% sin“ x
= dx

m 14 2%

T
) isinzxd 3
fg1+2x x=

7T .
J‘E sin? x J
X =
_%1+2x

170

Ezu ; 2( )
2 s~ (u
_ [,

Exercise 4.3 solutions

1 X
u= e—x s e _a
=X

du = —e*dx

dx = —e*du = ——du
U= —x
du = —dx
dx = —du

(—duw)

du

change of variable
7 sin? x 7 2% sin?x 4
f%1+2xx f%1+2x x

T
1[7 (1+2%)sin®x

2)._m 14+ 2%

7
1z .,
Ef_zsm x dx
1 s

2
Zf_g(l—cost)dx

s

I
2|* ~3sin x_E

2

(G-9)-(-5-9))

AN

Howard and Howard Education



Question 20

J e
x+1 x
X X
=J/_xfdx
x+1 X

x
dx
i tx
[ ———* 4
1 1
2 Z_z
X +x+4 )
x
=J- dx
1\?  [1)\?
/w) @
11
2 2
12
ﬁ
dx——f dx
vx2+x 2 12 12
(”7) ‘(7)
1 1 1 1
:Ef(2x+1)(x2+x) de_ff dx

(+3) -(2)

1 11 1
=E><2(x2+x)2——ln x+§+ x2+x|+c

=xZ+x ——ln

x+1
x2+x——ln \f ’
x+1
x2+x—ln\f /

=yx24+x—1In \/_+\/x+ +ln\/—+c
—\/x2+x—lr1(\/_+\/x+ )+c

1
xt5+ x2+x
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Question 1
fxz—Zx—Z
——dx
x+1
fx(x+1)—3(x+1)+1
= dx
x+1

1
=J-<x—3+—>dx
x+1

X i
—2 x + In

x+1|+c
Question 2
f32x—3

dx
; x+1
_f32(x+1)_5
A x+1

dx

3
|
=(6-5Iln4)—(2-5In2)
=6—5In4—-2+4+5In2
=4—-10In2+5In2
=4—-5In2

Question 3

f2x2+19

=[2x—51n x+1

xZ2+9
2x2+9)+1
[,
x“+9

1
ZJ-<2 +m>dx

= 2%+ ~tan™? (x> +
= 4LX 3 an 3 C
Question 4

f 3x+2 d
x2+6x+10 X
2(2x+6)—7
—f i
x2+6x+9+1
_3f 2x+ 6

_ dx
2 x2+6x+10

[ arae

3
=zln x2+6x+10‘—7tan_1<x+3>+c

Question 5

=2f<x11_%>dx

x—1‘—21nx +

=2In c
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Exercise 4.4 solutions

Question 6
2
fx(x2+4)dx
_1-[ 1 X d
x x2+4 x
2_f< x2+4>dx

=—ln x ——ln x +4|+c

Questlon 7

2 2x
f_2x2+4x+20dx
2 2x+4-4
zf_zx2+4x+4+16dx

_fz 2x + 4 J 4f2 dx
T A+ 20T ) e+ 2)2 + 42
2
]—2

=[ln
ao Meaner (212 z
2 |tan i)

= <1n(4 +8+4+20)—In(4 -8+ 20))

x% 4+ 4x+ 20

- <tan_1(1) —tan~?! O)

T
=1n32—ln16—Z+0

—n2-=
= |n 2
Question 8

J‘ezx+e"d
———dx
e?* +1

1 2e% e
= J- EX + dx

e +1  (e¥)2+1
1
= Eln e%* + 1| +tan~1(e*) + ¢
Question 9

x4+1d

fx2+2x
2(x2+2)—2(x24+2)+5

BECGEDEE CIDEEN

x2+2

f 22+ > d
x x2 42 X

X

=x3 - 2x +itan'1 (—) +c
V2 V2
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Question 10
2 x3
dx
fo x2+2

2x(x*+2) -2
=fx(x ) xd
0

x2+2
d
2) x

_J‘Z 2x
) Ty
2
]o

X2
= [7—111
=(2-In6)—(0—1In2)
—In6+1In2
—1n3
Question 11
x®+3x% -1
f x3+1
3 J‘x3(x3 +1)— (x> +1) + 3x2 i

x3+1

5 3x2
=J- X _1+x3+1 dx

AN
—4 X n

X

x%+2

dx

x3 + 1‘ +c
Question 12
x%—4x+2
(x —2)3
(x—2)?2-2
B f (x —2)3

:f(xiZ—Z(x—Z)‘3>du

dx

dx

1
=lnx—2|—2x<—§>(x+1)'2+c
=1 2|+ —— +
=In|x CEDL c
Question 13

ler _ ex d
,L 1
fl (e*(e* + 1) — 2e%)
= dx
0 e*+1

(Y, 2e” d
[
1
|
=<e—21n(e+1)>—<1—21n2>

=e—2In(e+1)—2+2In2

=In(e®) —In((e + 1)?) — In(e?) + In4
4e®

" N\l + DP

=[x—21r1 e*+1
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Exercise 4.4 solutions

Question 14
In 2 02X 2
V_Tl'f —— | dx
(\/ezx+1)
In2
”fo 2’f+1
In2 2x 2x 2x
e“*+1 e“*+1)+1
I >2 GRS
0 e* +1
In 2
.| (
0
In 2 e—2x
nfo ( 1+e
e
1 1
=n<<§ezln2_1_Eln(1+e—21n2))

(io-ine)

= 2.309076...
= 2.31 units® (2 dp)
Question 15

1
et dx

=)

In 2
—x— —ln(l + e‘zx)]
2 0

NIH

J‘ cosx p
sin?x — 3sinx + 2 x
cos x d
(sinx — 2)(sinx — 1) x
cos x

_f( cosx )d
B sinx —2 sinx—1 x

sinx—2| —In

=1In

sinx—1‘+c

sinx — 2

—|+c
sinx—1|

Question 16

JSX d
1+exx

J-—(1+e x)——

dx
1+ e2x

_f 8>< e? J
B e2 et 1+e2x x

8x 81n|1 +ezx|

=— -4
e? et
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Question 17
secxtanx U =Ssecx
—dx
secx + sec? x du = secxtan x dx
1
= Jix secxtanx dx
secx + sec? x
1
= du
u + u?
[aara
= | ——du
u(l+uw

zfe_wlru)d“

=1Injul —In|1 +u|+c¢c

1 | u |+
=In c
1+u
secx
. |
1+ secx
1
=In|——|+¢
cosx +1
=—In cosx+1‘+c
Question 18
J‘tan2x+tanx+sec2x—2
dx
tanx — 1

_ J‘tanx(tanx— 1)+ 2(tanx — 1) + seczxd

tanx — 1

sec? x
J- tanx + 2+ —— | dx
tanx — 1

—In|cosx| + 2x + In|tanx — 1| + ¢
tanx — 1

+2x+c
cosXx

Question 19a
3 cos? (%x)
1=f1 7x(4—x) dx
1cos? (% (4 - u))
B L (4 —-—wu
3 cos? (% - %u)
— Jl —u((?r_)u) du
3 sin? Fu
- fl — 8 g,

u(4—u)

u=4-—x
du = —dx

du
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Exercise 4.4 solutions

Question 19b

- f3 cos? (%x) it f3 sin? (%u)
1 1

d
x(4—x) u(4—u) u
3 cos? (E x) 3 sin? (E x)
:f 78dx+f — 877 gy
; x(4—x) 1 x(4—x)
_f3cosz(%x)+sin2 (%x)d
= X
1 x(4—x)
_fl x(4—x) x
_1]3 1+ 1 d
_41 xa—x)™
1 3
~1==|lnx —n|4 — x|
8
X 1
=§(ln3—ln1—ln1+ln3)
_1n3
T4
Question 20
sinx
f_ dx
sinx + cosx + e*
_ fcosx—sinx+ex—cosx—exd
B sinx + cosx + e* x

dx

fcosx—sinx+ex fsinx+cosx+ex—sinx

sinx + cosx + e* sinx + cosx + e*

) sin x
= —In|sinx + cosx + e*| + 1—— dx
sinx + cosx + e*
sinx

—In|sinx + cosx + e*| + x —f -
sinx + cosx + e*

sinx
zf. dx = —In|sinx + cosx + e*| + x + ¢
sinx + cosx + e*
sinx x 1 :
: dx == —=In|sinx + cosx + e*| + ¢
sinx + cosx + e* 2 2
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Exercise 4.5 solutions

Question 1a
2x+1 _a 4 b
x+Dx+2) x+1 x+2
2x+1 _alx+2)+b(x+1)

x+Dx+2)  (x+DE+2)
2x+1=(a+b)x+2a+b

~2=a+b ¢
1=2a+b 2)
2)-1) —-1=a - a=-—1
subin(1) 2=-1+b - b=3
) 2x + 1 _ 1 N 3
T+ D +2) x4+1 x4+2
Question 1b
2x+1
x+Dx+2)
_J‘ 1 + 3 d
B x+1 x+4+2 X
=—lnx+1|+3lnx+2|+c

Question 2a

2x+3 _a+b+ c

x2(x+1) x x2 x+1
2x+3=ax(x+1)+b(x +1) + cx?

Letx =0 ~ 2(0)+3 =a(0)+b(0+ 1)+ c(0)
- 3=b - b=3
Letx =—1 ~ 2(—1) +3 =a(0) + b(0) + c(1)

- 1l=c »c=1

equating coefficients of x?:

0=a+c » 0=a+1 - a=-1
2x+3 1 3 1

x2(x+1) _;+x_2+x+1
Question 2b
1)dx

J‘3 2x +3 p

5 X%2(x+1) x
3
]2

3 1 3
=f ——++
2 X X
=[—lnx
3

=|-In3—-1+In4 |- —1n2—§—1n3
1
=ln4+1n2—21n3+§

N
=9/ T2

Question 3
C2(-D+1

—1+2
2= +1

T (=2)+1
2x+1 _ 1 3

:'(x+1)(x+2)__x+1+x+2

x +

3
——+Injx+1
X
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Question 4
2000+3
0+1
_2(-D+3
-D2
equating coefficients of x2:
0=a+c¢c -» 0=a+1 - a=-1
. 2x+3 _ 1+3+ 1
x2(x+1)  x x2 x+1

Question 5a

_1-CED

T (=D+2

, 1=
T(=2)+1
Question 5b

1—x d
x+rDx+2)

_J‘ 2 3 J
- x+1 x+4+2 X

=2In

x+1|—31n

x+2‘+c

Question 6
x+1 _a b 4 c
x(x—1)2 " x (x —1)2
0+1

((0) - 1)°
_ 1+1 _

x—1

coefficients of x2:
X +1 1 1 4 2
'x(x—l)z x—1 (x—1)2
Question 7

x+2 x+2 _a

a+b=0-b=-1

b

2+7x+12 (x+3)(x+4) x+3
=D +2
T (=3)+4
,_ D2

(4)+3
x+2
f _**2
X2+ 7x + 12
f 1 N 2 p
A “x+3 x+4)™
1
|- |
0

=(—In4+2In5)—-(—In3+2In4)
=—In4+1In25+In3-1In1l6
75

= In—
N64

x+3|+2In{x+4
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Question 8
5(-2)-5
a=——=—=-3
(—2)2+1
Letx =i bitc=2xiZ2
etx =i bi C_i+2 -
—-5—10i —5i+ 10
= iz _ 92
bi+c=-1+43i
.'.C:—l’b:3
5x -5 3 3x—1

:'(x+2)(x2+1)=_x+2+x2+1

) 4 5x —5 p
- 3 (x+2)(x2+1) x

_f‘* 3, 3x-1)
LU x+2 x24+1 x

_f‘* 3 3 = 1,
T L\ Tx+2 2 e 1+ 2)

4

3
=|-3In|x + 2| + Eln|x2 +1| —tan~'x
3

3
= (—3ln6 + Eln 17 —tan™! 4)
3
—[-3In5 +§ln 10 —tan~! 3)

—31 17+31 5+t 13 _tan"14
—21’110 n6 an an

Question 9

2 2
—_— dx
J-%x3+x2+x+1

—fz ! * 1)
_%x+1 x24+1 x%2+1 x

= [ln
1

= <1n3 —=In5+tan™? 2)

13 11 5+t &
nz 21’14 an 2

=In3 -1 115+1l5
=In ns—zln sIng

1
+tan"12 —tan~?! 3

=In2 1l 4+tan 12—t 11
= 1n 21’1 an an 2

2

+1 1l
x Z1n

x2% + 1‘ + tan™? x]

N[ =

WAN

=tan 12 —tan 1=
2
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Question 10

1 8(1 —x)

f 5 > dx

o 2—x2)(2—2x+x?)

_fl 4 —2x 2x 4

o \2—2x+x2 2—x2 x

_fl 2x — 2 N 2 2x 4
_0 x2—2x+2 (x—1)2+1%2 2—x2 x

1
= [— In|x?2 —2x + 2|+ 2tan"*(x — 1) + In|2 — x2|]

:1(to+0+0)—<—ln2+2<—%)+ln2)

2
Question 11
x—6 x—6 a b

x2+3x—4=(x+4)(x—1)=x+4+x—1
_(—4)—6_2

‘-1
_(1)—6__
()44

[® x-—6
J; x2+3x—4dx
S( 2 1
:fz <x+4_x—1)dx

= [ZIn

x—1

x+4‘—ln

5
L
=(2In9-1n4)—(2In6—-0)
=1n81—-In4 —1In36
8

YY)

T

Question 12a
—5(0) + 2
hb=—-? =2
-1

5 +2

o
coefficientsof x2:a+c¢c=0 - a =3
Question 12b

3 Sx+2
,’; xz(x—l)dx
3/3 2 3
=f2 (;‘;‘x_l)dx

5 3
= [3 In|x| + ——31In|x — 1|]
x 2

2
=(31n3+§—31n2)—(3ln2+1+0)

]
=2M373
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Exercise 4.5 solutions

Question 13a Question 15
16x—43 a N b N c 3x2+8 a bx+c
—32(x+2) (=32 x—3'x+2 X2+ 4 x x2+a
_16(3)—43 3(0) +8
((3)32 T4
16(—2) — 43 3(20)* + 8
c=——7—=-3 b(2) + ¢ L
((-2)-3)’ 2
equating coefficients of x*: b+c=0 - b=3 c + 2bi =__.><f.
Question 13b _2.21 !
16x — 43 4 R _ol
G-3)2x+2) " -
1 3 3 ) )
=f 4 _ dx 3x2 + 8 f 2 x
_3)2 _ Ly SV B (e
<(f 3 x-3 x+2 J-x(x2+4)dx xtera)
- — -3 — 1
= x_3+3lnx 3| 3lnx+2|+c =21nx+Elnx2+4|+c
x—3 1
= 3Iln ‘— +c
x+2] x-3 Question 16
) f2x3—x2—8x—2d
Quegtﬂ‘) 1: 3 1 x(x=2) ’
== 7 -~ __ 2x(x? — 2x) +3(x? — 2x) — 2x — 2
(-1)2+4 5 =J- 3 dx
equating coefficients of x?: x(x —2)
L —f 3222V
a+b=0 - b=—§ N x(x —2)
equating constants:
4a + 3 4+ 3 11 Let 2x+ 2 a+ b
a Cc = - — Cc = - C =— = —
5 5 ex(x—Z) x x—2
2 2x+3 i 2000 +2
o x+ D2+ 4) a_(o)—z_
1 (? 1 x—11 2(2) + 2
=_f S d P ="
5/ \x+1 x2+4 . (2
1 2x 11 4 SlJblr31(*)2
_Ef i+l 2 v ) fo Xt o8 -2
11 N x(x —2)
=-1 1 ——1 4| +—= -1< ) 1 3
5[nlx+ | n|x? + |+ tan™ (7 L :J<2x+3+__ )dx
X x—2
1 11 T 1
=3 ln3——1n8+7x(4) —{0—3n4-0 =x%+3x+In|x|-3In x—2|+c
1 In3 l 111'[
5 n3+ r1 3
1 1 117‘[
=5 “\/—
1( 3v2 11n>
— ln_ -
5 2
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Question 17

e*+1 _ e*+1 _ o a N b
2X —GeX +6 (eX—3)(e¥X—2) eX—3 eX—2
_eM341 341

S eln3_2 3-2"

e™24+1 241

eM2_3" 2-3
e*+1
fezx—56x+6d
4 3
_J-<ex—3 e* _2>dx
4e™* 3e™™
=f(1—3e—x_1—2e—x>dx

1—3e™*

b=

3
= — —_— _ —-X
3ln 2ln 1-2e +c

Question 18
13x3 +x24+12x—12
s D+t H

_J‘l x—3 N 2x p
)y \x2+2x+4 x2+4 X

1 %(2x+2)—4 2
:f > +—= dx
o \Xx“+2x+4 x°+4

J‘l 1>< 2x + 2 4 N 2x 4
= = - X
0 2 x2+2x+4 (x+1)2+(\/§)2 x2+4

V3 V3

(11 7 4-t _12+1 5)
=(zIn7—-—tan"!—+1n
2 V3 V3

(114 4t ‘11+14>
—|zln4——tan""—=+1n
2 V3 V3

Inv7 4t—12+151214+4(”)
=InV7——tan!—+In5-In2—-In4+—(—
V3 V3 V3\6

5V7 4(5_ _12>

1
= Eln|x2 +2x + 4| - itan‘1 <x b 1) + ln|x2 + 4|]
0

=ln—+— tan™ —

8 V3.6 73

Question 19
Let 3! a b c d

=—+ + +
x(x+Dx+2)(x+3) x x+1 x+2 x+3
3!

T 0+D0+2)0+3)
31

b Chciracirn 0
31!

SO nz+3) O
31

=3+ D03+
31

3 1
"x(x+1)(x+2)(x+3)_;_x+1+x+2_x+3
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Exercise 4.5 solutions

Question 20a

A+20)(t2 -2t +2)+ (B -20)(t? + 2t + 2)
(t*+4)

equating coefficientsof t —2A+4t+2B—-4t=0 -~ A

equating the constantterms 24+ 2B =16 ~A=B=

Question 20b

t 16
x=J:,t4+4dt

(442t 4 -2t
=L<t2+2t+2+t2—2t+2>dt

t/ 2t+2 2 2t —2 2
=J:,(tz+2t+2+(t+1)2+1_t2—2t+2+(t—1)2+1>dt

= [ln(tz +2t+2)+2tan" (¢ +1) —In(t? — 2t + 2) + 2tan" (¢t — 1)]

RHS =

=B
4

t

0
=(In(t?+2t+2)+2tan"*(t + 1) = In(c? — 2t + 2) + 2tan" (¢t — 1))
—(n2+2tan"'1—-In2+2tan"11)

t2+2t+2
_ -1 -1
= n<m> +2tan"*(t+ 1)+ 2tan 1 (t — 1)
Question 20c
1+242
x=1In — 5 |2 tan"1(t + 1) + 2tan~1(t — 1)
1- 7 + iz
As t - 0,x - In(1) + 2 tan"1(0) + 2 tan"1(0)
i i
In(1) + 2 (—) 2 (—)
- In(1) + > + >
= 2m metres

16
Sincem > 0 for all t the particle is always moving to the right, so the particle approaches but never
reaches a displacement of x = 2w metres.
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Exercise 4.6 solutions

Question 1 Question 4
a u=a—x o s T
f fa—x)dx du = —dx f_nsm(x+5)cos(x+z)dx
0 dx = —du .
0 J‘z i dx
_ % (—d = sinx cos x
fa fu) X (—du) r
a E
= fo fuw)du = fif(x) dx where f(x) is odd
a 2
- [ e =0
0
o Question 5
J- X cos x dx x3>x%forx>1,s01<a<b.
0

Question 6

21
= f (2w — x)cos(2m — x) dx a a
0 [ [ [ rerax = ra-xax
=2n cos(2m — x)dx — x cos(2m — x) dx % % a
o oy 0 .-.Zjof(x)dxzjof(x)dx+jof(a—x)dx
=2 dx — d a a
nJ; cosx dx J; X cosx dx f f(x)dx=%f (fG) + f(a — ) dx
0 0

27 21
2f xcosxdsznf cosxdx
0 0

1 a
. . = Efo f(a)dx
fo xcosxdxzn[sinx] _f(@ [x]a
o ==
— 00 f(2 )y
— a
=0 =—>(a—-0)
a2
Q;lestion 2 = Ef(a)
f xV2 —xdx
o Question 7
A: e** > 0andcosx > 0 in the domain. True.
=| @-x)xd =
J;, (2 =x)vxdx B:x3cosx is odd since x3 is odd and cosx is
21 3 even. False
= J; 2x2 — x2 | dx C:sin% x — cos? x = — cos 2x which is negative in
43 2 s the domain. False
= [gxi - gxf] D;sin(x®) is the odd function of an odd
4 5 0 function so is odd. False.
=X 2V2-Sx4V2 ANSWER A
- 16v2 Question 8
15 a
f f(x)dx
Question 3 o a
2 —
fz(x+x3+x5)(1+x2+x4)dx=0 —f_gf(x)d“fof;@dx
[since an odd function X an even function is an odd = f f(=x)dx + f f(x)dx
function]. 0 0

- [ (r@ + p-n) ax
0
ANSWER C
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Question 10
3a u=2a—x
f(x—a)dx du = —dx
a dx = —du

=J_af(a—u)du
=J-_af(a—x)dx

Question 11

forOSxS% sin?x < sinx <1—sinx < 1—sin?x
T

6
f sin? x dx is the smallest integral

0
ANSWER B

Question 12
T

2 sinx
J; sinx + cosx dx @
(2 sin (%—x)

- J;) sin(%—x) +cos(%—x)

2 CosXx
=f —" __dx (2)
0

cosx + sinx
From (1) and (2):

A A

2 sinx 2sinx + cosx
2| —————dx=| ——dx

o Sinx + cosx 0 smx+cosx

T

Z

dx

E
]2
0

Bl

J‘ sin x

0 s1nx+cosx

T

2z sinx
————dx =

o sinx +cosx

E
T
4
Question 13
2
J. (1 +sin(r(1 — x)?)) dx
0

2
= f (1 —sin(r(x — 1)3))dx  sine is odd
0
1
= J. (1 —sinmx?) dx
1 1
=f 1dx—f sinmx® dx
-1 -1

=[],
- (1-(-1)

translating 1 unit left

since sine and x3 are odd
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Question 14
x —a = 0forall x € [0,2]
~a<0
1—+x—a+0
Vvx—a#1

x —a# 1forall x € [0,2]

ca<-—1l,a>1

()

Exercise 4.6 solutions

The integral is defined only if a < —1, as both
(1) and (2) are satisfied.

Question 15
T

fz dx
0 cos? (x - %)

Vs

J, s (= 3)e
= sec”|x ——|dx
0 4

L]

= f sec? x dx

= [tan X ]
T
4

=1-(-1)
=2

]

e

Question 16

xy—x=1

xy—-1 =1
1

y—1

5 5
Joxar= |52
=[ln(y—1)]
=1In4 -

=1In2

Question 17

In2

5

3

Since tan~!x is odd and 1 + sin? x is even then

tan™
1+sm2

is odd.

f_a f(x)dx = 0if f(x) is odd

jl tan~1x p
— dx
_11+sin?x

=0
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Question 18
1

f (x2 - a)2 dx
0

1
=J (x4—2ax2+a2)dx

° 1
x°> 2a
| _2=,3 2
5 3X +ax]0
1 2a
— | -_ - 2\ _
—(5 3+a> 0)
2a 1
— 2 _ -
=375
_2 1
Minimum whena = ——2% ==
2(1) 3
(Y 2,1 4
min = 3 2\3 ==
Question 19

If f(a+x) = f(a —x) then f(x) has line symmetry
onx=a (1).
Question 19a

2a
f f(x)dx i

f fx)dx + f(x) dx splitting the integral

= f f(x)dx + f f(x)dx from (1)
o 0
= Zf f(x)dx
0
Question 19b
f f(2x)dx
0

2a
= Ef f(x) dx using a horizontal dilation
0
of f(x) by a factor of 2
a
= f f(x) dx from part (a)
0

Question 19¢
f f(x+a)dx
0
= J. fla—x)dx since f(x +a) = f(a—x)
0
= J f(x) dx reflecting about x = %
0

Question 19d
a

f f(x —a)dx
0

0
= f f(x) dx translating a units to the left

3a
= f(x) dx since f(x) is symmetrical on x = a
2a
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Exercise 4.6 solutions

Question 20
s
fi cosx
————dx
o 2—sin2x
s
2 Cos X
= f — > - dx
o 1+sin®x + cos®x — 2sinx cosx
YA
2 cosx
= dx 1
fo 1+ (sinx — cos x)2 M

NI

-
GG

2 sin x
= f - dx 2)
0

1+ (cosx — sinx)?

@ +():

dx

f Ccos x fz cosx + sinx
- X
2—sm2x o 1+ (sinx — cosx)?

n

J‘ cosXx d—lt‘l(' )2
. 2—sinZx x = |tan™"(sinx — cosx

= ! <tan_1(1) —tan~ (- 1))

E-(-5)

2
1
T2
T
4

Question 21
J-[f(a—x)+f(a+x)]dx
0
=ff(a—x)dx+ff(x+a)dx
20"’
Jf(x)dx+ fx) dx

= f (x) dx
ANSWER B

Question 22

J” x sinx i _J‘”(n—x)sin(n—x)
o 1+cos?x )y 1+ cos?(mr—x)
T(mr—x)sinx

[,
0

B 1+ cos?x
f" sinx d
=1 | ———dx
o 1+cos?x
an x sin x i f” sin x i
————dx=n| ————dx
o 1+cos?x o 1+cos?x
T xsinx T
f ————dx = —>|tan""(cos x)
o 1+cos“x 2 0

= — g (tan~'(—1) — tan™1(1))

dx

T
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Exercise 4.6 solutions

Question 23a Questlon 24

1

U= =x"1 z e¥sin? x
x ,[_E 1+ex dx

“ f(x) d du 1 2
1 N x X T T e sin? X, st( —-X) _
x (f(x) +f (E)) ) du f 11 e 5o dx given result
x=—-—
u2 % e* Sln X Sln X

ex
—) dx sin? x even
ex

&)

e smx sin? x
x
1+e* 1+ex

(1 + e*)sin x)
dx

1+e*

&
(5
(e

sin? x dx

I
1 o

fr [
o

=§f (1 —cos2x)dx

[r-3onas]
= ——sm2x

Question 23b 2
2 sinx 1
Izﬁ—ldx :E __0 _(0 0)
3 x(sinx+sinE> -
2 sinl T4
o
% x(sinx+sin§) Question 25a
. 1 sz f(x)
.2,_fmdx F@Fb-0+ 0
2] = 1
%x(sinx+sin%> _ fla+b—x) da
1 de af(x)+f(a+b_x)
1251_ o] = f(x)+f(a+b—x)d
2 xz f)+fla+b—x)
1
3], -|» ]
{ue-w(3)
=—\{nZ—In\|—- b
2 2 .XI: Za

=%(1n2—(—1n2))
=1In2
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Question 25b

u=x?2
f dx du = 2x dx
2 V29— x2 +x gy = 8
2\u
J-ZS du
= X
s V29—u++u 2Vu
1f25 \/ﬂ J
=5 u
V4+25—u++u
1f25 v d change of variable
=5 u
V4+25—x++/x 9
f&x) _ o
2). Fla+b - 70 X wWhere ) =vxa=4b=25
1 _
=5 X from (a)
21
T4
Question 26
7 In(x + 2)
dx
3 In(24 + 10x — x2)
_1 f [ In(x+2) In((10 — x) + 2) .
In(24 + 10x —x?) ' In(24 + 10(10—x) — (10— 0)2) )

7

h

In(x + 2) In(12 — x)
In(24 + 10x — x?) + In(24 + 100 — 10x — 100 + 20x — x2)>
In(x + 2) In(12 — x)
In(24 + 10x — x2) * In(24 + 10x — x2)> x
7(In(x +2) + In(12 — x)
In(24 + 10x — x2) )dx

o), (
-3,
2, (
(ln((x +2)(12 - x))) i
=
(

7

o

P N

In(24 + 10x — x2)
7 (In(12x — x? + 24 — 2x)
In(24 + 10x — x2) ) x
7 (In(24 + 10x — x2)> y

o

In(24 + 10x — x2)

dx

hh

—
=
|_4

w

~
~
|
w
—

NN R N - NIH NIH NI}—* NI}—* NI}—*NIP—*
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Exercise 4.7 solutions

Question 1
sin4x cos 3x

1
=3 [sin(4x + 3x) + sin(4x — 3x)]

1
=3 (sin 7x + sinx)

Question 2
cos 75°cos 15°

1
= E(COSUSO —15°) + cos(75° + 15°)>

1
= > <cos 60° + cos 90°>

_1 1+o
“2\2
1

T4

Question 3

sin(4A + B) + sin(4 — B)

cos(A — B) + cos(4 + B)
sinA cosB

" cosAcosB
=tand

Question 4
cos 130° + cos 10°

1304+ 10 130 —-10
= 2cos > cos >

= 2cos 70°cos 60°

=2 70°><1
= 2cos >

= cos70°
Question 5

Question 6

cos(A — B) — cos(A + B)

= cosAcosB +sinAsinB
— (cosAcosB —sinAsinB)
= 2sinAsinB

1
~sinAsinB = > cos(A — B) — cos(A + B)

HSC Mathematics Extension 2 (2024) © Steve Howard
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Question 7a
fcos 3x cos2xdx

= %f <cos(3x — 2x) + cos(3x + 2x) ) dx

1
= Ef(cosx + cos 5x) dx
= Lginx +—=sin5x +
=sinx + - osinSx +c
Question 7b

fsin 8x cos 5x dx
1

= Ef(sin(Sx + 5x) + sin(8x — 5x)) dx
1

= Ef(sin 13x + sin 3x) dx

1
= —%cosl3x—gcos3x+ c

Question 8a
T

f4sin 4x sin 3x dx (note the changed order)
0

Y

1 E
= 5f4(cos(4x — 3x) — cos(4x + 3x)) dx
0

1 (%
= Ef (cosx — cos 7x) dx

INE

1 1 ]
smx — —sm 7x

<<;-— oo

2

7
Question 8b
Vs

J;r cos 5x sin3x dx

NIH NID—\

N
ﬁ|H

1 Vs
= E,LT (sin(5x + 3x) — sin(5x — 3x)) dx

1 n
= EL (sin8x — sin 2x) dx
2

UL st Leos2e]
= 8COS X 2COS XT[
2

1 1 1
=§<<—§c058n+EC052n)
1 1
_§ os4n+§cosn>>

1 1 1
(( 1) (53))

Howard and Howard Education



Question 9a
sin4dx —sin2x =0
2sin2xcos2x —sin2x =0
sin2x (2cos2x—1) =0

1

sin2x =0 cos2x = >
ax=oman 2w=n "
x =0,m, 21 x—3,3
_On T 5
x = ,2,71 x_6'6

) _Onn57r
X = ’6’2’6'7-[
Question 9b

sin4x —sin2x =0
sin(3x + x) —sin(3x —x) =0
2cos3xsinx =0

cos3x =0 sinx =0
3 T 3w 5w _ 0
Y=gy XTOT
MW 5
*T626
_On m 5w
X = 16’2; 6 ’T[
Question 10a
J-sinxsiandx
=J-251n2xcosxdx

d
_ N2 -
=2 f(sm x)? x - (sinx) dx

2sin3 x

Question 10b
J-sin x sin 2x dx

= f%[cos(Zx —x) — cos(2x + x)] dx

-

COS X — COS Sx] dx

1
=—=sinx ——=sin3x + ¢

2 6

1 . 1 )
=Esmx—g(sm2xcosx+c052xsmx)+c

11, , L
=Esmx—g(251nxcos x +sinx — 2sin®x) + ¢
1 1_(1 _2)1_+1_3+
—%smx 5 sinx sin®x) —esinx + 2sin*x + ¢
- _qj L qi cind3y — _qi —cin3

2smx 3smx+3sm X 6smx+3sm x+c

251n3x+
= c

3

Question 10c
The double angle results are much quicker and
less complex, so are more efficient.
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Question 11

1 ]
LHS = > [cos(6x — 3x) + cos(6x + 3x)

- % [cos(7x —4x) — cos(7x + 4x)]

cos3x + cos9x — cos3x + cos11x

cos9x + cos 11x]

cos(10x — x) + cos(10x + x)]

Nl= NP N RN

2cos10x cosx]

= co-s 10x cos x
~ A =10and B = 1 (or vice versa)
Question 12

1
cosxsiny = > [sin(x +y) —sin(x — y)]
—S-m)
S 2

_N-M
2

Question 13

cos(A — B) + cos(4 + B)
cos(A — B) — cos(4 + B)
_ 2cosAcosB

"~ 2sinAsinB

= cotA cotB

Question 14

sin3x + sinx

— s 3x +x 3x—x
= 2sin > cos >

= 2sin2x cosx

= 2(2sinx cosx) cos x
= 4sinx cos® x

= 4sinx (1 — sin? x)
= 4sinx — 4sin3x
Question 15

i A+ B A—B
sinA +sinB sin cosl—5

2 cos

+
2
cosA + cosB A-;B)COS(A—B

2
. (A + B)
_ sin | —;

- (A + B)
cos

2
—t A+B
= tan 2
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Question 16
sin3x + cos2x —sinx =0
sin(2x + x) — sin(2x —x) + cos2x =0
2cos2xsinx + cos2x =0
cos2x (2sinx+1) =0

Exercise 4.7 solutions

Question 18a

sin 260 + sin 46 — sin 66

= sin(36 + 0) + sin(30 — 6) — sin 2(36)
= 2sin 36 cos 8 — 2 sin 30 cos 36

= 2sin 36 (cos 6 — cos 360)

= 25sin 36 (cos(26 — 6) — cos(26 + 6))

cos2x =0 sinx =-7 = 2'5in 36 (2 sin 26 sin 6)
2x=E 3m Sm 7_” x=7_”11_” = 4sin 0 sin 26 sin 30
2222 6 6 Question 18b
x=f3_”5_”7_” sin 66 = sin 20 + sin 46
3 7 54 4 i} 4 sin 26 + sin46 —sin60 = 0
x = E_n_n_n_n_n 4sinfsin260sin360 =0
Q 4t4 19, 4'4" 6 sinf=0 sin20=0  sin30 =0
uestion 0=0m 29=0n2n 30 = 0,m,2m, 31
fsin(mx)cos(nx)dx 9—0 o 9_0” 2”
O m 2" 33"
=—f (sin(mx + nx) + sin(mx — nx)) dx g=OEE_”,,T
2), 3'2° 3
1 T
=§f (sin(m + n)x + sin(m — n)x) dx
0
1 cos(m+n)x cos(m —n)x]|"
) m+n m-—n o
_1 cos(m+n)7r cos(m —n)m
B m+n m-—n
cosO cos0
T m+ m-—n
_1
2 m+n m-—n
( )) since cos 2k = 1
m+n m-—n
=0
Question 19
sin 2x + sin3x + cos 2x + cos3x =0
. 5x+x+_ 5x x+ 5x+x+ 5xx_0
sin| o+ sin| —- -5 cos| >+ cos| > —5 )=
9 si 5x x+2 5x x_0
sin—-cos > cOS—-c0s 7 =
) x( . 5x+ 5x _0
cos7(sin—-+cos— | =
Z-0 +eos =0
cos; = sin cos—- =
X m Sx 5x
2=3 sin—- = —cos—
5x
xX=m tan7=—1
5x 3m 7m 11m 157 197
2 ) ) 4 ) )
3n 7m 11m 3w 197
x=—— =2 ===

_ 3n 7w 117 3w 197w
~10'10°™ 102" 10
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Exercise 4.7 solutions

Question 20a Question 20b
sinx + sin 3x + sin 5x sin x + sin 3x + sin 5x = cos x + cos 3x + cos 5x
cos x + cos 3x + cos 5x sinx + sin 3x + sin 5x _
_sin(3x + 2x) + sin(3x — 2x) + sin 3x CoS X + cos3x + cos5x
" cos(3x + 2x) + cos(3x — 2x) + cos 3x tan3x =1
2sin3x cos2x + sin 3x 3 m 571 9
= X = ST 0
2cos3x cos2x + cos3x 4" 4 4
_sin3x(2cos2x + 1) x_£5_7't3_7r
" cos3x (2cos2x + 1) 12°12" 4

sin 3x

1
= since cos2x # ——
cos3x 2

=tan3x sincecos3x # 0

Question 21
(e g)sin(x—5) = s (x + 5+ x—5) =sin(x+ g —x+ )]
cosx651nx6—251nx6x6 smx6x6
= 3[sin2e —sin]
—251nx sm3
- fonze- 2]
—251nx >
_1[.2 ﬁ]_ V3
--zsmx > 1=~
- V3 V3
sin 2x > =
sin2x =0
2x =0,m, 2m, 3w, 41
_On 3n2
x_vzyn-ﬂzyn-
Question 22
T,
a LHS=§ cos[(a+b)—(a—b)]—cos[(a+b)+(a—b)”
1:
ZE cost—cosZa]
1:
=E(1—251n2b)—(1—251n2a)]
1:
=§Zsin2a—25in2b]

= sin? a — sin® b
b sin(4x + 2x) sin(4x — 2x) = sin6x from (a)
sin 6x sin 2x = sin 6x
sin6x (sin2x —1) =0

sin6x =0 or sin2x—1=0
6x = 0,m,2m, 31 sin2x =1
_ T T ) T
X=Y%63"2 X=72
_r
YTy

(T

X = l6l4l3l2

Question 23

4 cos2xsinx + cos3x — 2sinx + 1 = 2(sin3x — sinx) + cos3x — 2sinx + 1
= 2sin3x +cos3x + 1

R=+22+12=+/5

1
a =tan~?! <§> = 0.464

s 4cos2xsinx +cos3x —2sinx+1= \/gsin<3x + O.464> +1
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Exercise 4.7 solutions

Question 24
1 1
a LHS = E(sinA + sinB) + E(sinA —sinB)

1
= E(sinA + sin B + sin A — sin B)

—1><2 in A
=3 sin
=sinA
. <2x+%> <2x—%> <2x+%> _ <2x—%>
b LHS = sin > cos > + cos > sin >
= sin 2x
, V3
-'-51n2x=—7
oy = 2r W 4m 57w
X=T3073303
m W 2w 5w
X=—5, "7y 5,
3" 6’36
Question 25

J-x cos 4x? cos 2x? dx

1
= fx X E(cos 2x? + cos 6x?) dx

1 1
=§fxc052x2dx+§fxcos6x2dx

—1f4 2x2d +1f12 6x2d
=g | 4xcos2x?dx + o x cos 6x2 dx
sin2x%  sin 6x2
= +
8 24

+c
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Question 1a

fsin x cos3 x dx

- f(— sinx)(cosx)3 dx

cos*x
4

+c

Question 1b
Vs

2 3
cos® x dx

3

£

T
2 2
= | cosxcos x dx

4

NE

= J;T cosx (1 — sin? x) dx

4
T

2

_ _ N2

= J-E (cosx cosx (sinx) ) dx
2

[_ sm3x]2
=|Ssinx —

T

3
=(1-3)-(F2a)
B 3) \V2 6v2
2 s
3 62
_8-5V2
12
Question 2a

fsec“ x tan? x dx
= J-sec2 x sec? x tan? x dx
= J-sec2 x (1 + tan? x) tan® x dx

= J-sec2 x (tan® x + tan* x) dx

tan3 x N tan5 x N
= c
3 5

Question 2b
fsec‘* x dx

= jsec2 x sec? x dx
= J‘sec2 x (tan® x + 1) dx
= J‘sec2 x (tanx)?dx + J‘sec2 x dx

tan3 x
=3 +tanx + ¢
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Exercise 4.8 solutions

Question 3
fcosec x dx
cotx + cosecx
= | cosecx X ————
cosecx + cotx

f cosecx cotx + cosec? x
= X

cosecx + cotx
f — cosec x cotx — cosec? x
=- x

cosecx + cotx
= —In|cotx + cosecx| + ¢
Question 4

ftan x sec3 x dx

= J-tanx secx (secx)? dx

sec3 x
= +c
3

Question 5
fcos“ x dx

= f(cosz x)2

1 2
= J- (E (1 + cos 2x)> dx

1
=Zf(1+2c052x+c0322x)dx

1 1
=Zf<1+2c052x+5(1+cos4x))dx

=Mkt sinze 4 o(Zsinax +x) | +
—4X smx24smxx c

X sin2x+sin4x+x+
T4 g 32 2" °¢
_sin4x+sin2x+3x+
732 4 Tg"°¢
Question 6

ftan3xdx

= ftanzxtanxdx

= J-(sec2 x —1)tanx dx
= J(sec2 xtanx — tanx) dx

tan® x
=— + In|cos x| + ¢
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Exercise 4.8 solutions

Question 7 Question 11
% coS 2x
L cot3 x cosec? x dx COS x
[ 2cos?x—1
; _[pstso,,
=— ﬁt (— cosec? x)(cotx)3 dx cosx
3 =f(2(:osx—secx)dx
V3
- _ cot® x]3 = 2sinx — In|tan x + secx| + ¢
4 |n Question 12
Vs
1 1 4 . J‘Z tanx d
=—= <_> _(\/§) _mcostx
4\ \\/3 Z x
%
_ 1 1_9 =J-ntanxsec2xdx
4\9 z .
= 20 tan® x]*
9 . |2 |=
Question 8 -z
1
fcosec‘*xdx = E(12 —(-1)?)
= | cosec? x x cosec? x dx =0 ,
Alternative solution:
. 2 tanx .
_ J-cosecz x (1 + cot? x) dx tanjcT is odd and cos“ x is even, so sz s 1S odd
% tanx _
= J-(cosec2 x + cosec? x cot? x) dx - f_% cos2 x dx =0
ot3 x Question 13
= —cotx —
Question 9 f(cos4 x — sin* x) dx
uestion
f\/cosx sin® x dx = f((:os2 x — sin? x)(cos? x + sin? x) dx
1
= f sinx (cosx)2 (1 — cos? x)dx = f(cosz x — sin? x) dx
1 5
= - f(— sinx) | (cosx)2 — (cosx)2 | dx = | cos2x dx
2 3 2 7 — Zqi
=—§(cosx)2 +;(cosx)2+c —Esm2x+c
2Vcos”x  2Vcos3 x Question 14
AR te f(tan“ x —sec* x) dx
Question 10
J-sinz x cos* x dx = J(tan2 x — sec? x)(tan? x + sec? x) dx

= J(—l) (2sec?x — 1)dx

1 1 2
= f—(l —cos2x)|{=(1+cos2x)| dx
2 2 =—2tanx+x+c¢

1 2

= §j(1 — cos 2x)((1 + cos 2x)) dx
1

= §j(1 — cos2x)(1 + 2 cos 2x + cos? 2x) dx
1

= §f(1 + 2 cos 2x + cos? 2x — cos 2x — 2 cos? 2x — cos® 2x)dx
1

= §f(1 + cos 2x — cos? 2x — cos? 2x)dx
1 1

= §j 1+ cos2x —5(1 + cos 4x) — cos 2x (1 — sin? 2x) | dx
10(1 1 .

=§f E—Ecos4x+c052x51n 2x | dx

_x  sindx N sin3 2x
T 16 64 48

+c
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Question 15
fsec6 x dx

= Jsec2 x sec* x dx
2
= J-sec2 x(tan®x +1)" dx

= J-seczx (tan*x + 2tan? x + 1) dx

tan>x 2tan3x
= 5 +T+tanx+c

Question 16

s
4 2
V=TL'J- (sec?xtan®x)" dx
0
T
4 ek 6
=m | sec*xtan®xdx
0

T
)
= nJ- sec? x sec? x tan® x dx
0

sec? x (tan2 x + 1) tan® x dx

Question 17
(cosx + sinx)3
sin2x + 1
B (cosx + sinx)3
B f 2sinx cosx + cos? x + sin? x
(cosx + sinx)3

~ J (cosx + sinx)2

f(cos x + sinx) dx

=sinx —cosx + ¢
Question 18

J‘\/1+sinxd
—dx

Secx

1
= fcosx(1+sinx)5dx

2 3
=§(1 +sinx)2 + ¢

2
= gwl(l +sinx)3 +¢
Question 19

cot? x dx

f(cosec2 x—1)dx

—cotx —x+c

HSC Mathematics Extension 2 (2024) © Steve Howard 192

Exercise 4.8 solutions

Question 20

sin® x
T dx
cos x

dx

_ 1—2cosx + cos?x
= | sinx X 4
cos* x

= fsinx x ((cosx)™* = 2(cosx)~3

+ (cosx)™2) dx
(cosx)™3 2(cosx)™?> (cosx)?!
-3 T 2 T T

sec3 x )
=-—3 +sec?x +secx + ¢

Question 21
fcot3 x dx

= J-cot2 x cotx dx
= f(cosec2 x — 1) cotx dx

= f(cotx cosec? x — cotx) dx

cos x
= J- (—(— cotx) cosec? x — ) dx

sin x

cosec3 x )
=-—a - In|sinx| + ¢

Question 22

Jcot3 x cosec? x dx
= Jcotx cosec x cot? x cosec? x dx
= fcotx cosec x (cosec? x — 1) cosec? x dx

= — f— cotx cosec x (cosec* x — cosec? x) dx

cosec®x cosec x
= - + 3 +c
Question 23
f\/ 1+ sinxdx

x x X
= f\/coszz+sin25+sin2(§) dx

x X X X
=f\/C052§+2cos§sin5+sin25dx

(sos5+n3)
COS2 Sln2 X

=) (cos5 +sin3)a
—f COS2 Sln2 X

= 2sins— 2 cos= +
= Slnz COSZ C
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Exercise 4.9 solutions

Question 1
A= 2 A
Cos = CO0Ss 2
A
— 270 a2t
COoS 2 sSin 2
using the double angle result
24 24
_ COS i Sin 2
A A
222 in2 =
COS 2 + sin 2
since cos? 6 +sin% 0 = 1
A
—tan2 4
_ 1 —tan >
1+ tanzg
dividing the numerator and
A
denominator by cos? 5
1= t2
T 14¢2
Question 2a
1+ cosA
sinA )
1—-t
_tige
2t
1+t2
1+ t24+1—t?
B 2t
_ 2
T2t
_ 1
Tt
= CO 2
Question 2b
30°
cot15° = cot
2
1+ cos 30°
= from (a
sir\1/§0° (@)
3
_ 1+ -5
1
2
V3
=2(1) +2 (7
=243
Question 3
2tan = \/§(1 tan? x)
an 2 = an 2
2 tan’z—c
X V3
1 — tan? 5
tanx = \/§
m 41
¥=373
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Question 4a
tan @ sin @
_a 2
T 1—-t27 14 ¢2
4P
1t
Question 4b
cos 20
=2cos?6—1
C2(1-t2)’

T (1+1t2)2

C2(1 -2t +t%) — (14 2% + t4)

(1+1t2)?

3 1—6t%4+t*
(1 +¢2)?
Question 5a

2
1—cosx
_ 2

1—t2

=17+
3 2 + 2t2
T14t2—1+t2
_2(1+1¢?)
T 22

14t2
:t—z

~ 1 + tan? (%)

Question 5b
1+ cosx + sinx

1—cosx + sinx

1—t*, 2t
=1+1+t2+1+t2
1-—1t2 2t
ITyetive

_1+t2+1—t2+2t

T4+t —1+t2 42t
2+ 2t

T 2t + 22
2(1+¢)

T2t + 1)
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Question 6a
lett = tan%

T 2t
tanZ = —1 — t2

2t
1= 1—t?
1-t2=2t
t2+2t—1=0
_—2+/@?2-4)(-1)
L= 2x1 -
only use the positive since tan§ >0

—-2++/8

2
2422
- 2
=-1+V2
=v2-1
Question 6b
Iett=tan%
. 2t
R
12
Goite
142 =2V2t

t2—-2V2t+1=0

2
2v2 - \/ (-2v2)" -4
B 2x1
o 3m
only use the negative since sinT =

t

1
V2
. 3w .
givingt = tan? which is larger
_2V2-+4

2
2V2 -2

2
=v2-1
Question 7
lett =tané

1+—1_t2
1+cos20 1+1?
1—00529_(1_1—t2)
14 t?

C14tP 41—t

T 1+t2—1+¢t2

_ 2
o 2t?
1

T2
= cot?
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Exercise 4.9 solutions

Question 8a
sinx — 2 cosx = R(sin x cosa — cos x sin )
Rcosa =1 (1)  (cosa>0)

—Rsina = -2 (2) (sina>0)
~ a is in the 18t quadrant

(D2 + (2)%: R%*(cos?a +sin?a) = 12 + 22

R?=5
R=+5
—Rsina -2
2)+(1) ——=—
@ = Rcosa 1
tana = 2
a = 1107149

~ sinx — 2 cosx = V5 sin(x — 1.107149)
~VSsin(x — 1.107149) = 2

2
sin(x — 1.107149) = —
V5

x —1.107149 = 1.107149,
x = 2.214297,n
=221(2dp),w
Question 8b
2t 1 —t?
T+ 21y 2
2t — 2+ 2t% = 2 + 2t?

2t—2=2
t=2

t ——

an2 2
A
5 = 1.107149
A = 2.214297
Check x = m:

sint—2cost=0—-2(—-1)=2V
o x = 2214297,
Question 9

cosx —2sinx =1

1-—t2 ) 2t _ 1
1+ t2 1+t2)

1—t2—4t=1+t>

2t2+4t=0
2t(t+2) =0
t=0 t+2=0
E=0 tanf=—2
tan2 . 326
_ _ -1
5—0 5——tan 2
x=0 x=-2tan"1(2)
= —2.214297
Check 8 = —m:

cos(—m) — 2sin(—m) =—-1-2(0)=-1+#1X
Check 6 = m:

cos(m) — 2sin(m) =-1-2(0)=-1#1X
~x=0,-221(2dp)
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Question 10

(x/§)2+12 =2

SInX — COSX

o)

, 3 g
X — — X =
Sin x 2 COsS X 2

. T . 7'[)
sinx cos— — cosx sin—
6 6

2

2

NN

= 2sin(x - 7)
= 2sin 6
'ZSin( —E>=1
- c
n(e-7) =
sin | x <) =3
7'[_7'[57'[
6766
_r
x—3,n

The only solutions in the domain [0, 2] are x =
g andx = 7.
Alternative solution using t formulas:
V3sinx —cosx =1
2t 11—t
1+t2 1+¢2
2V3t—1+t2=1+1t2

2V/3t =2
t_1
V3
. X 1
an- = —
2 3
r_rm
26
_r
*=3
Check x = m:

V3sint—cost=0—-(-1) =1V
The only solutions in the domain [0, 2] are

T
x=§andx=7r.

Question 11

V1Z2+12=+2

sinx + cosx

\/§< i ! + 1)

= sinx X —+ cosx X —
V2 V2
T T

= \/E(sinxcos— + cosxsin—)
4 4
T

=\/§sin(x+z)
T 1

sV 2si ( +—):—

V2 sin(x ” >
T

1
sin (x + ) 2\/2
x+z= n—sin'1<i> 2
4 2v2)’
x + 0.785398 = 2.780226,6.644552
x = 1.994827...,5.859154
x = 2.00,5.86 (2 dp)
The only solutions in the domain [0, 2] are x =
2.00 and x = 5.86, correct to 2 decimal places.

S
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Exercise 4.9 solutions

Question 11 continued
Alternative solution using t formulas:

1
sinx+cosx=§
2t 1-t*> 1

_ 4+ — =
1+t2 1+t2 2

4t 4+2—2t2=141t2
3t2—4t—1=0

A2 4D

2%X3
. x 4+28
anz = c
X_ o <4 + m)
5 = tan g T
4 ++/28
x =2tan! (T\/_)Zn
= 1.994827...,5.859154...
Check x = m:

sint+cost=0+(—-1)=—-1+05X
The only solutions in the domain [0, 27] are x
= 2.00 and x = 5.86, correct to 2 decimal places.

Question 12
vt +1
t
6
2
1
2t t 0
1+t2 Vi4e2
2t _ t
1+t2 Vi+e2
2t = ty1+t2
4t2 = t? + t*
t*—3t>=0
t2(t2-3)=0
t=0 t=+V3
(7]
tanE =0 tani =+/3
— 0 7] _ +TL’
2 2 3
6=0 6=+
a T3
Check 0 = —m:
s
sin(—m) — sin <—§) =0—-(—-1)=1+0X
Check 6 = m:
T
sin(m) — sin(E) =0-(1)=-1+0X
. 2n 2w
The solutionsare 8 = ——,0,—.
3 3
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Question 13
secx + tanx
_1+t2+ 2t
T 1—t2 1-—¢2?
(P +2t+ 1)
1t
o (t+1)?
Ta+0@-v
1+t
1-g T
tanZ+tan7

sincet # —1

T X
1-— tanztanj

X T
=tan<—+—)

2 4
) _1 b_n
A= Ty
Question 14

1
3cos(3) —sin3) =3
cos|5) —sin{5 )=

3 1—1t2 2t 3 where ¢  t (x)
——|——— =3 wheret = -
1+¢2 1+¢2 an4

3 —3t%2 — 2t = 3 + 3t

6t2+2t=0
2t(3t+1) =0
t=0 or 3t+1=0
an() =0 wn(3) =3
g =" BT 73
f= nosolutionfor0<f<z
4 “ 472
x=0
Check 8 = m:
T T
3cos<5>—sin<z)=3(0)—(1)=_1¢3x

~ x = 0 is the only solution.
Question 15a
mcosx —sinx =1

1—t? 2t
m<1+t2>_1+t2_1
m—mt?—2t=1+t?
m-mtZ=t>+2t+1
m(1—t2)=(t+1)?
m1 -1 +t) =+ 1)?
m(l—-t)=t+1
m—mt=1+t¢t
t+rmt=m-1
ttm+1)=m-1

sincet+1 # 0for0

_m-— 1
T m+1
Question 15b
¥ tan(tan~'m) — tan%

tan= =
2 1+ tan(tan~'m) X tan

T
=tan(tan"'m — —)
( i

T
=tan"'m——
4

i
=2tan 'm——
2

T
4

x
2
x
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Question 16
2sinx —cosx =0

) 2t 1—t2_0
1+t2) 1+4¢2

4t —1+t*2=0
t2+4t—-1=0

st axt =
S an2 anz—a
_—1
1
) a 1
s tan—= —
2 tang
Question 17a
1—cosx
1+ sinx
1-—t2
_ T
2t
1+1+t2
T +tr—1412
T 14tz 42t
B 2t2
|t +1)2
2
T\t +1
|2
Tle+1
Question 17b
1—cosx_ 1
1+sinx +2
2t _ 1
t+1l " 2
|t _1
t+1l 2
t 1
— =+—
t+1 2
t+1-1 1
=+=
t+1 2
1 1
1-——=+4-
t+1 2
1 1
—  =1+-=
t+1 2
13
22
t-|-1—22
=3
=-3
tnf——— tanf—
=73 2
x tan-1 1 x
-=m—tan (> -=
2 3 2
1
x =2m—2tan! 3 x =

= 5.639684
T
“x =72,5.64 (2dp)

Exercise 4.9 solutions
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Exercise 4.10 solutions

Question 1

X
t =tan—

f dx 2
1+ sinx d 2dt

X =
1+ ¢t2

~ 1 2dt

_f1+ 2t 1+
1+t2

1
_2f1+t2+2tdt

1
=2fm‘“

=2f(t+1)‘2dt

BT
2 +
=———+c

tan%+1

Question 2

_ X
5 t—tanz

L |
f12+13cosx x do = 2dt
x_
14 t2

_f 5 y 2dt
- 1—1t2\ "1+ ¢2
12+13<1+t2>

—10f ! dt
B 12+ 12t2 + 13 — 13¢2

=—In|5—¢t|+In|5+¢t|+¢

5+tan%
=In|——F| +¢

5—tan§
Question 3

3 /1 2 X =sin6
fx 1=x%dx dx = cos8.df

= fsin3 /1 — sin2 6 cos 8 do
= J‘sin3 6 /cos? 6 cos @ do

= J‘sin3 6 cos? 0 df

= Jsin 6 sin? 6 cos? 6 do

= Jsin 6 (1 — cos?6)cos?0do

= - f(— sin 8)(cos? 6 — cos* 0) db

cos®@ cos36 cosf =+/1—sin26
= - +c

5 3 =/1_x2

_\/(1_352)5 \/(1—x2)3+c
- 5 B 3
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Question 4
f 1 dx x = 2secu
WxZ — 4 dx = 2secutanudu

X 2secutanu du

_f 1
2secuv4seciu—4

tanu i
= | ———du
V4tanZ u
tanu
=J- du
2tanu
1 X
=-1|d x?—4
zf u
u u
_E+C 5
_1t 1 x2—4+
=3 an > c
Alternatively:
ut=x%-4
1 dx 2udu = 2x dx
xVx2 —4 udu
dx = ——
X

Hint: Integrands in
1

= J-_ du the form —=— can
1 be solved using a u?
_ f g substitution.

= 2 an 2 Cc
I x2—4 N
= 2 an 2 c
Question 5a

t=t o
—anz

dt 1 0
— =—sec’=

do 2 2
=11+ an??
=2 any

1
— 2
—2(1+t)

Question 5b

6 t
tan- = —

2 1 1+¢2
5 1 1+t "

CoOsS—~ =
2 J1+41¢2 n

0 t 1

SIN—- =

2 N1+¢2

. . 0
sin@ = ZSIHECOSE
t 1

X X
Vi+t2 V1+t?
2t

=2

1+t2
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Exercise 4.10 solutions

Question 5¢ Question 8
fcosece de f\/x+4dx x =4tan’u
dx = 8tanusec®udu
1+¢t% 2dt
=f x —— from (a) =f\/4tan2u+4x8tanusec2udu
2t 14 t?
dt ,
== =8 [ tanusec®u+/4sec2udu
= In|t| +; =16ftanusec3udu
=In|tan=|+ ¢
2 = 16ftanusecu(secu)2 du
Question 6 Vi +4
1 16sec3u Vx
J-i X =——F+cC
1—cosx 3 u o
_f 1 N 2dt _2\/(x+4)3+
Tl 1-e T T+ - 3 ¢ 2
T 14 ¢t2 Question 9
—Zj;dt . — tan”
= 1+t2—1+t2 ff 1 " t—tanE
_zf dt n 3sinx —4cosx + 5 dx = 2dt
2t2 3 1+ t2
1
=ft_2dt :f 5 ! T Zdtz
1 t —t 1+t
1 \/53(1+t2)_4(1+t2)+5
=—-—-+tc 1
t X _f 2 dt
= —cotz+¢ - \/_1_6t—4+4t2+5+5t2
3
Question 7 1 2
o =f19t2+6t+1dt
f% do t=tan§ ﬁ
_ 1
o 2—cosf dy = 2dt zf 2 dt
1+ t2 1 (3t+1)2
1 1 2dt V3 1
=f x Bt +1)7!
0, 1=t 1412 4l T T1ix3
1+t2 —+
1 1 1 3
=2 —_— dt 2 1
J()2+2t2—1+t2 =—=
T 3|3t+1]1
=2| ——=adt V3
f01+3t2 ~ 2<1 1 )
\/— 1+ 3t2 _ 2(1 1 X\/§—1>
=-3l3- —
[tan_l (v3e) ] 3\¢ V3+1 V3-1
V3 2(1 \/§—1>
2 =—5\7—
=—(tan"'vV3 —tan"10 3\4 2
x/2§( ) _2(3-2V3)
:_(E) T3 a4
V313 2V3-3
 23n ==
9
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Question 10

— cin2
x = sin“ 0
dx

f - dx = 2sinf cos 0 do

f SIP0 ) sin6cos g db
1_51 26 SIn @ CoS

4sm9

=J- X 2sin 6 cos 0 do
o cosf

Vs

4
=2f sin? 6 d@
0

s
= J-4(1 — cos 20) do
0 Vs
o-zmes]
= |0 —=sin20
2 0

((5-)-0)

_nl

4 2
Question 11

21
J‘T de
m  sin®
2

fﬁ 1+t2  2dt
= X
. 2t 1+t2

1 t

V3
=[lnt]
1

=Inv3—-Inl

1
=1n32
—11 3

Question 12

J-cosec x dx ; 2dt

f 1+t2 2dt
= X

2t 1+t2
dt

t
=In|t| + ¢

1 |t x|+
= In |tan — C
2
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Question 13
X
1 t=tan§
f- dx 2dt
sinx + cosx dx =
X =
1+ t2
f 2dt
2t 1—t2 1+ t2
1+ 1
f2t+1—t2
2 -
fZ—(t—l)z

_Zf dt
) WZ+e-DEZ-t+1)
1 1

1
= — + dt
\/Ef(t—1+\/§ 1+\/§—t)
1
=ﬁ(ln|t—1+\/§|—ln|1+\/§—t|)+c
1 t—1+x/§+
=—Iln|——|+¢
V2 o |l1+V2 -t
1 tan%—1+\/§
=—In|—=——|+c

V2 1+\/§—tan%

Question 14a

cosecx + cotx
1+t2 1-—t?

=t T

n ”"_‘L\”N

tx
2
Question 14b
s

2
J (cosecx + cotx) dx

T

2 Xd
i COtE X
3

Z cos=>
2 2
=J xdx

T .
3 51n2

-2l (sn3)];
~2(mn <siln ) Ssmg))
“2(n()-»())

=2(—- ln(\/i) + ln(Z))
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Question 15

sec? x
f 1-— tanzxdx
1+ tan?x
f 1—tan?x

= J-sec 2x dx

tan2x +sec2x |+ ¢

_11
_zn

Question 16

x = 2sinf
dx = 2cos 6 db

x
dx
V4 —x2
4sin% 6

V4 — 4sin2 0
_J‘4sin29X2 046
) 2cos® cos

X 2cos6 do

—4fsin29d9

1
=4f§(1—c0529)d9

1
= 2<G—Esin29>+c

=20 —2sinfBcosf + ¢

= 2sin > > > c
(%) xVA—x?
= 2sin (—)—T+c

2
Question 17
_ X
J‘3+cosxd t—tanE
2—cosx " dx = 2dt
1+t
1—t?
), 1-tr T e
1+t
f3+3t2+1—t2 dt
= X
24+2t2—1+t2 1+t2
J 2t% + 4 it
(3t2 + 1)(1 +t?)
- L)
B 3t2+1 1+t2
10 V3 1
L Ry
Vv3J 3t?2+1 1+¢t2
10
= —tan"1(V3t)—2tan"lt + ¢
7 (V3t)
X
=—tan'1(\/§tan—>—x+c
V3 2
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Question 18

f\/2x—x2dx
:f\/—(x2—2x+1—1)dx

_ 12 x—1=sind
J-l (= 1)%dx dx = cos 8 db
=f\/1—sin20><c059d0
=fc0520d9
1
=§f(1+c0529)d9
6 sin26
=§+ +c
_9+25in0c059+
~2 4 ¢
_sinT'(x - 1) x—1),/1—(x—1)2
B 2
sin‘l(x—l) x—1)v x — x2
+c
2

Quest|0n19
=14+x ox=u?-1

f 1—xd
1+x X 2udu = dx
/1— uz—1
=f ¥2udu
u

2 —u?
zzf
=+V2sin0
=2f\/2—u2du u=v2
du =2 cos6 do
=2]\/2—25in29><\/§cosed9
=2\/§J\/2c0529><c059d9
=4fc0526d9 V2
u
=2f(1+c0529)d9 6
=20 +sin260 + ¢ Y
=20+ 2sinfcosb + ¢ Z-u
2si —1<u)+2 (Yout
= 2sin c
z2) TR
=2sin"!—=)+uy2—-uZ+c
()
Vv1+
= 2sin~! X +V1i+xvl—x+c
vV2
1+x
=Zsin‘1< 7 )+\/1+x\/1—x+c
— V2
:Zsin_l(\l/%x)+v1—x2+c 1+ x
0
2—(1+x)
=vl—x
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Question 20
s

2
fo (1 + sinx)3
7 dx

R

2
a fo (1 + cosx)3
7 dx

T t—tanE
_1 2 6 f d B 2
—8 . secC 2 X = 2dt
T 1t
1Y, ——\6 2dt
=§f ( 1+t2) Tt
o J1+¢2
=1f (1+t2)*dt t
4 J, ]

1 1
ZZf (1+2t*+t*)de
0

1 t+2t3+t51
T4 3 5],

(14243 -0+0+0
_Z<+§+§>_(+ +0)

7

15
Question 21a

J(-) 1+%sinx dx

=

= t

0 1+1+t2
dt

1
2 .
JO 1+t2+¢t
dt

_ X
dx t—tanz

2dt
1+ t2

NE

2dt
X
1+t2

Il
()

j-l
0 t2+t+i+i
dt

L () ()

Il
)

2

)

"l
e e )
56

ﬂ|»ﬂ| <||

w|N
il
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Question 21b

a u=2a—x
f fQRa—x)dx du = —dx
0 dx = —du
f) (—du)
2a
= fw)du
a2a
= J- f(x)dx
2a
[ e
0
a 2a
=f f(x)dx-i—f f(x)dx
0 a

= J-af(x)dx+faf(2a—x)dx
Oa 0

- f [F(0) + f(2a — 0)] dx
0

Question 21c

Exercise 4.10 solutions

f" x dx
0 1+%sinx
Vs
2 X T—X
=f 1 Tt
0 2smx 1+5 sin(n—x)
X mT—X

T T |
2smx 1+231nx

n >
1
1+251nx
T
2
gl 1+1
2smx

_ <2_”>f o
=T 3\/§ rom (1
212

33

f
(s

Howard and

>dx
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Exercise 4.11 solutions

Question 1 Question 3
dv 5 x? dv
u=Inx ik u=— — = 2xsinx?
flenxdx 3 fx3sinx2dx Z dx
du_l X du_ _ )
el v—3 dx_x V= —Cosx
x3Inx x3 1 x? cos x?
=g ?x;dx =—T+fxcosx2dx
x3nx 1 x%cosx? 1
=— —gfxzdx =—T+EIZx cos x% dx
x3Inx 1(x3 x?%cosx? sinx?
= 3 —§ ? +cC = — 2 + 2 +c
x3Inx x3 Question 4
= -5 t¢ dv
3 9 u=lhx —=1
) J-lnxdx dx
Question 2 du 1 b=y
- dv X dx x
> U = COSX d—=e 1
f e* cosx dx x =xlnx—fx><—dx
0 du . x X
—=—sinx wv=e
dx =xlnx—fdx
dv
7 > u =sinx a=ex =xlnhx—x+c
=[excosx] +f0 e*sinx dx du Question 5
0 —_ = = X
Ix cosx v=e s @:eu
5 z F fxezxdx dx
2
=[excosx] + [exsinx] —f e* cosxdx d_u=1 v=—eg2X
0 0 0 dx
_xe2x 1 2x
. % % == —Efe dx
2
Zf excosxdxz[excosx] +[exsinx] zxezx_ﬁ_l_c
0 0 0 2 4
7 1 T Question 6
fexsinxdxzz 0—-1)+(ez2—-0 dv
0 T u=x azcosx
T
ez —1 J;xcosxdx du .
— > a=1 v =sinx
Alternative using tabular IBP T -
=[xsinx] —f sinx dx
S D | 0 0
Vs
+ cosx e* =0—0+[cosx]
0
— —sinx e* =-1-1
=-2
X
+ —Ccosx e Question 7
dv
% % 2 u= E=€_t
jexcosxdx=[excosx+exsinx fte'tdt du
0 0 0 —=1 wv=-et
% . dt
Zf e*cosxdx =e2(0+1)—-1(1+0) 2 2
0 N =—|te t| + | e7tdt
Vs
2 . ez —1 0 20
f e*sinxdx = 2
0 2 =——2— —t
e 0
2 1
=g at!
T e
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Question 8
1 dv
1 u=tan "' x d—=1
tan~! x dx x
du 1
0 — = v=x
dx 1+ x?
[xtan x] f1+x2dx
. 1
=—— [ln|1+x2|]
4
0
=T lan2—o
=3 zn2-0)
T In 2
T4 02
Question 9
d
u=In(1+x) £=1
fln(1+x)dx du 1 B
dx  14+x veXx
In(1 + x) — J‘1+x—1d
=xIn x T x x
=xIn(1+x)— f(l——)dx
=xIn(l+x)—x+In|1+x|+c
=x+DIn(Q+x)—x+c
Question 10
u=x —=2%
x dx
J-XZ dx du ox
dx VT In2
x2" 1 Y
" In2 In2 x
x2% 1 2%
=—-——|—=|+
In2 In2\In2
_x2x 2% N
" ln2 In22 ¢
Question 11
) dv
u=sin"tx azl
-
J-sm x dx du_ 1 _
PR v=2x

x
=xsin_1x—j dx
V1 —x?
1 _1
= xsin'1x+5f(—2x)(1 —x%) 2dx
1 1
=xsin‘1x+5><2(1—x2)2 +c

=xsin"lx++1—-x2+c
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Exercise 4.11 solutions

Question 12
dv
e+3 u = In|x — 3| d——l
f In|x — 3| dx x
4 ﬂ= ! v=x
dx x—3
e+3 e+3
= [xlnlx—Sl] —f dx
4 s x—3
e+3x—3+3
=((e+3)-0)— f ——dx
=e+3-— f <1+—)dx
e+3
=e+3—[x+31n|x—3|]
4
=e+3—(((e+3)+3)—(4+0))
=1
Question 13
1 dv
u=tan" " x azl
-1
J-tan x dx du_ 1 B
dx 1+ x? veXx

—xtan_lx—f ad dx
B 1+ x2
1
=xtan"lx —§1n|1 +x2| +c
Question 14

J-lnlcos x| cosec? x dx

u = In|cos x|

du )
— = —tanx
dx

dv 5
— = cosec” x
dx

v = —cotx

= —In|cos x| cotx — ftanxcotx dx

= —In|cos x| cotx — fdx

= —In|cosx|cotx —x + ¢
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Question 15
dv
u = sinx a=2"
J— X o3
1-[2 sinx dx du B ox
dx—cosx v_an
_szinx 1 J-Z" p
~ In2 In2 cosxax
U = CoSX —=2%
du 2
Foie sinx v_an
_ 2%sinx 1 2"cosx+ 1 fzx, 4
~ In2 In2| In2 In2 smxax
_ 2%sinx 2% cosx 1 fzx, p
~ In2 In2 2 In2 2 smxax
(14 1 I_szinx 2"cosx+
- In22)  In2 In22 ¢
3 In?2 (2*sinx 2*cosx N
“iZ2+1\ Inz mzz ) 7°
_ 2*(In2sinx — cos x)
a In22 +1
Alternative using tabular IBP
S D |
+ sin x 2%
ZX
— CcoS X —
In2
2x
+ —sinx ——
(In2)2
J‘Zx nxd _ 2%sinx 2% cosx
smxax = In2 In2 2
(14 1 [_szinx 2"c05x+
v In22) ~ In2 In2 2 ¢
3 In22 (2*sinx 2*cosx N
“iZ2+1\ Inz mzz ) 7°

B 2*(In 2 sinx — cos x)

In22+1
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Question 16
d 1
u = x? d—v=(x—1)f
a | x%Vx—1dx x
du_2 _2( 1);
o2 v=3k

2 3 4 3
:§x2(x— 1)§—§J-x(x— 1)de

I PRI
=—x%(x—1) 3 3 z
(x—1)2
3 8x(x—1)2 16 7
=—x%(x—-1)2———"" 4+ _(x—1)2
3x (x—1) s +105(x 12 +¢
2% (x - 1)3 8xy/(x — 1)8 N 16/(x — 1)7 N
- 3 15 105
2 _

b [x2Vx—1d ut=x—1

fx x x 2udu = dx
=fx2u><2udu
=2f(u2+1)2u2du
=2f(u6+2u4+u2)du
_2u7+4u5+2u3+

7 775 T3 '€

24 (x =17 4J(x—-1)5 2J(x—-1)3
B R TN CE i
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Question 17
dv 1
u=x(nx-—2) — =—(lnx—1)"2
dx x
Inx — 2 du 1
e au_ (2 _ __ e
(nx—1)? dx I x<x>+(lnx 2)(1) (Inx -1)
=1 1 _ 1
_ Inx—1
_ x(lnx—2)+ lnx—ld
- Inx -1 Inx -1 x
x(Inx —2)
T Inx—-1 J-dx
2x —xInx
=—F————+tx+c
Inx—1
_2x—xlnx+xlnx—x+
Inx—1 Inx -1 ¢
X
lnx—l
b f Inx — 2 lnx—l—ld
(1nx—1)2 (Inx—-1)2 ¥
(nx =DM - @ 5)
= d
f (Inx — 1)2 x
- [ (=)
) dx\lnx—1 x
T lnx—1 ¢
Question 18
dv
u=x? d—=lnx
J-lenxdx X
d_u_z =xlnx —x
i xX v=x
=x2(x1nx—x)—ZJx(xlnx—x)dx
=x3lnx—x3—2f(x21nx—x2)dx
=x3lnx—x3—fozlnxdx+2fx2dx
2x3
-3 lenxdx=x3lnx—x3+T+c
le p _x’Inx x3+
x?lnxdx = 3 5 c
Question 19
. dv
u=xsimnx — = COS X
dx

I= fxsinxcosxdx
du

— =sinx+xcosx v =sinx

=xsinzx—f(sin2x+xsinxcosx)dx

=xsinzx—fsinzxdx—fxsinxcosxdx
) 1

2] = xsmzx—zj(l — cos 2x) dx

xsinx 1 1
I = ——|x—=sin2x |+ ¢

2 4 2
3 x sin? x x+sin2x
ST T4t g 7€
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Question 20

dv

f et 4 d
—aXx
1 +x)? —u=xex+ex v=

=e*(x+1)

1

dx (1 +x)2

1
1+x

xe*

=— +J-exdx
1+x
xe*

= - +e*+c
1+x

—xe* + e* + xe*

14+ x
ex

= +c
1+x

+c

Alternatively:

J xe* 4
T+x02

(A +x)e* —e”

h (1 + x)2

_J‘ d [ e* 4

T ) dx\14x x
ex

= +c
1+4+x
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Exercise 4.12 solutions

Question 1
dv
u= xn = p2x
I, = | x"e?* dx dx
du -1 2x
Tx =nx" v=—e
x
x"e?* n
= —= | x*1e?* dx
2 2
x"e?* n
= — =1y
> 5 -1
Question 2
v
u=sin""1x o sin x
L, = fsin”xdx du x
d—=(n—1)sin"_2xcosx V= —Cosx
x

= —sin" xcosx + (n—1) J-sin"_2 X cosx cos x dx
= —sin"lxcosx +(n—1) Jsin”_2 x (1 — sin? x)dx

=—sin"txcosx +(n—1) J-sin"_2 xdx—(n—1) fsin”xdx

ol =—=sin"txcosx + (n— DI,_, —(n— 1,
nl, = —sin® xcosx + (n — 1I,_,

L= sin® ! x cosx Ln= 11

n — n n n—-2

Question 3

L+,

= J-(cot" x + cot™ 2 x) dx
= J-cot”‘2 x (cot? x + 1) dx

= J-cosec2 xcot" % x dx

- — tn—l

n—1 co X
L] = 1 n-1 I
.n_—n_lcot X —lp_p
Question 4

Iy = fxoezx dx

= fez"dx

1
= — 2x
2e +c

fxzer dx =1,

x%e?* 2

=3 Tk
xZer erx 1
2 _< 2 _§1°>
_xZer erx 1 o
= - > +Ze +c
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Question 5

1
f x3(x? — 1)5 dx
0
=1
3—-1
=——1,
3+11

1 1
=—f x(xz—l)sdx
7Jo

1 ! 5

_ 2 _

=1z ; 2x(x 1) dx
1

1 [(x2—1)6]

T 14 6 0

1 0 1

T 14 6

1

84
Question 6a

In+ 1,4
T

T

3 3
= J- tan®" 6 d6 + J- tan®"2 6 d6
0 0

L]

= f tan?*72 6 (1 + tan? 0) d6
0

L]

= f sec? 0 (tan 8)?"2 do
0

2n—1
1
2n—1

~ I, =

[tanzn—1 9]%

0

m—1 -1
Question 6b

I, = ! I
37 23)-1 2

1 1
_§_<xa—1_h>

T
2 4
—1—5+ [tan@—@]o
2 i
<259 0-0)
_13 T
T 5 4
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Question 7

e2 u=(nx)" —=1
— n
I, _J1 (Inx)™ dx du

1
—=n(lnx)"1x- v=x
dx X

62

= [x(ln x)"] - nJ-e (Inx)* 1dx
1 1

wlp=e2x 2" —0—nl,_4
I, =e?2™ —nl,_;

Question 8a
v
u=sec"?t — =sec?t
x dt
I, = f sec"t dt du
") —=(n-2)sec™3tsecttant v =tant

dt
=(n—2)sec™?ttant

X
= [sec"‘2 ttan t] -(n-2) fsec"_2 ttan® t dt

0
=sec” 2xtanx —0—(n —2) fsec"‘2 t(sec?t—1)dt

=sec™?xtanx — (n — 2) fsec” tdt+(n—2) fsec"_2 tdt

vl =sec" 2xtanx — (n—2)I, + (n — 2)I,,_,
(n—1I, =secC*?xtanx + (n — 2)I,,_,

. _sec"_zxtanx+n—21
no n—1 n—1"72
Question 8b
T
3
fsec‘*tdt
0
=1,
2 T
=sec 3tan3+gl
3 32
\3 2(1 X tanz )
=22X—+= +0
3 3 3 1
4v3 2
=5 +3(%3)
=2V3
Question 9
dv
u = (Inx)" d—=x
I, =fxln”xdx ne1 x 2
du_n(lnx) X
dx X V= 2
x>(nx)* n
_ _n n—-1
> 2fx(lnx) dx
x*(nx)" n
S L

2
Iy = | xdx = 7+ c
x?(Inx)? 21

2 2!
_ x%(Inx)? <x2 Inx )

1

2 2zl
x?’(Inx)?> x%Inx 1/(x?
-T2 2 +E<7+C>

x*(Inx)? x%Inx x?
T2 T2 Tate
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Question 10
dv
g u=x" P cosx
I, = f x™cos x dx x
0 du ne1 )
il v = sinx
dv
7 z u=x"t o = sinx
=[x"smx] —nf x™ 1sinx dx du x
0 0 o (n—1Dx™? v=-—cosx
T T
m\" 2 2
= (E) +n [x"‘l cosx] —(n-— l)f x"? cosx dx
0 0
T n
=<9 + 100 = 0) — n(n — DI,_,
T n
Sy = (E) —nn— 1D,
Alternative solution using tabular IBP
T 3 D |
2 2
I, = [x" sinx + nx™"1 cosx] —n(n-1) f x™ 2 cosx dx "
0 0 x Cos X
m\" - .
- (((E) D+ 0) —(0+ 0)) —n(n =Dy, - nx"1 sinx
<n>n (- D + n(n —1)x"2 —Ccosx
=|=)] —nn-
5 n-2
Question 11
dv 1
u=x" d—=(2x+1)2
Inzfx"v2x+1dx du x 1 3
_= n-1 = — 2
P nx v 3 (2x+ 1)
3
x"(2x+1)2 n 3
= % - gf x"‘1(2x + 1)2 dx
x™/(2x + 1)3

n 1
S S gf(Zx + Dx™1(2x + 1)2 dx

x"(@2x+1)3 n
=f—§f2xxx

x"/(2x +1)3 2n n
=%—?fxnv2x+1dx—§fxn‘1v2x+1dx

x(2x+1)3 2n n

A=~y

3 3 3
2n+3 x"/(2x+1)3 n
3 " 3 R
o _x“w/(2x+1)3 n
T 2n 43 2n+3 "t
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Question 12
u=x" @M1 ﬁ = 2%
I = | x~(m-Dp2x g, dx
nt u — ( 1) -n — 1 2Xx
il X v=rce
— ezx + n-— 1J‘ —-Nn,2x d
=St 3 xe?* dx
e?* n-1
In—l = m + Tln
n—1 e%x
7 =gt
L e 2 L
no (n—l)x”‘1+n— 1t
Question 13a
dv
u=(Inx)" F x™
j— m n
Ly = fx (Inx)™ dx du (Inx)™1 x 1 ~ XM+
dx nnx X V= m+1
_ ™ (Inx)" n f " (n )1 d
m+1 m+1 XX x
L= x™*1(In x)™ n
T m41 m+1 ™1
Question 13b
fxz(ln x)?
=1,
x3(nx)? 2
=3 3
_x*(Inx)* 2/x’Inx 1
I 3\ 3 3720
x3(nx)? 2x3Inx ZI 5
= — — | x“dx
3 9 9
x3(nx)? 2x3lnx 2/x3
= - sl ) tc
3 9 9\ 3
x3(nx)? 2x3lnx 2x3
= - +=—+c
3 9 27
Question 14
dv
= g] 3 — =y
u = sin 3x ik
I J sin 3x d du 3 5 x—ntl
= X —_—= =
n x™ dx cossx v -n+1
_ 1
T (n—1xn1
_ sin 3x N 3 Jcos 3x
T (m=Dx"1 n—1) xn1 x
sin 3x 3
= - + Jn-1

n—Dx"1 n-1
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Question 15
1 dv _
1 f ; u=zx"_1 E=2x(x2+1) 2
n= 21 1)2 x du 1 _
o (*+ D) a=5(n—1)xn‘2 v=—(x?+1) !
1[xm 1] n—1 ' xn2
=—= d
2[x2+1]0+ 2 J;x2+1x
1 0+n—1 1x"‘z(xz+1)d
-7 A (x2+1)2 x
_ 1 n—lJ‘ dor +n—1f
=77 (x2 +1)2 (x2+1)2
1 n—-1 n—1
=_Z+T[n+T[n_2
3—n 1 n-—-1
2 Inz—z'l'TIn_z
L= 1 n—11
"T2(m—-3) n-3"72
Question 16
1 uzlxm‘1 d—v=2x(x2—1)5
I, = xm(xz—l)sdx 2 dx
m du m-1 1 6
" a= " v=p( 1)

_112[ G 1)]

m—1 1
=0————| x™2(x?2-1)(x%- 1) dx
12 J,
m—1 1 1! 5
=———| x™(x2-1)"d m-2(x2 _1)°d
12[() (x2 )x+12J;)x (2 —1)°dx
om+11 _m—lI
o122 M7 12 M
. _m—lI
M T m411 M2
Question 17
dv 1
0 u=x" d—=(x+3)2
Inzfx"\/x+3dx du x 2 3
-3 —=nx"1! v==(x+3)2
dx 3

0
= %[xn(x + 3)%]_

Df m=2(x2 —1) dx

2n (° 3
——nf x™ (x +3)2dx

_0——f n10x + 3)(x + 3)2 dx

=——jxx/x+ dx—ZnJ x" x4+ 3dx
-3

2n
[n = _?ITL - 2n1n_1
2n+ 3
I, = —2nl,_4
3
L, = on I
T 2n43
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Question 18
dv
dx u = cosec™ 2% x o cosec? x
I, = x
n f sin™ x u n-3
Fi (n — 2)cosec™ > x (—cosecxcotx) v = —cotx
X
= fcosec” x dx

—cotx cosec™ % x — (n—2) fcosec”‘2 x cot? x dx

cosXx 1
sinx sin"2x
cosXx
=———=-—-(-2) fcosec”xdx +(n—-2) fcosec"‘z x dx
sin®~1 x
cosXx
K [n = —@— (Tl - 2)171 + (n — Z)In_z
(n - 1)[n = —W'F (Tl - 2)111—2
W= COoOsSXx 4 n— 21
Slp = (n—1sin"1x n-1 n-2
Question 19a
1 dv
1 ) u:EXZTl azzxexz
= 2n+1_,x
Iny1 = J;) X e* dx du 2
— = nx2n-1 p=e*
dx
1 T 1 ]
= — xZnex _nJ- xZn—lex dx
],
- E(e —=0) = nlpn4
e
= E —nlp_q
Question 19b
e
Is = 57 213
_¢ 2 (e I >
=3 >~

e T,
——+2f xe* dx
2 0

1
<[]
2 0
—E+e—1
2
_f_
2
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Question 20
1 u=>1-x)"
I, = J Vx(1—x)"dx
0 _u — _ n-1
=-n(1-x)
dx

dv
dx

N[

Wi R

N| W

2[ 3 Yoontos
=—[x2(1—x)"] +—f x2(1—x)" 1dx
3 . 3
2 2n (1
—20-0+ 7 [ xE1 -0 dx
3 3 J,

1
- —2?"[ (1 = x — DyE( — )" dx
0

2n (1 2n (1
= _?nf ﬁ(l—x)"dx+?nf Vx(1—x)" tdx
0 0

2n 2n
= _?In'i'?ln—l
2n+ 3 2n
3 I =?In—1
L, = 2n I
" 2n43 !
2(3)

b=9@ 3l
i)
3\2(2) +3/ 71
S22,
21\2(1)+3)°

16 (* 1
= — 2d
105), ©° %

_16 2[ 3
~105 3",
32

" 315
Question 21a

1 . u=(1—x2)n
In=f0(1—x2) dx |,

n-1
== n(1—-=x2)" (-2x)

=1
dx

v=X

1 1

= [x(l - xz)n] + ZnJ x?(1- xz)n_1 dx
0 0

=0—0+2nj, 4

=2nfp_4
Question 21b

1
aly = —ZnJ (1-x2-1)(1—x2)""dx
0

1 1
= —ZnI (1-x2)"dx + 2nf (1- xz)n_l dx
0 0

I, = —2nl, + 2nl,,_4
2n+ DI, = 2nl,_,

L, = 2n I

" 2n41 Mt

HSC Mathematics Extension 2 (2024) © Steve Howard 214

Exercise 4.12 solutions

Howard and Howard Education



Question 21c
1 1
Iy —Ipyp = f (1-x2)"ax —J- (1-x2)""ax
0 0
1
= J [(1 —x2)" = (1- xz)n+1] dx
0
1
= f [(1 —x2)"(1-1+ xz)] dx
0
1

=f x2(1—x2)" dx
0

=]n
“Jp =1y —2(n+ 1)), from(a)
@n+3),=1,
1

=3
Question 21d
1
Jn = m+3 (Zn]n—l)
_ 2n
= g3t
Question 22a
t=t X
J‘ dx - an2
5—4cosx do = 2dt
1+t2
_f 1 L
B 5_4(1—t2) 1+t2

1+t2

_zf dt
B 54 5t2 — 4 4 4¢2

_zf dt
B 9t2 + 1

_Zf 3 it
“3) 3)2+1

2 -1
= gtan 3t+c

- (1)

=3 an tan2 c

Question 22b

f" cosx d

o 5—4cosx *

:fﬂ—%(5—4cosx)+%
0

5—4cosx

1" 5%  dx
:_ZJO dx+ZJO 5—4cosx

1[ 1" 5=
=‘1Ho+z(§)

T 57
1712
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Question 22¢
5

Up+1 +Up—1 — Eun

T cos((n + 1)x) + cos((n — Dx) — %cos nx
= J dx
0

5—4cosx

dx

. . . . 5
J‘T[ COSNx cosSx — sinnx sinx + cosnx cosx + sinnx sinx — jCOS nx
0

5—4cosx

dx

5
J‘”Z cosnx cosx — ?COS nx
0

5—4cosx
lf”cosnx (4cosx—5)
dx
0

)
1 T
_EJ; cosnx dx

11 4
2 nsmnxo

5—4cosx

- Lw-0
T 2n
=0

Question 23a
1

| _fi dx
17 ) 1+ 4x2
1

_1f§ 2
“2), 1+ @™
1

1 1 2
=—|ltan"" 2
2[an x]

T 2\4
Vs

0

8
Question 23b

1
| _IE dx
")y (L + 4x?)n

- d
2 _ u=(1+4x2)" o
=f (1+ax?) x| dx
0 = -n(1+ 4x2)_(n+1)(8x) v=x

3 x 7+2 f% 4x? 4
Tlav e ") G ey ™

1
1 Z21+4x%2 -1
= on+1 —0+2n o (1 + 4x2)n dx

N[ =

1
1 7 1 1
=—+2nj —dx—an ———dx
2n+t o (1+4x2)n o (1+4x2)n+l

I, = ot +2nl, — 2nl, 44
1
(1-2n)I, = —2nl, 4 + W
_ 2nlp 1 1

I = 2n—1 2n*1(1 —2n)

HSC Mathematics Extension 2 (2024) © Steve Howard 216 Howard and Howard Education
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Question 23c
_ 2nly4q 1

" 2n—1 2n1(1-—2n)
1 _ 2nly4q
2nt1(1—-2n) 2n-—1
2n—1 1
Iy = o T + non+z
22) -1 1
3 - 12 +
2(2) (2)2@+2
1

=1 +—
a2t3;

_3(2m-1, 1 1
= Z( 2a) 7 (1)2(1)+2> i
3

I

1 = 1 1
= EX§+§)+§
3(m+2 1
=z<?>+§
3+ 8
" 64

Question 24a
n-3 n-—1

(G-e)F ~(-) 7

—(1-)7 (1-(1-17))

n=3
— tZ(l_tZ) 2
Question 24b
n—1

1 n-1 u=(1-¢t?) 2 w_y
Inzf (1—t2) 2 dt _3 dt

0 du n-1 ZnT

i (1-t3) 2 (=2t) v=t

n-111 1 (n-3)
=[t(1—t2)2] +(n—1)f t2(1—-t?) 2 dt
0 0
1 n=3 n-1
=0+(n—1)f ((1—t2)2 —(1—t2)2>dt
0
1 n-3 1 n-1
=(n—1)f (1-¢2) 2 dt—(n—l)f (1-t?) 2 dt
0 0

Li=(n=Dl, - -1,
nly = (n— D,
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Question 24c

Let P(n) represent the proposition.
P(1) is true since

J1=1hl

1 1 1
=f dtxf (1-t¢2) 2de
0 0

1 1
=H <

0 - 0
=7(r1—0)><(§—o)

2
If P(k) is true for arbitrary k > 1 then

A
Jk = klgl—1 = 5
RTP: P(k +1) Jysr = (k + Dliyalie =5
(k + Dyl
= klj_41I;, from (ii)
= g from P (k)
~Pk)=Pk+1)
~ P(n) is true for n = 1 by induction

Question 24d

0<1—t2<1for0<t<1
n-1 -2

. 0< (1—t2) z < (1—t2) 2
n—1 -2
f (1-¢?) 2 dt<f (1—t2) Z dt
0<1I, <y,
Question 24e
Jn=nlyl, 4 =

sin~? t]

|;|N|:l

Lhi,_q = m

2 T :
IF < P from (iv)

I, < T
"= N2n

s
]n+1 (Tl + 1)In+11 - E
Vi

Lyyily = 50—
2(n+1
an

12> o™ from (iv)

T
/z( T <
2(n+1
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Question 25a
Q"= Rk)R2k—-2)2k—4)...2
=2(k)2(k — D2k — 2)...2(1)
= 2kk!
Question 25b
(2k + 1)1 2k k!
[k + 12k — 12k —3)...1][2(k)2(k — 1)2(k — 2)...2(1)]
[k +1)(2k — 1)(2k = 3)...1][(2k) 2k — 2)(2k — 4)...2]
=QRk+1)QKRE-1)Rk-2)2k—-3)(2k—4)...2-1
= (2k + 1)!

2k + 1=

Question 25¢
T

2 2n
Ly = sin“™ x dx
0

2k + 1)!
2kk!

77.'

= V3
2 2
= - [cos x sin?"~1 x] +@2n-1) J- sin?™~2 x cos? x dx
0 0

T
2

=—(0-0+2n- 1)J. sin?"2 x (1 — sin® x) dx
0

T T

2 2
=02n-1) f sin®* 2 xdx — (2n—1) J. sin?™ x dx

0 0

Iy =@2n—1ln_ 5 —2n— 1Dl
2nly, = 2n— Dy
2n—1
Ly = TIZn—Z
2n—1 2n-3
X——I,,_
2n 2n—2 7t
2n—1 2n-3 2n—5[
= X X —
2n 2n—2" 2n—4"""""
2n—1 2n—-3 2n-5
X X X.. X =1,
2n Znn— 2 2n—4 2
(2n - 1)1 J‘E
=—F7—"- dx
@t J,
(2n)! %
_ 2"l
T
_ 2n)! (n 0)
T 22n(n1)2\2
_ n(2n)!
- 22n+1(n!)2
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Question 26

1 N u=(1-x2)" —=1
12n =L1(1—x2) dx du

av _ _Zn—l_ _
I n(1-—=x2)" (-2x) v=x

_ [x(l - xZ)"]l_1 von [ (1 -x2)"

1
=0- 2nf (1-x2—1)(1—x2)"" dx
-1

1 1
—2n f (1-x2)"dx + Zn.[ (1- xz)n_l dx
-1 -1

[271 = —ZTlIZn + 2n12n_2
(Zn + 1)[271 = ZnIZn_Z

2n
Ly = zn—_l_lIZn—Z
2n 2n—2

X —- _
2n+1 2n—1[2"4
2n 2n—2 2n—4

= X X
2n+1 2n-1 2n—312"‘6
2n 2n—2 2n—4

= X X X.. Xzl

2n+1 2n—-1 2n-3 3

2n 2n 2n—-2 2n—-2 2n—-4 2n-—4 2 2 fl

= X — X X X X X... X = X =X dx

2n+1 2n 2n—-1 2n-2 2n-3 2n-—4 3 2 1
_m2m-D2m-2)..20)°[ |
- Zn+ 1) ],

22n(n!)2
- = (1-(-D)

(2n + 1)!

22n+1(n!)2
T @2n+ )
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Chapter 4 Further integration - 100 revision questions - solutions

Question 1 Question 6
f dx f 1 d
x2 +6x + 10 Va2 ¥
dx 1
[ dx - f S
(x+3)2+12 V16 — (3 + x)2
=tan"!(x +3) + ¢ ., (x+3
Question 2 = s < ) +C
f%dx ANSWER D
X%+ 2x ‘1‘ 2 Question 7
1 X
= f—dx e u=e*+1
2 2 —d
—t (J_Cl+ 1_)|_ 1+i o (14eX)? X du = e*dx
e [
- 02
dv 241 "
e u=(nt)" a _ ¢ -2
I, =f (Int)*dt ne1 t - udu
) du n(lnt) 2
@~ VTt 1
e -
= [t(ln t)”] -n f(ln )" 1dt [1 ]2e+1
1 - _|=
=e—nf(lnt)”_1dt ulz L
=e—nl,_4 =_<e+1_§)
Question 3b 1 1
I =e~3l, EATS
=e—3(e —2I;) Question 8
=—-2e+6(e—1Iy) f 1 d
e X
— e — 6f dt xlrl”‘
1 e = ﬁdx
=4e—6 [ t] Inx
1 _
— 4e—6(e—1) =In|lnx|+c¢
= —_26 +6 Question 9
Question 4 1 cos™1x 4
d X
u=tan"lx d—v=x 0 vll—xz
fx tan~1x dx d 1 o, = - — X (cos™ 1 x)! dx
T o A VI=xd
1
1
_x*tan'x 1 x? = ——[(cos‘1 x)?
) R i O
_ x*tan™'x 1J‘1+x2—1d =__<0_(E)>
-T2 2) 14z & 2 2
x%tan~1x 1Jd +1J 1 p _
= " |dx+= | ——dx 8
2 2 2) 1+ x2
x*tan"lx x 1 éNSV;I-ER a(|:0
=f—§+itan‘1x+c ges ion
Question 5 J3 sec3 x tan x dx
0

fsin x cos(cos x)dx

secx tan x (secx )? dx

Il
S
Wl

s

= —sin(cosx) + ¢ _ [sec3 ]3

= —f—sinxcos(cosx)dx
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Question 11
The identity is true for all values of n since

foaf(a—x)dx = foaf(x)dx

ANSWER D
Question 12

dx
J- x—D(x+2)

_1 1 1 p
3 x—1 x+2 x

1
= g(lnlx— 1| —Injx +2]) + ¢
_ 11 x—1
“3"M X+ 2
Question 13

1 2
f xe ™" dx
0

‘+c

Question 14a
10

v’
equating coefficients of x?2:

a+b=0 = b=-2
equating coefficients of x:

b+c=0 = c=2
Question 14b

J‘ 2 +—2x+2 d
x+1 x%2+4 x

_J‘ 2 2x 4 2 d
B x+1 x24+4 x2+4 x

x
= 2In|x + 1| — In|x? + 4] +tan_1§+ c

Question 15
t?2 -1
=
1
=f<——t'3> dt
t

-2
=ln|t|—_—2+c

1
ln|t|+—+c
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Question 16
dx

Vo—x-w
X

:fﬂxzcj”i%ﬁ)
ot
3) -(z++)

x+%
5/2

- (2x+ 1)
= sin R

Question 17

1

= sin~ +c

u = log, 3x
2
fx log.(3x) dx du 1

& V=3

—* 1og. 3 1f2d
= 7 log, 3x — 3 | x?dx
3 3

= ?loge 3x — )
Question 18
J‘ cos @ 40
sin* @
= fcos 0(sinf)~*do

(sing)~3
=73 +c
1

+c

3sin3 60 te
Question 19
dx

V2 — 4x — 2x2
-’-w/2(1—2x—x
J_sz—(1+xV

=—sm <x+1>+c
V2 V2

Question 20a

cos2x — cos4x

sin 4x + sin 2x
2sin3xsinx

2sin 3x cosx
sinx

sincesin3x # 0
cosXx

=tanx

Question 20b

sin 3x + sinx

= 2sin2x cosx

= 2(2sinx cosx) cosx
= 4sin x cos® x

Howard and Howard Education



Question 20c
2cos2x cosx
=2(2cos?x — 1) cosx
= 4cos3x —2cosx
Question 20d

2tanx cos3x
2 sinx cos 3x

. coSsx
sin4x — sin 2x
B cosx
= secx (sin 4x — sin 2x)
Question 21
dv
u=x Fri cosXx
X cos x dx x
du 1 )
— = v =sinx
dx

= xsinx—fsinxdx

=xsinx +cosx +c
Question 22

fx+1d
xX—2 x

x—2+3
- [,

x—2

(2

=x+3Inlx—-2|+¢
Question 23

f\/16—x2dx
1 2 _%d
—EJ-(—Zx)(16—x) x

1 1
-5 X 2(16 —x%)2 + ¢

=—J16—x%2+c
ANSWER B
Question 24
. N
J.E dx t= tal’lz
1+ sinx 2dt
0 dx =
SEEE
1 1 2dt
- f 2t “T+e2
0
L+ 1+t2

! 1
=2 | ————=dt
fo 1+t2+2t

1
2j(t+1)_2dt
0
2| ]
t+1f,

=

=1
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Question 25
e*dx u=e*
V1 —e2x du = e*dx
_f 9 du
Tl e e
[ ==
= | ———du
1—u?
=sin"lu+c
=sin"le¥ 4 ¢
Question 26
f4x3 —2x%2+1 4
2x — 1 x
f2x2(2x -1D+1
= | ———dx
2x —1

=f 2x2% + ! dx
2x — 1

“Zxiya [2x — 1] +
—3X an c

Question 27
dx

V3 — 4x — 4x?

J-\/—(4x2+4x+1—4)
zf 22 — (2x + 1)2

f 2dx
22 — (2x +1)2

2x+1
Esm ( > ) +c

Question 28

cos* x sin® x is the product of an even and an

odd function which is odd.
f_aaf(x) dx = 0 for odd functions
T

2 4.5
~ | cos®xsin xdx =0

2
Question 29

1 dv
1 u=tan" "' x d—=1
ftan‘lxdx du x
0 u_ 1 _
1+ x?2 veXx
[xtan ] f1+x2 x
T 1
Z E[ln|1+x2|]
m 1
— — 2_
=7 2(n 0)
T 1
=3 72
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Question 30
f dx
x2—6x+13
_ J dx
(x —3)2 + 22

_ 1t i (x— 3 +

=3 an > c

Question 31

sin 130° 4 sin 10°

= sin(70° + 60°) + sin(70° — 60°)
= 25sin 70° cos 60°

= 2si 7O°><1
= 2sin >

= sin 70°
Alt:
sin 130° 4 sin 10°

~ (130+ 10 130 - 10
= 2sin > cos >

= 25sin 70° cos 60°

= 2si 70°><1
= 2sin >

= sin 70°
Question 32

f(x) = sin3x cosx — cos 2x sin 2x

1 1
= E[sinélx + sin Zx] - Esin 4x

_1'2
—ZSIle

The amplitude is % and the period is 27” = .

Question 33
1—-cosé@

sin @
1—1t2
(1 1+ t2>
2t

1+4¢t?
14+t -1+t?

2t

_2t?
T2t

=t
Answer B
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Question 34

V3 x3

[ 2
0 (1+4x2)2
Yx3 du
_X_

3

12 2x

14 _3
=—f (u—1Du zdu
2J;

1%/ 1 _3
=§f1 u2—u 2)du

'l T
=E[2u2 + 2u ZL
=%((4+1)—(2+2))

Question 35

13
J- xVx (xf + xf) dx
= J-(x2 +x3) dx
x3  x*

=?+T+C

Question 36

logz 2
J- 3% logs 2 dx
0
logz 2
= J- 3logs 2% gy
0
logs 2
= f 2% dx
0

logs 2
el
In2 0

1

- 210g3 2 _ 1
In2 ( )

Question 37

sinB —sin A

N =

cosA —cosB

sinA —sin B

" cosA —cosB
(A+B) . <A—B>
2 cos sin

2 2
Py (A+B> : <A—B>
sin ) sin )

e [ATB
= CO 2
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Question 38 Question 40b
t=tan6 4 8 — 2x .
dt 2
T = —sec?f o (1+x)(4+x2)
fé de do sec , 4 2 2x p
o 9—8cos?6 =1+t _fo 1+x 4+x2 x
dt .
dg = 5
1+¢ = [2In(1 + x) — In(4 + x?)
1
— 0
=fﬁ r dtz = (2In5—1n20) — (2In1 —In4)
-8 1+ =In25—1n20 + In4
L sec- 0 | 25 % 4
NG 1 dt =1In
=fv§ y 20
o 9_ 8 1+t =1In5
) 1+t2 Question 41
7 1 The 5 can be absorbed into the values of A and B, so
= | oxom_ad is not needed in either d inat factor. Th
9+9t2—g is not needed in either denominator as a factor. The
Oi easiest way to get the required denominator of
=J' 3 1 d (x + h)? is to have a constant over (x + h)? and
o 1+9t? another constant over x + h.
1 % 3 ANSWER C
== |V —dt i
3f T (302 Qtlestlfn 42 "
X —d
_1 n-1 J-_11+e—x e* x
—g 3t 1 ox
1 - J-_lex+1dx
=3(3 ——0 L
_r = [ln(ex+ 1)]
9 -1
Question 39 =In(e+1)—In(e 1 + 1)
u:ex - 1 1 1+e
J- e2X o du = e*dx =In(e+1)—1In -
e*+1 dx = du e+1
x=— =In{—oon"—
u (1+e)/
f u? du e
= X — =Ine
u+1l u -1
=f Y ANSWER B
utl Question 43
=f u+1_ 1 du 2cosf + 3sinf = -2
u+1l u+1 ) 1—t2 43 2t \
=f(1—L>du 1+ ¢t2 1+t2)
u+1 2 —2t% + 6t = —2 — 2t?
=u—In(u+1)+c 6t = —4
=e*—Inle*+1|+¢c 2
Question 40a t=-3
_8—2(—1)_2 tang__z
Tarcnr T 2° 73
equating coefficientsof x?>: a+b=0 = b= Q_ 7 — tan-1 (E)
-2 2 3

equating constants: 4a+c=8 = ¢=0 (2
rna=2b=-2c=0 =2{m—tan" (7

Check 0 = m:
2cosmt+3sint=-2+4+0=-2 V
~t=511Q2dp),m
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Question 44a

Iy
1
- [wa
0
dv 1
u=(1-x)" a=x2
AN )
x)"dx du R 23
- " X V=3

——[xz(l—x)"] +—f x2(1—x)” Ldx

=0+?J;\/?-x(1—x)"_1dx
_ 2n ! n-1
__?fo\/}(l—x—l)(l—x) dx

2 1
=——nf Va1 —x)"dx
3 Jo
2n (1
+?J- V(1 —x)"tdx
0

2n+ 3 2n
3 [n ?In—l

I, = 2n I
" \2n+3) "1

Question 44b
I = 28 I
37\23)+3)%

2 22 ;
“3\z2+3/1
8 21 .
21 2(1)+3 0
16
=105 J, ‘Fdx
3 1
_ 16 | x2
=— |5
105 /20
32
~ 315
Question 45

sin3x + sinx + sin 2x
= sin(2x + x) + sin(2x — x) + sin 2x
= 2sin2x cosx + sin 2x

=sin2x (2cosx + 1)

Question 46a

16
22+4
equating coefficients of x2:
—a+c=0 > a=2
equating constants:
2b+4c=16 = b=4
a=2,b=4c=2

Cc =
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Question46b
f(x +4)(2—x)
2x+ 4 2
_f<x2+4+2 )dx
2x 4 2
=f<x2+4+x2+4+2—x)dx

x
=In|x? + 4| + 2tan™! (E) —2In]2—x|+c¢
Question 47

) dv
1 u = sin X %=
-1
fsm x dx du 1
0 —=— v=X
dx  \1—x?

—

X
xsin~ — dx
]0 J;) Vl—xz

s 11 _1
=_ | (- —x2) 2
> +2f0(2x)(1 x?) 2dx
T 1 it
= — 4 — — x2)2
5 +3 2[(1 x)]

0
_T
)
Question 48

fo GiDzx+D™
Y L,
_fo <x+1_2x+1> *

1 1
= [lnlx + 1] —Eln|2x + 1|]

0

=(In2 113 In1 111
={(In ZIn n ZIn
2

=In—
V3
Question 49
dv
z u=x o= sec? x
f x sec? x dx x
o du
—=1 v =tanx
dx

n T

4 %
=[xtanx] —f tan x dx

0 0

=2 _ 0+ |in|cosx|
—4 n|cos x

INE

0

7T+1 1‘
= — n|l—
4 V2
T
:Z+ln1—ln\/§

m 112
2 27"

ANSWER A
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Question 50
f(tan3 2x + tan 2x) dx

= Jtan 2x (tan? 2x + 1) dx

1
= EIZ sec? 2x (tan 2x)* dx
_ tan®2x
T o2x2
= Lanzox+
=gtan’2x +c

ANSWER C
Question 51
cosx —3sinx+3=0

1—t? 2t
Tvez N\igez) 370
1—t?—6t4+3+3t2=0
2t2 —6t+4=0

+c

t?2—3t+2=0
t-Dt-2)=0
t=1,2
tanle tanfz
F o F
E—g E tan~1(2)
x = > x = 2.214297
Check 6 = m:

cost—3sint+3=-1+0+3=2+0 X
T
“x=5,221(2dp)

Question 52
(7]
g 1 t=tan§
f—_d@
o 1—sind 46 = 2dt
1+ t2
1
73 1 2dt
= X
fo 12t _1+¢?
) 1+t2
7 1
=2 —dt
jo 1+t2-2t
1
B 1
=2 ——dt
fo (t—1)2
1
_ 1 ]ﬁ
t—1],
=2 L_1+1
V3
V3 1-43
=2 +
1-v3 1-+3
( 1 ) 14++3
= -2 X
1-+/3) 1++3
~2(1+43)
B 1-3
=V3+1

HSC Mathematics Extension 2 (2024) © Steve Howard

Chapter 4 Further integration - 100 revision questions - solutions

Question 53

f 5—xd

54+x X

_J‘ 5—xx 5—xd

B 5+4+x 5—x x
5—x

= dx

V25 — x?2 )

1 _1
dx + Ef(—Zx)(ZS —x%) 2dx

5
_f\/ZS—xZ )
1 1
= 5sin~! (g) +E>< 2(25 —x2)2 +c

X
= SSin_l(—)—i- 25—x2+¢

5
Question 54a
A= 1
T 1+(-3)2

equating coefficients of x?2:
A+B=0 = B=-1
equating constants:
A+3C=10 > (=3
A=1B=-1,C=3

Question 54b

f ng de = dt
3+ tan =1+ 2
10 dt
= _ X —
3+t 1+41t2

~ 0
=) Groa+™

1 t—3
:f<3_+t_1+t2)dt

1 t 3
:f<3+t_1+t2+1+t2)dt

1
=1In|3 + ¢| _Elnh +t2|+3tan Tt +c

1
=1In|3 + tan 8| —Eln|1 +tan? 8| + 3tan"*(tan ) + ¢

1
= In|tan 6 + 3| —Eln|sec2 8| +36+c

Question 55a

11
I =f dx
0 o V1+x
1 1
=f (1+4+x)2dx
0

11
|a+0z
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Question 55b

n dv 1
u=x ——
= dx dx vV 1 +x
v d 1
o V1+x Y -t v=2(1+x)2
dx
1]t 1 1
=2 [x"(l + x)Z] - an x™" (1 +x)2dx
0 0
1
= 2\/5—0—211[ x™ W1+ xdx
0
=2V2 = 2n(l, + I,_1) given
~@2n+ DI, = 22 - 2nl,_4
_2v2-2nl,_,
T 2n+1
Question 55¢
_2v2 -2,
7 2 +1
_2n2-2(2v2-2)
- 3
_4-202
3
_2V2-2)4
27 2 +1
242 — 4 (#)
- 5
_6V2-16+8V2
h 15
14216
15
Question 56
J’Z dx
1 x(1+x2)

_le * ),
L\ 1+ a2 *

1 2
= |In|x| — §1n|1 + x2|]

1

—12115 11112
={In Z1n n Z1n

“3m2-tms
“ e

Question 57
X u?=1-x
dx 2udu = —dx
V1—x dx = —2udu

-5
)( 2u du)

=2f(u —1)du

2u 3
T—2u+C
2 (1-x)3

3 —2Vl—x+c
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Question 58
dv Cax
U = coSX o
I = |e?*cosxdx x
du_ ) _ 1 Zox
I = Csinx  v=-ce
1=—le_2xcosx—1fe_2xsinxdx
2 2
— o v _
u=siny - =e
du_ _ o
7, = cosx v=-—se
1
— -2
5 e cosx

_l _le_zxsinx+lfe_2x cosx dx
2 2 2

—2 1 —2X o 1
=——ce xcosx+Ze Ysinx ——I+c¢
EI=—le_z"cosx+le_2"sinx+¢:
4 2 4

e %*(sinx — 2 cos x)
| = : +c
Question 59
for0<x<1 x™>x"t?

1
<
14+x™ 14 xn#? -
sin x and cos x are symmetrical about "

-~ statement I is true

T T
so [Zsinxdx = [2cosx dx - statement II is true
ANSWER D

Question 60
1 dv
1 U =CcoS X —=1
cos 1 xdx dx
du 1
0 —_= =X
dx 1—x2

=[xcos_1x] + \/%dx
—o—o—lj( 2x)(1—x2%) de
1 1
=—Ex2[(1—x2)2]
=-(0-1)

=1
Question 61a

1

0

1y ut?=1-x
11 :f dx 2u du = _dx
o Vl-—x dx = —2udu

01_ 2
=f Y % (—2u du)
1 u

1
— _ 2
—Zfo(l u®)du

w3
=2(u——=
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Question 61b Question 63
-1~ dv 2
- u=x —=tan“x
Z dx
f \/1— f f x tan? x dx =sec’x—1
Tl 0 du
J Ix =1 v=tanx — x
U3 T
7 T
=J:) X"V - xdx =[x(tanx—x)] —f4(tanx—x)dx
0 0

Question 61c

s

- T T x%]*
fn-1 = = <Z<1 _Z>> -0- [—lnlcosxl —7]

0

1
=J- x" W1 —xdx
0

-5 2)-o-0)
dv =7\t77 =20
u=vVi—x 27—yt 4 4 V2 32
dx T mw? m? 1
du 1 1 x™ =———+4+——Z1In2
—=—=(1-x)2 v=— 4 16 32 2
dx 2 n r w1
_ 1 =Z—§—Ell’12
2V 1-x Question 64
cos(\/_)
x"Vl—x] +—f
[ v1—x \/_
1 1 1
] = =2 —Xx 2 d
In_1—1Ip ZnI" f(zx )cos\/f X
2nl,_q —2nl, = I, = 2sinyx +¢
2n+ DI, = 2nl, 4 ANSWER B
__2n Question 65a
L, = In—q
_ 2n+1 B_3(1)2+3(1)—2_1
Question 62 = 1+ 12 =
X . . 2
t =tan— equating coefficients of x“:
fsecxdx Zdzt A+B =3 = A=2
dx = . A=2B=1
1+t Question 65b
_f1+t2 2dt 3x2 +3x —2
12 1+e? G-Dar12
1 2 1 1
o[ i
1-1t? f<x+1+x—1+(x+1)2)dx
1 1 1
_f 1—_'_t+1—_t dt —21n|x+1|+1n|x—1|—?+c
=In|l+t|—-In|l1—-t|+c
14¢ =In|(x+1D?*(x—-1) —?+c
=In|——-I|+c¢
1—-t
ANSWER B
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Question 66 Question 69a
x = 2cos0 dv
J-\/§ 1 i dx T u=x" Tx =sinx
——dx — = -2sin8 L, = x"sinxdx
1 x2V4 —x2 dg n J du _
dx = —2sin6 d6 0 a=nx" 1 y=—cosx
T
6 1
= J;T . > (—2sin 8 do) T .
I A — _
3 ;‘;COS O V4 —4cos®0 = —|x"cosx +nf x™" cosxdx
1(3 1 0 0
=—f —————— x5in6 df L
4 % cos?0sinf =—(—n"—0)+nf x" "t cosxdx
T 0
1(3 dv
= ZL SeC2 e da u= xn_l a — cosx
g du n—2 )
—1t 03 a=(n—1)x v =sinx
=1 an . —
1 61 ="+ ni[x”_1 sinx] -(n-1) fx"‘z sin x dx}
= —<\/§ — —) 0
4 3 [,=na"+n{0—(—1DI,_,
131 =n" —n(n— Dy,
4\V3 V3 Question 69b
1 T
= f x%*sinx dx
2\/3 0
\/§ =1
=% =t — 43,
Question 67a =n* —12(n? — 2(1)1,)
2 _ 2 _ T
x x+1=1(x +2x+1)—-3(x+1)+3 =n4_12n2+24f sinx do
x2+2x+1 3x2+2x-5|,-1 0
T

Sl itere =”4‘12”2+24[‘C°”]
A=1,B=_3;C=3 ’

— 4 _ 2
Question 67b =n*—12n"+24(1+ 1)

=n*— 1212 4+ 48

2 _
ﬁdx Question 70
(x + 1) I—J
3 3 In2 ,x -x
=f 1——+7>dx _f e —e¢
2 = —d
< x+1 (x+1) o e +e™ X
— 3 In 2
=x—3In|x+1| - +c
. x+1 = [In|e* + e7¥|
Question 68 o
dv 1
L u=x — =sec’x =In{2+=|-In(1+1)
f3 2 dx 2
xsec“xdx
0 d_u=1 vV =tanx =1 >
dx =\
3 ANSWER D
= [xtanx] —f tan x dx Question 71
o, f©) +9@®
V3 3 o . T
:T+ lnlcosxl] —351n4t+351n<4t+3>
T
0 :3(sin4t+sin(4t+—)>
V3 1 3
=——+In-—-1In1l T T T
3 2 =3(sin<4t+———>+sin<4t+—+—>)
V3 6716 . 6 6
-3 —In2 =3(251n(4t+g)cos€)
™ V3
= 65i <4t —)X—
sin +6 > >
=3\/§sin(4t+g)
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Question 72a
T

2
il, =f sin™ x dx
0

dv
— oinn—1 %
u=sin""1x = sinx
dx
du n—2
d—=(n—1)sm XCOSX V= —COSX
x

n
2
= —|sin® 1 x cosx
0

z
+(n- l)f sin™®? x cos? x dx
0 V3
2
=0+ (M- l)f sin® 2 x (1 — sin? x) dx
0

Vi V3
= (n—1)fzsin"_2xdx—(n—1)J-Zsin"xdx
0 0

cly=Mm—=Dh_, — (-1,
nly = — Dl

n—1

— I

Question 72b
T

I, =

15
Question 73

fsinS x dx
= fsin2 x sinx dx

= J(l — cos? x) sinx dx

Jsinxdx —Jsinxcoszxdx

cos3 x

= —cCcosx + +c

ANSWER B
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Question 74
sin4x + sin3x 4+ sin2x = 0
sin4x + sin2x + sin3x = 0
sin(3x + x) + sin(3x —x) +sin3x =0
2sin3xcosx +sin3x =0
sin3x (2cosx +1) =0
sin3x =0 2cosx+1=0

1
3x=0,m,2m,3m cosx =——
_On 2n _ s
x = ,3,3,7'[ X=T 3
_27‘[
3
) _On 2n
S X = i313iT[
Question 75
2 _
x—1d u=x-1
fx X x 2udu = dx
=J(u2+1)ux2udu
=2f(u4+u2)du
_2u5+2u3+
-5 T3 *¢
2 5 2 3
=§(x—1)2+§(x—1)2+c
Question 76
J' X dx x =+2sin@
V2 —x? dx =2 cos6do
V2 sin@
= | ———— x2cos0do
V2 —2sin28
\V2sin@
= X V2 cos6 de
V2 xV1 —sin%2 6
sin @
=\/§J X cos 8 do
cos @
=\/§fsin6d6
=—2cosO +¢

= —/2J1—=5sin26 + ¢

xZ
—\/EX /1—7+C

=—/2—-x%+¢
Question 77
cos® x + sin® x
f cosx + sinx
3 f (cos x + sinx)(cos? — cos x sinx + sin? x) i

dx

cosx + sinx

= f(l — cosx sinx) dx

= 11'2d
—f —5sin2x | dx

=x+ Zcos 2x +c
ANSWER A
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Question 78
f sin 2x + sinx

cos? x
2sinx cosx sinx
= 5 + > dx
cos% x cos“ x

(2tanx + sinx (cosx) %) dx

X

1
—2In|cosx| + —+ ¢
cosx

= —2In|cosx| + secx + ¢

Question 79
) dv
u =sinx T =e*
e*sinx dx x
du X
—=cosx v=e
dx
=e*sinx
dv
U = CoSXx Tx =e*
— | e*cosxdx x
du X
—=—sinx wv=e
dx

=e*sinx — {excosx+fexsinxdx}

2fexsinxdx =e*sinx —e*cosx

. e*(sinx — cosx)
J-ex sinx dx = >
Question 80
J-sin 2x sin 4x dx
Ler
= Ef cos(2x — 4x) — cos(2x + 4x) | dx
T

= —j cos(—2x) — cos 6x] dx

Ll
=—j cost—cos6x]dx

—1'2 1'6+
=3 |sin2x —gsinéx| +¢

_sin2x sin6x+
=2 12 ¢

Question 81
J- sin(x+%) +sin(x—%)

cos (x — %) + cos (x + %)
J Zsmxcos

dx

idx
2 COS X COS— Z

sinx
dx
cosx

—In|cosx| + ¢

HSC Mathematics Extension 2 (2024) © Steve Howard

232

Chapter 4 Further integration - 100 revision questions - solutions

Question 82

Vx+5 2udu = dx

u? -5
=f X 2u du
u

=2f(u2—5)du

23
=" —10u+C
3 u

2 +5)3

2(x +5)Vx+5

_ 2 SVa S ;x —10Vx +5 +c
2
=§\/x+5(x+5—15)+c

2
=§(x—10)\/x+5+c

ANSWER D
Question 83
Vs

J‘z x dx

o 1+cosx+sinx
T_
57X

ZJ;) 1+cos(%—x)+sin(%—x)

T
2

NE

dx

s
7—36

+ sinx 4+ cosx

o 1
T
2

x dx

Y
f?
"~ 2), 1+cosx+sinx J, 1+ cosx+sinx

T
2

NS

x dx

In2

S 2 _

T

o 1+ cosx+sinx 2"
s

f? x dx T
0 4

_— In2
1+ cosx + sinx

Question 84
J' dx x = 2secH
x3\VxZ — 4 dx = 2secOtan 6 db

1

=J- X 2secftan 0 do@
8sec3V4sec? —4

_J‘ 2secBtanf

8sec392tand
—1f 20do
=3 cos

1 1
= 5[ (E(l +c0529)> do

—19+1 20 +
6 325111 c

L X 1 P-a 2

_1 x 1 var-4 2
16°%° 2716 X x '€
1 2 VxP—4

:Ecos —+ 8x2 +c
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Question 85a Question 86
T xsinx u=m—==x n
f mdx du = —dx f7 coS X
0 dx = —du o Sinx + cosx

(@ —u)sin(m —w)

h L 1+ cos?(m — u) (=du) J-% cos (% - x) .
_ (T (@ —w)(sinu) T_ T_ X
—J; ————du 0 sin (2 x) + cos (2 x)

1+ (—cosu)?
J‘”(n—x)sinxd P
- x 2z  sinx
o 1+cos?x ZJ- .
Question 85b o €osx +sinx
f” xsinx 4 .
x 2 cosx
o 1+cos?2x Zf .
J’” msinx xsinx 4 o Sinx + cosx
= - u
o \1+cos?2x 1+ cos?x T s .
9 ) v Z  Cosx z  sinx
x sinx sin x =" —=  dx e
— 5 dx=m| ——5_dx o Sinx + cosx o Sinx + cosx
o 1+cos?x o 1+cos?x
s
2sinx + cosx
U = COSX =
dv sinx + cosx
T sinx — = —sinx
=T ) T coszx ¥ | n
cos? x 2
° __ﬂ :f dx
sin x 0

S|

T
[\

1 sinx dv
nfl 1+v2x<_sinx> [ ]
1
s
2

=T [tan ] .
) fi Ccosx .
=n<E_ _E> " Jo sinx + cosx YTy
\4 4 ANSWER D
_ Question 87a
2 T
T

. 2 4
Jn XSmx = f4ln(1+tanx)dx
0
0

1+ cos?x = 4
0 T
=Jﬂ 1n(1+tan(z—u)) (—du)

T
tanZ —tanu
0 1+tanztanu

1—tanu
1+ tanu

|
)
=fz <1+tanu+1—tanu>du
<
<

1+tanu
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Question 87b
T

f4ln(1 + tanx) dx
0

T
= J4 <1n2—1n(1 +tanx)> dx
0
3

T
2f41n(1 +tanx) dx = J-41n2dx
0 0

) n

z 1 4
J- In(1 + tanx) dx =Eln2[x]
0

0

—11 2><7r
B
mln2
T8
Question 88
eX — g%

(e*¥ +e7)2 dx
f(e e ¥)(e*+e*)2dx
T eX e X

Question 89a
In - In—l
T

6
= J- (sin?" 0 sec 8 — sin2™~V sec ) do
0
s

6
= f sin?"~2 @ sec (sin? — 1) db
°n
6
= f sin?"~2 @ sec B (— cos? 0) do
0

T
6
- f cos 0 sin?"2 0 do
0

2n—1

[1 2n—-1
_ @
2n — 1
1
T 22n-1(2p — 1)

ann 1 9]
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Question 89b

2(1" ") = Z 22k— 1(zlk -1)

(I Io) + Uy - 11) + (13 —L)+.. - AUy — o)
_ Z 1
- 2k—1 —
k=12 2k —-1)
n
L, —1 Z !
n— {0 =~ 2k=1(2k — 1)
k=12 Rk -1)
n
I, =1 Z—l
n =0 2k-1 —
k:12 2k - 1)
Vs n
fg 6 do 271
=] sec - 2k=1(7], _
0 k=12 2k -1)
T n
6 1
= [lnlsec@ +tan0|] - Zm
—+T‘ In 1+0‘ 2722,( 12k —1)
=InV3- kzl 22k-1(2k — 1D

1 z": 1
—2" 2212k — 1)
k=1

Question 90a
s

=In

a3
L :Lcotxdx
6

Vs

4
= [lnlsinxl]

T

6
1 1
=In—-Inz

\2 2
=Inl1—-Inv2—-In1+1In2

1

= O—Eln2—0+ln2
= 11 2
Question 90b
L.+ 1,

L2

z
= J;T (cot™2x + cot™x) dx

s

4
= .L cot™2x(1 + cot?x) dx

6

T
4 2 n-2
=1, (— cosec” x)cot" “x dx
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Question 90c

1
— (5-1)
= 2
15 1 <3 1) 13

1 1
1))

1
=1+ Eln 2

Question 91
2]
f% de t = tanz
o 4sinf —2cosf +6 2dt

do =
1+ t2

_fl 1 o 2dt
- _ 42 2
04( 2t )_2(1 t)+6 1+t

1+¢t2 1+t2
1 1
=2 dt
fo 8t —2+2t2+ 6 + 6t2
1 1
=2 —————dt
o 8t2+8t+4
1 1
= ——dt
f 4t2 + 4t + 2
3 1fl 2 it
2), @t+1)2+12
1 1
=5 tan~1(2t + 1)]
0
1
E(an 13 —tan"11)
1
=5 tan~!(tan(tan™! 3 — tan™1 1))
1 oan tan(tan™! 3) — tan(tan™! 1)
~2 1 + tan(tan~1 3)tan(tan=1 1)
1 3—-1
-2h 1+ 3)(1)
_ 1t 1
=z
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Question 92
1=f11n(1+x)dx
0o 14+x2
_1—u
T 14u
dx  (1+w(=1)— (1 —w)(1)
du (14 u)?
_ 2
T (1 +uw)?
_ 2du
N S
Cen(+ 58
‘fl L a-w? X(‘<1+u>2>
(14 u)?

I(L)
—Zfl NTFu
B o 1+2u+u?+1-2u+u?
In(—2—
J’ln1+u
= ey
o u-+1
1/ In2 In(1+uw)
=f > -— du
o \uc+1 us+1
11
~1=1In2 du—1
n J;,u2+1 “
1

21 =In2 [tan‘1 u]
0

| _an(n )
2 \4
_nan
8
Question 93a
5 — 5x2 a bx + ¢

= +
(1+20)1+x2) 1+2x 1+ x2

e

a= T =3
1+(-3)
equating coefficients of x?: a+2b=-5 = b=—

equating constants: a+c=5 = c¢=2

1 5 — 5x?
o (1+2x)(1 +x2)

(3 4x—2
=f0 <1+2x_1+x2>dx
1 3 4x 2
:L <1+2x_1+x2+1+x2>dx

3
= Elnll +2x| —21In|1+x?| + 2tan"tx

dx

1

0

—(Cz—2m2+5) = (2m1-2m1+0
—zn n 2 Zn n

1
=E(ln33—ln24+n)

L2
B A GEET
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Question 93b

t=tanx
at
dx—sec x
3 dt
r cos 2x dx =
J dx sec? x
o 1+ 2sin2x + cos2x dt
" 1+tan?x
e
141t
1—t?
_fl 1+t2 dt
B 4t 1—t2714¢2
0
1+1+t2+1+t2
J‘l 1 —t? dt
= X
o 1+t2+4t+1—1t2 1+1t2
1 1—t2
o -
o 2(1+26)(1 +t?)
1 ! 5 — 5t
ol Tranar o™
10J, (1+26)(1 +t2)
RIS S 2
“1072\"""16
_ 1 41 27
~20\" " "6
Question 94a
% u=x" — = COSX
— n
I, —fo x™cos x dx du . .
a—nx v =sinx
T b3
2 2
=[x"sinx] —nJ x™ Lsinxdx
0 0
n 7
s
=(—) —nf x" 1sinx dx
2 0
dv
u=x"1 Ezsinx
E=(n—1)x”‘2 V= —Ccosx

T

z 0

aly = (g)n —n{0 + (n — Dlp5}

I, = (%)n —nn—1I,_,
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_ (_) “n [_xn—l cosx] +(n-1) f x™? cosx dx
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Question 94b
T

2 4
A= x* cosx dx
0

=1,
T\ 4
=(E) —4XxX3X%I,

mt T\ 2
=E—12 (E) —-2XxX1xI,

4 T

_I 32+24F d
—16 T OCOSXX

NE)

—T[4 3m? + 24 |si
=g 3" sin x
4

= 32404
16 "

Question 95
I

0

solutions

u=(1+ xz)_n
du

dx

_ flL
o (1+x%)" =-n(1+ xz)_n_l(Zx)

dv

dx

V=X

x 1
N [(1 + xZ)nL
2

1 x
+2nJ; 7(1+x2)n+1dx
1 1 x2
=——-0+4+2 ——d
n nfo (1+x2)n+1 X
1 T14+x2-1
BT N cunes e
1

=2—n+27‘l

1

1
N on + 2nl, — 2nlp 4

1
1-2nI, = o 2nlpy4q

_ 1 N 2n I

T 2n(1-2n) 2n-—1""

Iy

1 1 1
R — -2 -
fo aron ™ "J; 1+ x2)n

dx
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Question 96a Question 97b
1 Let P(n) represent the proposition
I, =f x™J1—x3dx
° - T P(1) s true since LHS = sinx; RHS =
u=x"2 7 x2(1 _ x3)§ 1-cos(2x) _ 1—(1-2sin?x) _ 2sin®x _ sin x
dx s 2sinx 2sinx ~ 2sinx
du 2 3
- -3 — _Z2(1_43)2
- Xt V=79 (1-x%) If P(k) is true for some arbitrary k > 1 then
2 31! sinx + sin3x + sin5x + ...+ sin((Zk - 1)x)
=-3 [x"_z(l —x3)2 1 —cos(2kx)
0 © 2sinx

2 1 3
+-(n-2 f "3(1-x3)2d
g=2D | x (1-x%)2dx RTP P(k + 1):
sinx + sin 3x + sin 5x + ... + sin((2k — 1)x)

2 1
= — - =3(1 — 43 — 53
_O+9(n Z)J- x™ (1 x) 1—x3dx 1 cos(2(k + 1)x)

0 ; _
2 + sm((Zk + 1)x) = S sinx
=
1 LHS
- 2)[ (x"‘3\/1 —x3 —x™/1 - x3) dx 1 — cos(2kx)
0 =—~ 4 sin((Zk + 1)x) from P (k)
2n—4 2n—4 2sinx
I, = ) I3 — 9 Iy _ 1 —cos(2kx) + 2sinx sin((Zk + 1)x)
2n+5 2n—4 - 2sinx
9 I, = 9 L3 1 —cos(2kx) + cos(2kx) — cos(2(k + 1)x)
I = 2n — 41 a 2 sinx
" 2n45"3 _ 1 —cos(2(k + 1)x)
Question 96b 2sinx
_28) -4 = RHS
87 208)+5° ~P(k)=>P(k+1)
4(2(5)—4 Hence P(n) is true for n > 1 by induction.
;(m) Questlos_?8a o
, . (1+¢3)"  +t2(1+¢2)
=£J;x 1—x3dx =(1+t2)n_1(1+t2)
0 n-1
=Ef x2><ux<——2uiu> =(1+.t2)
35); 3x Question 98b
NELN = Jx(l +¢2)" e
~105), 0
16 [u3]" n dv
- | u=(1+t¢? —=1
105 ] ( ) dt
_16 ()"
315
Question 97a 2 2 N
2 sinxsin((Zk + 1)x) [t(l tt ) ] a Zn (1 +t ) dt

cos((2k + Dx — x) — cos((2k + Dx + x)
cos(2kx + x — x) — cos(2kx + x + x) n—1
cos(2kx) — cos(2(k + 1)x) - an ((1 + tz) - (1 + tz) )dt
n=x(1+x2)" = 2nl, +2n1,_,
@n+ D, = x(1 +x2)" + 2nl,_,
x(1+x2)"  2n .
2n+1  2n+1771

—x(1+x

n
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Question 99a

1
I, = f (1 +loge x)™dx
e-1

dv
u=1+nx)" —=1
dx
du 1
—=n(1+hx)"x- v=x
dx X

1 1
= [x(l +1In x)”] - nJ- (1+Inx)"1dx
e 1 et
=1-0-nl,_,

- 1 - n]n_l
Question 99b

1
Jn = J- (loge x)(1 + log, x)™ dx
e—l

1
= f (1 +log,x —1)(1 +log, x)™ dx
e~ 1

1
= f (1 + loge x)™* dx
e—l

1
— f (1 +loge x)™dx
e—l

=k — I
=1-Mmn+1DIL, -1,
=1-m+2)I,
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Question 99c¢
]3=1_(3+2)13

=1-5(1-3L)
= —4+415(1 - 2I)
=11-30(1 — Iy)

1
-19 + 30f dx
o=

1

1
—-19 + 30[x]
e—l

1
—-19 + 30<1 ——)
e

30
=11-—

e
Question 100

cos 5x + cos 4x
[eossr vamste,

1—2cos3x
f cos5x + cos4x sin3x
= X
1—2cos3x sin 3x

J‘ sin 3x (cos 5x + cos 4x) d
sin 3x — 2 sin 3x cos 3x x

. 3x 3x 9x X
2 sin—-cos—- ZCosTcosi

_ f 2 2 dx
B sin 3x — sin 6x
4si 3x 3x 9x x
B J- Sin == €0s =~ €0S 5~ C0s p
= x
3x

S os0x 3%
€os >-sin=
_ J’Z 3x xd
= cos—-cos - dx
=—J-(c052x+cosx)dx

1
= —Esian—sinx+c
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  t


  t


  t


  t


  t


  ∫   x 2 d x


   x 2


   1 3  x 3 + c


   1 3  x 3 + c  


   x 2


   ∫ 1 3   x 2 d x


  x


  y =  x 2


  x = 1


  x = 3


  x


   x 2


  x = 3


  x = 1


   1 3  x 3 + c  


  x = 3


  x = 1


  c = 0


   1 3  x 3 − 6


  x


  y =   sin ⁡  f ( x )


   y ′ = f ′ ( x )   cos ⁡  f ( x )


  f ′ ( x )   cos ⁡  f ( x )


    sin ⁡  f ( x ) + c


  ∫  f ′ ( x )   cos ⁡  f ( x ) d x =   sin ⁡  f  ( x ) + c .


  ∫  f ′ ( x )    [  f  ( x ) ] n d x =  1  n + 1    [  f  ( x ) ]  n + 1 + c


                                            where   n ≠ − 1      


  ∫  f ′ ( x )   sin ⁡  f ( x ) d x = −   cos ⁡  f  ( x ) + c


  ∫  f ′ ( x )   cos ⁡  f ( x ) d x =   sin ⁡  f  ( x ) + c


  ∫   f ′  ( x )     sec 2 ⁡  f ( x ) d x =   tan ⁡  f  ( x ) + c


  ∫   f ′  ( x )  e  f  ( x ) d x =  e  f  ( x ) + c


  ∫     f ′  ( x )  f  ( x ) d x =   ln ⁡  f  ( x ) + c


  ∫   a x d x =    a x    ln ⁡ a + c


  ∫   1     a 2 −  x 2 d x =     sin  − 1 ⁡   (   x a ) + c


  ∫   a   a 2 +  x 2 d x =     tan  − 1 ⁡   (   x a ) + c


      tan  − 1 ⁡   [    f  ( x ) a ]


  or use this version in terms of  f  ( x ) :


  ∫  f ′ ( x )  a  f  ( x ) d x =    a  f  ( x )    ln ⁡ a + c


  a


   1 a


  a


   1 a


  or use these versions in terms of  f  ( x ) :


  ∫     f ′  ( x )     a 2 −    [  f  ( x ) ] 2 d x =     sin  − 1 ⁡    f  ( x ) a + c


  ∫     f ′  ( x )   a 2 +    [  f  ( x ) ] 2 d x =  1 a     tan  − 1 ⁡    f  ( x ) a + c


  ∫  f ′ ( x ) cose  c 2 f ( x )   d x = −   cot ⁡  f  ( x ) + c


  ∫  f ′ ( x )   sec ⁡  f ( x )   tan ⁡  f ( x ) d x =   sec ⁡  f  ( x ) + c


  ∫  f ′ ( x )   cosec ⁡  f ( x )   cot ⁡  f ( x ) d x = −   cosec ⁡  f  ( x ) + c


  ∫  f ′ ( x )   sec ⁡  f ( x )   d x =   ln ⁡   |    sec ⁡  f  ( x ) +   tan ⁡  f  ( x )     2 2 | + c


  ∫  f ′ ( x ) cosec   f ( x ) d x = −   ln ⁡   |  cosec   f  ( x ) +   cot ⁡  f  ( x )     2 2 | + c


  ∫    f ′ ( x )      [ f  ( x ) ] 2 −  a 2 d x =   ln ⁡   |  f  ( x ) +      [  f  ( x ) ] 2 −  a 2     2 2 | + c


  ∫    f ′ ( x )      [ f  ( x ) ] 2 +  a 2 d x =   ln ⁡   |  f  ( x ) +      [  f  ( x ) ] 2 +  a 2     2 2 | + c


  Find  ∫    d x   x 2 + 10 x + 29 .


            = ∫    d x   x 2 + 10 x + 25 + 4


  = ∫    d x     (  x + 5 ) 2 +  2 2


  =  1 2     tan  − 1 ⁡   (    x + 5 2 ) + c


  When we use  ∫     f ′  ( x )   a 2 +    [  f  ( x ) ] 2 d x =  1 a     tan  − 1 ⁡    f  ( x ) a + c , don’t forget   1 a   on the RHS – another common mistake.


  Find    ∫  − 3 2   1    16 − 6 x −  x 2 d x .


            =  ∫  − 3 2   1    −  (   x 2 + 6 x − 16 ) d x


  =  ∫  − 3 2   1    −  (   x 2 + 6 x + 9 − 25 ) d x


  =  ∫  − 3 2   1     5 2 −    (  x + 3 ) 2 d x


  =    [      sin  − 1 ⁡   (    x + 3 5 ) ]  − 3 2


  =     sin  − 1 ⁡ 1 −     sin  − 1 ⁡ 0


  =  𝜋 2 − 0


  =  𝜋 2


  x


  Find   ∫ 0    ln ⁡ 4    3  e x   e  2 x − 2  e x + 10 d x .


              =  ∫ 0    ln ⁡ 4    3  e x     (   e x − 1 ) 2 +  3 2 d x


  =    [      tan  − 1 ⁡   (     e x − 1 3 ) ] 0    ln ⁡ 4


  =     tan  − 1 ⁡   (    4 − 1 3 ) −     tan  − 1 ⁡   (    1 − 1 3 )


  =     tan  − 1 ⁡ 1 −     tan  − 1 ⁡ 0


  =  𝜋 4 − 0


  =  𝜋 4


  When we use ∫     f ′  ( x )     a 2 −    [  f  ( x ) ] 2 d x =     sin  − 1 ⁡    f  ( x ) a + c , we do not need   1 a   on the RHS.


  Here we have  ∫    a ×  f ′  ( x )   a 2 +    [  f  ( x ) ] 2 d x , so we do not need   1 a   as  a  was included in the numerator.


  Find   ∫      cos ⁡  2 x    8 − 2   sin ⁡  2 x −     sin 2 ⁡  2 x d x .


            = ∫      cos ⁡  2 x    −  (      sin 2 ⁡  2 x + 2   sin ⁡  2 x − 8 ) d x


  = ∫      cos ⁡  2 x    9 −  (      sin 2 ⁡  2 x + 2   sin ⁡  2 x + 1 ) d x


  =  1 2 ∫    2   cos ⁡  2 x     3 2 −    [    sin ⁡  2 x + 1 ] 2 d x


  =  1 2     sin  − 1 ⁡   (      sin ⁡  2 x + 1 3 ) + c


  Find  ∫    1 +   sin ⁡  2 x    cos ⁡ x +   sin ⁡ x d x .


              = ∫    1 + 2   sin ⁡ x   cos ⁡ x    sin ⁡ x +   cos ⁡ x d x


  = ∫        sin 2 ⁡ x + 2   sin ⁡ x   cos ⁡ x +     cos 2 ⁡ x    sin ⁡ x +   cos ⁡ x d x


  = ∫       (    sin ⁡ x +   cos ⁡ x ) 2    sin ⁡ x +   cos ⁡ x d x


  = ∫   (    sin ⁡ x +   cos ⁡ x ) d x


  = −   cos ⁡ x +   sin ⁡ x + c


  Here we use ∫     f ′  ( x )     a 2 −    [  f  ( x ) ] 2 d x =     sin  − 1 ⁡    f  ( x ) a + c .


  x


  2 x


  e


  e


  e


   e x


   e x


  Find  ∫     e  2 x   e  2 x − 3  e x d x .


            = ∫     e x   e x − 3 d x


  =   ln ⁡   |   e x − 3     2 2 | + c


  Evaluate   ∫  − 7 1    d x   x 2 + 6 x + 25 .


  Evaluate    ∫ 0    3  3 4   1    9 − 4  x 2 d x .


  Find  ∫   1    20 − 8 x −  x 2 d x .


  Find   ∫    d x  12  x 2 + 12 x + 78 .


  Find  ∫     x 2 + 2 x   x 2 + 2 x + 5 d x .


  Find ∫     e  − x   e  − x − 1 d x .


  Find   ∫   1   x 2 − 3 x + 3 d x .


  Evaluate   ∫  − 1 1   1  5 − 2 t +  t 2 d t .


  Find  ∫   2  4  x 2 − 4 x + 17 d x .


  Find   ∫    2 x   x 4 + 2  x 2 + 5 d x .


  Find  ∫   2   e x + 1 d x .


  Find  − ∫    2 x    3 − 2  x 2 −  x 4 d x .


  Find  ∫    2   cos ⁡ x (   sin ⁡ x + 1 )  (   sin ⁡ x + 3 ) (   sin ⁡ x − 1 ) d x .


  Find  ∫    2   cos ⁡ x (   sin ⁡ x + 1 )  (   sin ⁡ x + 3 ) (   sin ⁡ x − 1 ) d x .


  Find  ∫    d x   (   x 2 + 4 )     tan  − 1 ⁡   (   x 2 ) .


  It is given that    d y  d x =     cos ⁡ x  1 +     sin 2 ⁡ x and  y = 1  when  x =  𝜋 2 . Find  y  as a function of  x .


  Find   ∫  −  𝜋 2 0          cos ⁡ 𝜃      sin 2 ⁡ 𝜃 + 2   sin ⁡ 𝜃 + 4 d 𝜃 .


  Find   ∫     e  3 x    7 + 12  e  3 x − 4  e  6 x d x .


  Find  ∫      cos ⁡ x −   sin ⁡ x  2 +   sin ⁡  2 x d x .


  Find  ∫        sin 3 ⁡ x    cos ⁡ x − 1 d x .


  Show that   ∫     e      log 2 ⁡ x x d x =   ln ⁡ 2  x   1    ln ⁡ 2 + c .


  Find  ∫      sin ⁡  2 x +   cos ⁡  2 x    cos ⁡  x   d x .


  Find  ∫    d x    sec ⁡ x − 1 .


  Find  ∫  ( 2 x   cosec ⁡ x −  x 2   cot ⁡ x   cosec ⁡ x ) d x .


  Given  𝛼 ,   𝛽  are the roots of  a  x 2 + b x + c = 0 ,  prove that:


  ∫      cos ⁡ x ( 2 a   sin ⁡ x + b )  (   sin ⁡ x − 𝛼 ) (   sin ⁡ x − 𝛽 ) d x = a   ln ⁡   |  a     sin 2 ⁡ x + b   sin ⁡ x + c | + k ,


              where   k   is a constant.
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  u


  u


  x


  − 1


  ∫  f ′ ( x )    [  f  ( x ) ] n d x =  1  n + 1    [  f  ( x ) ]  n + 1 + c       where   n ≠ − 1


  ∫   f ′  ( x ) g  (  f  ( x ) ) d x = G  (  f  ( x ) ) + c
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  g ( x )


  g  (  f  ( x ) )


  f ′ ( x )
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  u


  ∫  x    (  2  x 2 + 3 ) 3 d x .


     (  2  x 2 + 3 ) 4


  2  x 2 + 3


  4


   d  d x  [     (  2  x 2 + 3 ) 4 ] = 4    (  2  x 2 + 3 ) 3  (  4 x )


  = 16 x    (  2  x 2 + 3 ) 3


  16 x    (  2  x 2 + 3 ) 3


     (  2  x 2 + 3 ) 4 + c


  4 x    (  2  x 2 + 3 ) 3


       (  2  x 2 + 3 ) 4 4 + c


     (  2  x 2 + 3 ) 3


  4 x


  4 x    (  2  x 2 + 3 ) 3  


  1


  4


  4


  ∫  x    (  2  x 2 + 3 ) 3 d x


  =  1 4 ∫  4 x    (  2  x 2 + 3 ) 3 d x


  =  1 4 ×      (  2  x 2 + 3 ) 4 4 + c


  =      (  2  x 2 + 3 ) 4  16 + c


  2  x 2 + 3


  4 x


  x


  4 x


   1 4


  u


  d u


   u 2


  2 u   d u


  u


   u 2


  Find   ∫ 0 1   x 3    (   x 4 − 2 ) 5 d x .


   ∫ 0 1   x 3    (   x 4 − 2 ) 5 d x


  =  1 4  ∫ 0 1  4  x 3    (   x 4 − 2 ) 5 d x


  =  1 4    [       (   x 4 − 2 ) 6 6 ] 0 1


  =  1 4  (   1 6 −  (    64 6 ) )


  = −   63  24
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  d u


  d x


  u


  d x


  d u


  u


  x


  d u


  d x


   ∫ 0 1   x 3    (   x 4 − 2 ) 5 d x                                                  u =  x 4 − 2   d u = 4  x 3 d x   


  =  1 4  ∫ 0 1     (   x 4 − 2 ) 5 × 4  x 3 d x


  =  1 4  ∫  − 2  − 1   u 5 d u


  =  1 4    [     u 6 6 ]  − 2  − 1


  =  1  24  (  1 − 64 )


  = −   63  24


  Find  ∫   e  3 x    e  3 x + 1 d x .


  ∫   e  3 x    e  3 x + 1 d x


  =  1 3 ∫  3  e  3 x    (   e  3 x + 1 )   1 2 d x


  =  1 3 ×  2 3    (   e  3 x + 1 )   3 2 + c


  =   2      (   e  3 x + 1 ) 3 9 + c


  Find  ∫ 1 2   x    2  x 2 − 1 d x .


   ∫ 1 2   x    2  x 2 − 1 d x


  =  1 4  ∫ 1 2  4 x    (  2  x 2 − 1 )  −  1 2 d x


  =  1 4 × 2    [     (  2  x 2 − 1 )   1 2     2 2 ] 1 2


  =  1 2  (   7 − 1 )


   ∫ 1 2   x    2  x 2 − 1 d x                                                                       u 2 = 2  x 2 − 1   2 u   d u = 4 x d x             


  =  1 4  ∫ 1 2   1    2  x 2 − 1 × 4 x d x


  =  1 4  ∫ 1   7   1 u × 2 u   d u


  =  1 2  ∫ 1   7  d u


  =  1 2    [  u     2 2 ] 1   7


  =  1 2  (   7 − 1 )


  ∫   e  3 x    e  3 x + 1 d x                                                                   u 2 =  e  3 x + 1   2 u   d u = 3  e  3 x d x   


  =  1 3 ∫     e  3 x + 1 × 3  e  3 x d x


  =  1 3 ∫  u 2 u   d u


  =  2 3 ∫   u 2 d u


  =  2 3 ×    u 3 3 + c


  =   2      (   e  3 x + 1 ) 3 9 + c


  Find   ∫      cos ⁡  2 x   sin ⁡  2 x d x .


  ∫      cos ⁡  2 x   sin ⁡  2 x d x


  = −  1 2 ∫   (  − 2   sin ⁡  2 x )    (    cos ⁡  2 x )   1 2 d x


  = −  1 2 ×  2 3    (    cos ⁡  2 x )   3 2 + c


  = −         cos 3 ⁡  2 x 3 + c


  Find    ∫ 0   𝜋  x   sin ⁡  (  x 2 ) d x .


   ∫ 0   𝜋  x   sin ⁡  (  x 2 ) d x


  =  1 2  ∫ 0   𝜋  2 x   sin ⁡   (   x 2 ) d x


  = −  1 2    [    cos ⁡   x 2     2 2 ] 0   𝜋


  = −  1 2  (    cos ⁡ 𝜋 −   cos ⁡ 0     2 2 )


  = −  1 2  (  − 1 − 1 )


  = 1


   ∫ 0   𝜋  x   sin ⁡  (  x 2 ) d x                                        u =  x 2         d u = 2 x d x 


  =  1 2  ∫ 0   𝜋    sin ⁡  (  x 2 ) 2 x d x


  =  1 2  ∫ 0 𝜋    sin ⁡ u d u


  = −  1 2    [    cos ⁡ u     2 2 ] 0 𝜋


  = −  1 2  (    cos ⁡ 𝜋 −   cos ⁡ 0     2 2 )


  = −  1 2  (  − 1 − 1 )


  = 1


  ∫      cos ⁡  2 x   sin ⁡  2 x d x                                                   u 2 =   cos ⁡  2 x               2 u   d u = − 2   sin ⁡  2 x d x 


  = −  1 2 ∫      cos ⁡  2 x × ( − 2   sin ⁡  2 x d x )  


  = −  1 2 ∫  u × 2 u d u


  = − ∫   u 2 d u


  = −    u 3 3 + c


  = −         cos 3 ⁡  2 x 3 + c


  Find   ∫     e      sin  − 1 ⁡ x    1 −  x 2 d x .


  ∫     e      sin  − 1 ⁡ x    1 −  x 2 d x


  = ∫   1    1 −  x 2 ×  e      sin  − 1 ⁡ x d x


  =  e      sin  − 1 ⁡ x + c


  Find  ∫   e x   sin ⁡  (  e x ) d x .


  ∫   e x   sin ⁡  (  e x ) d x


  = −   cos ⁡  (  e x ) + c


  ∫   e x   sin ⁡  (  e x ) d x                                                    u =  e x         d u =  e x d x   


  = ∫    sin ⁡  (  e x ) ×  e x d x


  = ∫    sin ⁡ u d u


  = −   cos ⁡ u + c


  = −   cos ⁡   e x + c


  ∫     e      sin  − 1 ⁡ x    1 −  x 2 d x                                                                      u =     sin  − 1 ⁡ x   d u =   d x    1 −  x 2     


  = ∫   e      sin  − 1 ⁡ x ×   d x    1 −  x 2


  = ∫   e u d u


  =  e u + c


  =  e      sin  − 1 ⁡ x + c


  Find   ∫   x 2    (   x 3 + 4 ) 5 d x .


  Evaluate    ∫ 1 2     x 2    2  x 3 − 1 d x .


  Find   ∫   e  2 x    e  2 x − 1 d x .


  Find   ∫  x   cos ⁡   x 2 d x .


  Evaluate    ∫ 0   𝜋 4      tan 3 ⁡ x     sec 2 ⁡ x d x .


  Find   ∫      cos ⁡ x      sin 5 ⁡ x d x .


  Find   ∫      sin   3 2 ⁡  2 x   cos ⁡  2 x d x .


  Find   ∫      sin ⁡  2 x   cos ⁡  2 x d x .


  Find ∫   e x   cos ⁡   e x d x .


  Find   ∫     e      cos  − 1 ⁡ x    1 −  x 2 d x .


  Evaluate    ∫ 1   e   𝜋 2      cos ⁡   (    ln ⁡ x ) x d x  


  Find   ∫  ( 3  x 2 + 2 x )    x 3 +  x 2 d x .


  Find   ∫   x 2  e   x 3 d x .


  Find   ∫      sin ⁡   (      tan  − 1 ⁡ x )  1 +  x 2 d x .


  Find   ∫  (  e   t 2 + 16 ) t  e   t 2 d t .


  Find   ∫      cosec ⁡ x   cot ⁡ x  1 +     cosec 2 ⁡ x d x .


  Find   ∫   e x  e   e x d x .


  Find  ∫        ln 3 ⁡ x x d x .


  Find  ∫      2 + x  2 − x d x .


  Find  ∫      sin ⁡   (    tan ⁡ 𝜃 )      cos 2 ⁡ 𝜃 d 𝜃 .


  Find   ∫        cos 3 ⁡ x      sin ⁡ x d x


  Find   ∫    x   sin ⁡   (    2  x 2 − 1 )    2  x 2 − 1 d x .


  Find   ∫     e      sin ⁡ x    sec ⁡ x     sin ⁡ x d x .  


  Find  ∫   1     (  1 +  x 2 )   3 2 d x .


  Find   ∫ 1   e   𝜋 2      sin ⁡   (    ln ⁡   | x | ) x d x .


  Evaluate  ∫   2   3    2  e   2   x 2   x 3 d x .


  Find   ∫    x  e    2  x 2 − 1   sin ⁡   (   e    2  x 2 − 1 )    2  x 2 − 1 d x .


  Prove that  ∫      sin 3 ⁡  2 x   cos ⁡  2 x d x  is equal to  each of the following expressions.


        sin 4 ⁡  2 x 8 + c  


        cos 4 ⁡  2 x 8 −     cos ⁡  4 x 8 + c  


        cos 4 ⁡  2 x 8 +       sin 2 ⁡  2 x 4 + c


        cos 4 ⁡  2 x 8 −       cos 2 ⁡  2 x 4 + c  


  −     cos ⁡  4 x  16 +     cos ⁡  8 x  64 + c  


  −     cos ⁡  4 x  16 −       sin 2 ⁡  4 x  16 + c


  u
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   u 2


   x 3


  x


  Find  ∫   x 3    x 2 − 1 d x .


  ∫   x 3    x 2 − 1 d x                                                                 u 2 =  x 2 − 1   2 u   d u = 2 x   d x                    x 2 =  u 2 + 1 


  =  1 2 ∫   x 2    x 2 − 1 × 2 x d x


  =  1 2 ∫   (   u 2 + 1 ) u × 2 u   d u


  = ∫   (   u 4 +  u 2 ) d u


  =    u 5 5 +    u 3 3 + c


  =      (   x 2 − 1 )   5 2 5 +      (   x 2 − 1 )   3 2 3


  =        (   x 2 − 1 ) 5 5 +        (   x 2 − 1 ) 3 3 + c
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  d u
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  u


  Evaluate   ∫ 1 3     x  1 + x d x .


   ∫ 1 3     x  1 + x d x                                                             u 2 = x   2 u   d u = d x 


  =  ∫ 1   3   u  1 +  u 2 × 2 u d u


  = 2  ∫ 1   3     u 2  1 +  u 2 d u


  = 2  ∫ 1   3    1 +  u 2 − 1  1 +  u 2 d u


  = 2  ∫ 1   3   (  1 −  1  1 +  u 2 ) d u


  = 2    [  u −     tan  − 1 ⁡ u     2 2 ] 1   3


  = 2  (   (   3 −  𝜋 3 ) −  (  1 −  𝜋 4 ) )


  = 2  (   3 −  𝜋 3 − 1 +  𝜋 4 )


  = 2  (   3 − 1 −  𝜋  12 )


  = 2  3 − 2 −  𝜋 6


  u


  Find   ∫     x 7    1 −  x 4 d x .


  ∫     x 7    1 −  x 4 d x                                                                                         u 2 = 1 −  x 4   2 u   d u = − 4  x 3 d x   


  = −  1 4 ∫     x 4    1 −  x 4 × ( − 4  x 3 ) d x


  = −  1 4 ∫    1 −  u 2 u × 2 u   d u


  = −  1 2 ∫   (  1 −  u 2 ) d u


  = −  1 2  (  u −    u 3 3 ) + c


  =        (  1 −  x 4 ) 3 6 −     1 −  x 4 2 + c


  u


  Find  ∫      1 − x  1 + x d x .


            = ∫      1 − x  1 + x ×     1 − x  1 − x d x


  = ∫    1 − x    1 −  x 2 d x


  = ∫    d x    1 −  x 2 d x +  1 2 ∫   (  − 2 x )    (  1 −  x 2 )  −  1 2 d x


  =     sin  − 1 ⁡ x +  1 2 × 2    (  1 −  x 2 )   1 2 + c


  =     sin  − 1 ⁡ x +   1 −  x 2 + c


   u 2 = 1 + x


   u 2 = 1 − x


   u 2 = x + 1


   u 2


  u


  u


   u 2


  Find  ∫  x     1 −  x 2  1 +  x 2 d x .


  ∫  x     1 −  x 2  1 +  x 2 d x                                                          u =  x 2           d u = 2 x   d x 


  =  1 2 ∫      1 −  x 2  1 +  x 2 × 2 x   d x


  =  1 2 ∫      1 − u  1 + u d u


  =  1 2 ∫      1 − u  1 + u ×     1 − u  1 − u d u


  =  1 2 ∫    1 − u    1 −  u 2 d u


  =  1 2 ∫   1    1 −  u 2 d u −  1 2 ∫   u    1 −  u 2 d u


  =  1 2 ∫   1    1 −  u 2 d u +  1 4 ∫    ( − 2 u )  (  1 −  u 2 )  −  1 2 d u


  =  1 2     sin  − 1 ⁡ u +  1 4 × 2    (  1 −  u 2 )   1 2 + c


  =  1 2     sin  − 1 ⁡ u +  1 2   1 −  u 2 + c


  =       sin  − 1 ⁡   x 2 2 +     1 −  x 4 2 + c


  u


  Find   ∫     x 3    1 +  x 2 d x .


  Find  ∫   x 3    x 2 + 1 d x .


  Find   ∫   x 5    x 2 + 1 d x .


  Evaluate   ∫ 0 1   x 3   1 −  x 2 d x .


  Evaluate   ∫ 0   3 4   x    1 − x d x .


  Evaluate   ∫ 0 3  x   x + 1 d x .


  Find  ∫     e  2 x     e x + 1 d x .


  Evaluate  ∫   1  2 +  x d x .


  Find  ∫   x 5   2 −  x 3 d x .


  Find   ∫    2  x 3     (   x 2 − 1 ) 2 d x .


  Find   ∫     x 3     (   x 2 + 1 ) 2 d x .


  Find   ∫     e  2 x   e x + 1 d x .


  Find the area under the curve  y =  1  x   2 x − 1   from   x = 1   to  x = 2 .


  Show that ∫   x    x + 5 d x =  2 3  (  x − 10 )   x + 5 + c


  The velocity of a particle,  t   seconds after it starts moving along the  x −axis, is given by


   x . = t     1 + 2  t 2  1 − 2  t 2   metres per second.  Determine the distance of the particle from its 


  initial position  after   0 . 5   seconds. Answer correct to the nearest millimetre.


  Evaluate   ∫ 0   3     x 3     (  1 +  x 2 )   3 2 d x .


  Show that   ∫     x  1 −  x d x = − x − 2  x − 2   ln ⁡   |  1 −  x     2 2 | + c   using the following substitutions.


   u 2 = x


  u = 1 −  x


  Find  ∫    d x     e  2 x − 1   by letting   u =  1   e x .


  Using the substitution  u = − x , or otherwise, evaluate    ∫  −  𝜋 2   𝜋 2        sin 2 ⁡ x  1 +  2 x d x .


  Use integration to prove  ∫     x  x + 1 d x =    x 2 + x −   ln ⁡  (  x +   x + 1 )   + c .


  You may assume  ∫     f ′  ( x )       [  f  ( x ) ] 2 −  a 2 d x =   ln ⁡   |  f  ( x ) +      [  f  ( x ) ] 2 −  a 2 | .


     x 2 + 2 x + 3  x − 1                                                       x + 2  x + 1                                                     4 x   x 2 + 4 x − 6


  u


  Find   ∫     x 2 + 2 x + 3  x − 1 d x


            = ∫    x  (  x − 1 ) + 3  (  x − 1 ) + 6  x − 1 d x


  = ∫   (  x + 3 +  6  x − 1 ) d x


  =    x 2 2 + 3 x + 6   ln ⁡   |  x − 1     2 2 | + c


  Evaluate   ∫  − 3  − 2    x + 2  x + 1 d x .


                                =  ∫  − 3  − 2    x + 1 + 1  x + 1 d x


  =  ∫  − 3  − 2   (  1 +  1  x + 1 ) d x


  =    [    x +   ln ⁡   |  x + 1     2 2 |     ]  − 3  − 2


  =  (  − 2 +   ln ⁡   |    − 1     2 2   | ) −  (  − 3 +   ln ⁡   |    − 2     2 2   | )


  = − 2 + 0 + 3 −   ln ⁡ 2


  = 1 −   ln ⁡ 2


  Find    ∫ 1   3     x 2 + 5   x 2 + 1 d x .


            =  ∫ 1   3       x 2 + 1 + 4   x 2 + 1 d x


  =  ∫ 1   3   (  1 +  4   x 2 + 1 ) d x


  =    [  x + 4     tan  − 1 ⁡ x     2 2 ] 1   3


  =  (   3 + 4  (   𝜋 3 ) ) −  (  1 + 4  (   𝜋 4 ) )


  =  3 − 1 +   7 𝜋 3


  u


  Find   ∫     e  2 x +  e x   e  2 x −  e x d x .


            = ∫     e  2 x −  e x + 2  e x   e  2 x −  e x d x


  = ∫   (  1 +   2  e x   e  2 x −  e x ) d x


  = ∫   (  1 +     2 e  − x  1 −  e  − x ) d x


  = x + 2   ln ⁡   |  1 −  e  − x     2 2 | + c


  Find   ∫    4 x   x 2 + 4 x + 13 d x .


            = ∫    2  (  2 x + 4 ) − 8   x 2 + 4 x + 4 + 9 d x


  = 2 ∫    2 x + 4   x 2 + 4 x + 13 d x − 8 ∫   1     (  x + 2 ) 2 +  3 2 d x


  = 2   ln ⁡   |   x 2 + 4 x + 13     2 2 | −  8 3     tan  − 1 ⁡   (    x + 2 3 ) + c


   x 2 + 4 x + 13


  Find   ∫   3  x  (  x + 1 ) d x .


                = 3 ∫   (   1 x −  1  x + 1 ) d x


  = 3   ln ⁡   | x | − 3   ln ⁡   |  x + 1 | + c


  = 3   ln ⁡   |   x  x + 1 | + c


  x


   1 x −  1  x + 1 =  1  x  (  x + 1 )


  Show that    ∫ 2 3   1  x  (   x 2 + 1 ) d x =   ln ⁡   (    3  2 4 ) .


  LHS =  ∫ 2 3   (   1 x −  x   x 2 + 1 ) d x


  =  ∫ 2 3   (   1 x −  1 2 ×   2 x   x 2 + 1 ) d x


  =    [    ln ⁡   | x | −  1 2   ln ⁡   |   x 2 + 1 | ] 2 3


  =  (    ln ⁡ 3 −  1 2   ln ⁡  10 ) −  (    ln ⁡ 2 −  1 2   ln ⁡ 5 )


  =   ln ⁡ 3 −   ln ⁡    10 −   ln ⁡ 2 +   ln ⁡   5


  =   ln ⁡   (    3  5  2   10 )


  =   ln ⁡   (   3  2  2 )


  =   ln ⁡   (    3  2 4 )


   x 2


  x


  x


  Find   ∫     x 2 − 2 x − 2  x + 1 d x .  


  Evaluate   ∫ 1 3    2 x − 3  x + 1 d x .


  Find   ∫    2  x 2 + 19   x 2 + 9 d x .  


  Find  ∫    3 x + 2   x 2 + 6 x + 10 d x .


  Find   ∫   2  x  (  x − 1 ) d x .  


  Find ∫   2  x  (   x 2 + 4 ) d x .


  Evaluate  ∫  − 2 2    2 x   x 2 + 4 x + 20 d x .  


  Find   ∫     e  2 x +  e x   e  2 x + 1 d x .  


  Find   ∫     x 4 + 1   x 2 + 2 d x . 


  Show   that   ∫     x 3   x 2 + 2 d x = 2 −   ln ⁡ 3 .


  Find   ∫     x 6 + 3  x 2 − 1   x 3 + 1 d x . 


  Find  ∫     x 2 − 4 x + 2     (  x − 2 ) 3 d x .


  Show that   ∫ 0 1     e  2 x −  e x   e x + 1 d x =   ln ⁡   (    4  e e     [  e  (  e + 1 ) ] 2 ) . 


  The area under the curve  y =    e  2 x     e  2 x + 1   from   x = 0   to   x = ln   2   is rotated about the 


  x −axis. What is the volume of the solid of revolution formed? Answer correct to 


  2 decimal places.


  Find ∫      cos ⁡ x      sin 2 ⁡ x − 3   sin ⁡ x + 2 d x . 


  Find   ∫    8 x  1 +  e 2 x d x . 


  Find  ∫      sec ⁡ x   tan ⁡ x    sec ⁡ x +     sec 2 ⁡ x d x .


  Show that  ∫        tan 2 ⁡ x +   tan ⁡ x +     sec 2 ⁡ x − 2    tan ⁡ x − 1 d x =   ln ⁡   |      tan ⁡ x − 1    cos ⁡ x | + 2 x + c .


  Let   I =  ∫ 1 3        cos 2 ⁡   (   𝜋 8 x )  x ( 4 − x ) d x .


  Show that   I =  ∫ 1 3        sin 2 ⁡   (   𝜋 8 u )  u ( 4 − u ) d u .


  Hence, find the value of   I .


  Find   ∫      sin ⁡ x    sin ⁡ x +   cos ⁡ x +  e x d x .


  = ∫   (   3  x + 1 −  1  x − 2 ) d x


  = 3   ln ⁡   |  x + 1     2 2 | −   ln ⁡   |  x − 2     2 2 | + c


   x 2 ,   x


  x


  x


  a


  b


  x + 1


  x − 2


  x + 1


  x − 2


  Express    2 x − 7   (  x + 1 )  (  x − 2 )   in the form   a  x + 1 +  b  x − 2   by equating coefficients.


  Hence find ∫    2 x − 7   (  x + 1 )  (  x − 2 ) d x .


    2 x − 7   (  x + 1 )  (  x − 2 ) =  a  x + 1 +  b  x − 2


    2 x − 7   (  x + 1 )  (  x − 2 ) =   a  (  x − 2 ) + b  (  x + 1 )   (  x + 1 )  (  x − 2 )


  2 x − 7 =  (  a + b ) x − 2 a + b


                                                  ∴ 2 = a + b                              ( 1 )


                                                − 7 = − 2 a + b                  ( 2 )


             ( 1 ) −  ( 2 )         9 = 3 a               →             a = 3


          sub in    ( 1 )       2 = 3 + b     →             b = − 1


  ∴   2 x − 7   (  x + 1 )  (  x − 2 ) =  3  x + 1 −  1  x − 2


  x


    2 x − 3   x 2  (  x − 1 ) =  a x +  b   x 2 +  c  x − 1


    2 x − 3   x 2  (  x − 1 ) =   a x + b   x 2 +  c  x − 1


  x


   ∫ 2 3    2 x − 3   x 2  (  x − 1 ) d x =  ∫ 2 3   (   1 x +  3   x 2 −  1  x − 1 ) d x


  =    [    ln ⁡   |  x     2 2 | −  3 x −   ln ⁡   |  x − 1     2 2 |     2 2 ] 2 3


  =  (    ln ⁡ 3 − 1 −   ln ⁡ 2     2 2 ) −  (    ln ⁡ 2 −  3 2 − 0     2 2 )


  =   ln ⁡ 3 − 2   ln ⁡ 2 +  1 2


  =   ln ⁡   (   3 4 ) +  1 2


  a


  b


  c


  a


   x 2


  x


  x


  x = 0


  b


  x = 1


  c


  x


  x − 1


  2 ≤ x ≤ 3


  Express    2 x − 3   x 2  (  x − 1 )   in the form   a x +  b   x 2 +  c  x − 1   by elimination by substitution.


  Hence evaluate    ∫ 2 3    2 x − 3   x 2  (  x − 1 ) d x .


    2 x − 3   x 2  (  x − 1 ) =  a x +  b   x 2 +  c  x − 1


   (  2 x − 3 ) = a x  (  x − 1 ) + b  (  x − 1 ) + c  x 2


  Let   x = 0   ∴ 2  ( 0 ) − 3 = a  ( 0 ) + b  (  0 − 1 ) + c  ( 0 )  


  − 3 = − b    


  b = 3


  Let   x = 1   ∴ 2  ( 1 ) − 3 = a  ( 0 ) + b  ( 0 ) + c  ( 1 )  


    − 1 = c


  c = − 1


  equating coefficients of      x 2 :     0 = a + c    


  0 = a − 1


  a = 1


  ∴   2 x − 3   x 2  (  x − 1 ) =  1 x +  3   x 2 −  1  x − 1


  Express    2 x − 7   (  x + 1 )  (  x − 2 )   in the form   a  x + 1 +  b  x − 2   using the cover − up method.


  a


  x = − 1


  x + 1


  b


  x = 2


  x − 2


  a =   2  (  − 1 ) − 7  − 1 − 2 = 3


  b =   2  ( 2 ) − 7  2 + 1 = − 1


  ∴   2 x − 7   (  x + 1 )  (  x − 2 ) =  3  x + 1 −  1  x − 2


  Given    2 x + 1   (   x 2 + 1 )  (  x + 1 ) =   a x + b   x 2 + 1 +  c  x + 1 ,   find the values of  a ,   b  and  c   using the  cover − up  


  method  and equating coefficients .


   x 2


    2 x + 1   (   x 2 + 1 )  (  x + 1 ) ≡   a x + b   x 2 + 1 +  c  x + 1                


  c =   2  (  − 1 ) + 1     (  − 1 ) 2 + 1 = −  1 2                                                                        


    2 x + 1   (   x 2 + 1 )  (  x + 1 ) ≡    (  a x + b )  (  x + 1 ) −  1 2  (   x 2 + 1 )   (   x 2 + 1 )  (  x + 1 )


  ≡    (  a −  1 2 )  x 2 +  (  a + b ) x +  (  b −  1 2 )   (   x 2 + 1 )  (  x + 1 )


  ∴ a −  1 2 = 0                                            


  ∴ a =  1 2


  b −  1 2 = 1


  b =  3 2


  ∴ a =  1 2 , b =  3 2   and   c = −  1 2 .


   x 2 + 1


  a


  b


   x 2 + 1


  x = i


  a x + b


   x 2 + 1


  x = i


  a


  b


  a


  b


  c


  Given    2 x + 1   (   x 2 + 1 )  (  x + 1 ) =   a x + b   x 2 + 1 +  c  x + 1 ,   find the values of  a ,   b  and  c   using the cover−up method.


  x = i


  c


  a  ( i ) + b =   2  ( i ) + 1  i + 1 ×   1 − i  1 − i


  b + a i =   2 i + 2 + 1 − i   1 2 +  1 2


  ∴ b + a i =  3 2 +  1 2 i


  ∴ a =  1 2 , b =  3 2


  c =   2  (  − 1 ) + 1     (  − 1 ) 2 + 1 = −  1 2                                                                                                                                                                            


  ∴ a =  1 2 , b =  3 2   and   c = −  1 2 .


  Express    2 x + 1   (  x + 1 )  (  x + 2 )   in the form   a  x + 1 +  b  x + 2   by equating coefficients.


  Hence find   ∫    2 x + 1   (  x + 1 )  (  x + 2 ) d x .


  Express    2 x + 3   x 2  (  x + 1 )   in the form   a x +  b   x 2 +  c  x + 1   by elimination by substitution.


  Hence evaluate    ∫ 2 3    2 x + 3   x 2  (  x + 1 ) d x .


  Express    2 x + 1   (  x + 1 )  (  x + 2 )   in the form   a  x + 1 +  b  x + 2   using the cover−up method.


  Given    2 x + 3   x 2  (  x + 1 ) =  a x +  b   x 2 +  c  x + 1 ,   find the values of  a ,   b  and  c   using the cover − up 


  method  and equating coefficients .


  Find  a  and  b  given that    1 − x   (  x + 1 )  (  x + 2 ) ≡  a  x + 1 +  b  x + 2 .


  Hence find  ∫    1 − x   (  x + 1 )  (  x + 2 ) d x .


  Rewrite    x + 1  x    (  x − 1 ) 2   as the sum or difference of partial fractions.


  Find   ∫ 0 1    x + 2   x 2 + 7 x + 12 d x .


  Express     5 x − 5  ( x + 2 )  (   x 2 + 1 )   in the form    a  x + 2 +   b x + c   x 2 + 1   using the cover−up method and complex numbers,   and hence   evaluate   ∫ 3 4    5 x − 5  ( x + 2 )  (   x 2 + 1 ) d x .


  It can be shown that   2   x 3 +  x 2 + x + 1 =  1  x + 1 −  x   x 2 + 1 +  1   x 2 + 1         ( Do NOT prove this. )


  Use this result to evaluate    ∫   1 2 2   2   x 3 +  x 2 + x + 1   d x .


  It can be shown that    8  (  1 − x )   (  2 −  x 2 )  (  2 − 2 x +  x 2 ) =   4 − 2 x  2 − 2 x +  x 2 −   2 x  2 −  x 2   (Do NOT prove this.)


  Use this result to evaluate   ∫ 0 1    8  (  1 − x )   (  2 −  x 2 )  (  2 − 2 x +  x 2 ) d x .


  Evaluate   ∫ 2 5    x − 6   x 2 + 3 x − 4 d x .


  Find   a ,   b   and   c   given that    − 5 x + 2   x 2  (  x − 1 ) ≡  a x +  b   x 2 +  c  x − 1 .


  Hence evaluate   ∫ 2 3    − 5 x + 2   x 2  (  x − 1 ) d x .


  Given that    16 x − 43     (  x − 3 ) 2  (  x + 2 )   can be written as    16 x − 43     (  x − 3 ) 2  (  x + 2 ) =  a     (  x − 3 ) 2 +  b  x − 3 +  c  x + 2 .


                                                                   


  where  a ,   b   and  c  are real numbers, find  a ,   b   and  c .


  Hence find   ∫    16 x − 43     (  x − 3 ) 2  (  x + 2 ) d x .


  Express     2 x + 3  ( x + 1 )  (   x 2 + 4 )   in the form   a  x + 1 +   b x + c   x 2 + 4   and hence evaluate  ∫ 0 2    2 x + 3  ( x + 1 )  (   x 2 + 4 ) d x .


  Find  ∫    3  x 2 + 8  x  (   x 2 + 4 ) d x .  


  Find  ∫    2  x 3 −  x 2 − 8 x − 2  x  (  x − 2 ) d x .  


  Find  ∫     e x + 1   e  2 x − 5  e x + 6 d x .


  Given that   3  x 3 +  x 2 + 12 x − 12   (   x 2 + 4 )  (   x 2 + 2 x + 4 ) =   x − 3   x 2 + 2 x + 4 +   2 x   x 2 + 4 ,   show that  


   ∫ 0 1    3  x 3 +  x 2 + 12 x − 12   (   x 2 + 4 )  (   x 2 + 2 x + 4 ) d x =   ln ⁡    5  7 8 +  4   3  (   𝜋 6 −     tan  − 1 ⁡   2   3 ) .


  Use partial fractions to show that    3 !  x  (  x + 1 )  (  x + 2 )  (  x + 3 ) =  1 x −  3  x + 1 +  3  x + 2 −  1  x + 3 .


  It is given that   t 4 + 4 =  (   t 2 + 2 t + 2 )  (   t 2 − 2 t + 2 ) .


  Find  A   and   B   so that   16   t 4 + 4 =   A + 2 t   t 2 + 2 t + 2 +   B − 2 t   t 2 − 2 t + 2 .


  A particle is initially at the origin and moves to the right along the  x −axis. Its velocity 


  t  seconds after it started moving is    16   t 4 + 4   metres per second. 


  Show that its displacement after  t   seconds is  


  x =   ln ⁡   (     t 2 + 2 t + 2   t 2 − 2 t + 2 ) + 2     tan  − 1 ⁡  ( t + 1 ) + 2     tan  − 1 ⁡  ( t − 1 ) metres .


  Prove that the particle will approach but never reach  x = 2 π   metres .


  y =     cos 3 ⁡  2 x


   [  −  𝜋 4 ,  𝜋 2 ]


  Some obvious results include:


   ∫  −  𝜋 4   𝜋 4      cos 3 ⁡  2 x d x = 2  ∫ 0   𝜋 4      cos 3 ⁡  2 x d x           and         ∫ 0   𝜋 2      cos 3 ⁡  2 x d x = 0 .


  Less obvious results include:


   ∫  −  𝜋 4   𝜋 2      cos 3 ⁡  2 x d x =  ∫ 0   𝜋 4      cos 3 ⁡  2 x d x               and        ∫  −  𝜋 4 0      cos 3 ⁡  2 x d x =  ∫   𝜋 2   𝜋 4      cos 3 ⁡  2 x d x .


    cos ⁡  2 x


  𝜋


  𝜋


  y


  x


   𝜋 4


  −  𝜋 4


  y =     cos 3 ⁡  2 x


   𝜋 2


  Use the graph to arrange these definite integrals in ascending order.


        A:   ∫  −  𝜋 4   𝜋 4      sin 3 ⁡  2 x d x                    


    B:   ∫  −  𝜋 2   𝜋 4      sin 3 ⁡  2 x d x                    


    C:    ∫   𝜋 4   𝜋 2      sin 3 ⁡  2 x d x


  Consider the graph of   y =     sin 3 ⁡  2 x for  [  −  𝜋 2 ,  𝜋 2 ] .


  y


  x


  y =     sin 3 ⁡  2 x


  −  𝜋 2


  −  𝜋 4


   𝜋 4


   𝜋 2


  =  ∫  −  𝜋 4 0      sin 3 ⁡  2 x d x +  ∫ 0   𝜋 4      sin 3 ⁡  2 x d x = −  1 3 +  1 3 = 0


  =  ∫  −  𝜋 2  −  𝜋 4      sin 3 ⁡  2 x d x +  ∫  −  𝜋 4 0      sin 3 ⁡  2 x d x +  ∫ 0   𝜋 4      sin 3 ⁡  2 x d x = −  1 3 + 0   (from  a ) = −  1 3


  =  ∫ 0   𝜋 4      sin 3 ⁡  2 x d x =  1 3         since     sin 3 2 x   is symmetrical about  x =  𝜋 4


  In ascending  order ,  we have:        ∫  −  𝜋 2   𝜋 4      sin 3 ⁡  2 x d x ,      ∫  −  𝜋 4   𝜋 4      sin 3 ⁡  2 x d x ,      ∫   𝜋 4   𝜋 2      sin 3 ⁡  2 x d x .


   ∫ a   𝜋 2      sin 3 ⁡  2 x d x   is maximised when we exclude as much of the domain where the graph of  


  y =   sin 3 2 x   is below the   x −axis, and include as much of the domain where the graph of  


  y =   sin 3 2 x   is above the   x −axis. 


  This occurs when   a = 0 .


  What value of  a   in the domain  [  −  𝜋 2 ,  𝜋 2 ]   maximises the value of   ∫ a   𝜋 2      sin 3 ⁡  2 x d x ?


   ∫ 0 2   (   x 2 + 3 ) d x


  2


  y =  x 2 + 3


  x


  y


  The value of a definite integral is independent of the variable used − this is an important technique used in proofs, often  called  dummy variables.   In the diagram s  below we can easily see that    ∫ 0 2   (   x 2 + 3 ) d x   and   ∫ 0 2   (   u 2 + 3 ) d u   must be identical.


  This relationship only applies to definite integrals. If we compare   ∫  (  x 2 + 3 ) d x   and ∫  (  u 2 + 3 ) d u


     x 3 3 + 3 x +  c 1


     u 3 3 + 3 u +  c 2


  u


   ∫ 0 2   (   u 2 + 3 ) d u


  2


  y =  u 2 + 3


  u


  y


  Show that  ∫    3 𝜋 4    5 𝜋 4      cos n ⁡  2 x d x =  ∫ 0   𝜋 2      cos n ⁡ x d x .


   ∫    3 𝜋 4    5 𝜋 4      cos n ⁡  2 x d x


  = 2  ∫ 𝜋    5 𝜋 4      cos n ⁡  2 x d x       since     cos n ⁡  2 x   is symmetrical about  x = 𝜋                              u = 2 x   d u = 2 d x   d x =   d u 2       


    = 2  ∫  2 𝜋    5 𝜋 2      cos n ⁡ u ×   d u 2


  =  ∫  2 𝜋    5 𝜋 2      cos n ⁡ u d u


  =  ∫ 0   𝜋 2      cos n ⁡ u d u               since   cos ⁡ u   has a period of  2 𝜋   we can subtract  2 𝜋   from both limits


  =  ∫ 0   𝜋 2      cos n ⁡ x d x              changing the variable


  y


  x


   𝜋 2


    3 𝜋 4


    5 𝜋 4


   ∫    3 𝜋 4    5 𝜋 4      cos 3 ⁡  2 x d x


   ∫ 0   𝜋 2      cos 3 ⁡ x d x


  n = 3


  x


  y =     sin 2 ⁡ x


  x = 0   to   𝜋


  y =     sin 2 ⁡   (  x −  𝜋 4 )


  x =  𝜋 4   to       5 𝜋 4


   𝜋 4


   ∫   𝜋 4    5 𝜋 4      sin 2 ⁡   (  x −  𝜋 4 ) d x =  ∫ 0 𝜋      sin 2 ⁡ x d x .      


   ∫ a b  f ( x − c ) d x =  ∫  a − c  b − c  f ( x ) d x .


  u = x − c


  c


  c


  y


  x


   𝜋 4


   𝜋 2


    3 𝜋 4


  𝜋


    5 𝜋 4


  y


  x


   𝜋 4


   𝜋 2


    3 𝜋 4


  𝜋


    5 𝜋 4


   ∫ 0 𝜋      sin 2 ⁡ x d x


   ∫   𝜋 4    5 𝜋 4      sin 2 ⁡   (  x −  𝜋 4 ) d x


  y =     sin 2 ⁡ x


  y =     sin 2 ⁡   (  x −  𝜋 4 )


  y = f ( x )


  x = a


  x = b


  k


  y = f ( k x )


  x =  a k


  x =  b k


   1 k


   1 k


   ∫ a b  f ( x ) d x = k  ∫   a k   b k  f ( k x ) d x


  y =     sin 2 ⁡ x


  x = 0   to   𝜋


  y =     sin 2 ⁡  2 x


  x = 0   to  𝜋 2


  y


  2


   ∫ a b  f ( k x ) d x =  1 k  ∫  k a  k b  f ( x ) d x


  u = k x


  k


  k


   1 k


  k


  y


  x


   𝜋 4


   𝜋 2


    3 𝜋 4


  𝜋


   ∫ 0 𝜋      sin 2 ⁡ x d x


  y =     sin 2 ⁡ x


  y


  x


   𝜋 4


   𝜋 2


  y =     sin 2 ⁡  2 x


   ∫ 0   𝜋 2      sin 2 ⁡  2 x d x


  f ( x )


  x = a


   ∫  2 a  3 a  f  ( x ) d x =  ∫  − a 0  f  ( x ) d x                                   since   f  ( x )   is symmetrical about   x = a


  =  ∫ 0 a  f  (  x − a ) d x                            translating  a  units to the right


   ∫ 0  2 a  f ( x ) d x =  ∫ 0 a  f  ( x ) d x +  ∫ a  2 a  f  ( x ) d x


  =  ∫ 0 a  f  ( x ) d x +  ∫ 0 a  f  ( x ) d x          since   f  ( x )   is symmetrical about   x = a


  = 2  ∫ 0 a  f  ( x ) d x


   ∫ 0 a  f ( 2 x ) d x =  1 2  ∫ 0  2 a  f  ( x ) d x                                                           using a horizontal dilation of  f  ( x )   by a factor of   2


  =  ∫ 0 a  f  ( x ) d x     from part (a)


   ∫ 0  2 a  f ( x ) d x = 2  ∫ 0 a  f  ( x ) d x .


   ∫  2 a  3 a  f  ( x ) d x =  ∫ 0 a  f ( x − a ) d x .


   ∫ 0 a  f ( 2 x ) d x =  ∫ 0 a  f  ( x ) d x


  Show  that  the value of    1 n  ∫ 0  2 n a   e   x  2 n d x + n  ∫ 0   a n   e  n x d x   for   a ,   n ∈  ℤ +   is independent of the value of  n .


   1 n  ∫ 0  2 n a   e   x  2 n d x + n  ∫ 0   a n   e  n x d x = 2 n ×  1 n  ∫ 0 a   e x d x +  1 n × n  ∫ 0 a   e x d x


  = 2  ∫ 0 a   e x d x +  ∫ 0 a   e x d x


  = 3  ∫ 0 a   e x d x


  = 3    [   e x     2 2 ] 0 a


  = 3  (   e a − 1 )   which is independent of   n


  y


  f  ( x ) ± g ( x )


   x 3


   x 5


   x 3 +  x 5


   x 3 −  x 5


   x 2


   x 4


   x 2 +  x 4


   x 2 −  x 4


   x 2


   x 3


   x 2 +  x 3


   x 2 −  x 3


  Product or quotient of two functions   f  ( x ) × g ( x )   and     f  ( x )  g  ( x )


   x 4


   x 2


   x 4 ×  x 2 =  x 6


   x 4 ÷  x 2 =  x 2


   x 5


   x 3


   x 5 ×  x 3 =  x 8


   x 5 ÷  x 3 =  x 2


   x 4


   x 3


   x 4 ×  x 3 =  x 7


   x 4 ÷  x 3 =  x 1


  f  (  g  ( x ) )


   x 3


   x 5


     (   x 3 ) 5 =  x  15


   x 4


   x 3


     (   x 4 ) 3 =  x  12


  f  (  − x ) = f  ( x )


  y


  y


   ∫  − a 0  f ( x ) d x =  ∫ 0 a  f  ( x ) d x     and      ∫  − a a  f ( x ) d x = 2  ∫ 0 a  f ( x ) d x


   ∫  − b  − a  f ( x ) d x =  ∫ a b  f  ( x ) d x


  y


   ∫ 0 a  f ( − x ) d x =  ∫ 0 a  f  ( x ) d x  


   ∫ a b  f ( − x ) d x =  ∫ a b  f  ( x ) d x  


   ∫ a b   (  f  ( x ) + f  (  − x ) ) d x = 2  ∫ a b  f ( x ) d x


  F  (  − x ) = − F ( x )


  y


  x


  a


  − a


  y = f ( x )


  b


  − b


  y


  x


  a


  y = f  ( x ) = f ( − x )


  b


  f  (  − x ) = − f  ( x )


  y


   ∫  − a 0  f ( x ) d x = −  ∫ 0 a  f  ( x ) d x     and      ∫  − a a  f ( x ) d x = 0


   ∫  − b  − a  f ( x ) d x = −  ∫ a b  f  ( x ) d x


  y


  x


  − 1


   ∫ 0 a  f ( − x ) d x = −  ∫ 0 a  f  ( x ) d x  


   ∫ a b  f ( − x ) d x = −  ∫ a b  f  ( x ) d x  


   ∫ a b   (  f  ( x ) + f  (  − x ) ) d x = 0


  F  (  − x ) = F ( x )


  y


  x


  a


  − a


  y = f ( x )


  b


  − b


  y


  x


  a


  − a


  y = f ( x )


  b


  − b


  y = f ( − x )


  State whether each of the following definite integrals in the form  I =  ∫  − a a  f ( x ) d x   is equal to zero


  or  2 J , where  J =  ∫ 0 a  f ( x ) d x . Justify your answer.


    sin ⁡ x


    tan ⁡ x


  ∴ I = 2 J


   x 3


    sin ⁡ x


  ∴ I = 0


   x 4


    sin ⁡ x


  ∴ I = 0


   x 2


   e   x 2


  ∴ I = 2 J


    tan ⁡ x


   x 3 + x


  ∴ I = 0


  I =  ∫  −  𝜋 4   𝜋 4    sin ⁡ x   tan ⁡ x d x


  I =  ∫  −  𝜋 6   𝜋 6  (  x 3 −   sin ⁡ x ) d x


  I =  ∫  −  𝜋 6   𝜋 6     x 4    sin ⁡ x d x


  I =  ∫  − 1 1   e   x 2 d x


  I =  ∫  − 3 3    tan ⁡  (  x 3 + x ) d x


  𝒚


  y


  x


  − x


   ∫ a b  f ( x ) d x =  ∫  − b  − a  f ( − x ) d x


  f  ( x ) = x  e x + 1 ,   a = − 2


  b = 0 . 5


  If the lower limit is zero, we find a common application:      ∫ 0 a  f ( x ) d x =  ∫  − a 0  f  (  − x ) d x .


  f  ( x ) = x  e x + 1 ,   a = 1


   ∫  − a a  f ( x ) d x =  ∫ 0 a   [  f  ( x ) + f  (  − x ) ] d x


  x = 0


  x = 1


  y = x  e x + 1


  x = − 1


  x = 1


  y


  x


  y


  x


  − 2


  − 0 . 5


  2


   ∫  − 0 . 5 2  ( − x  e  − x + 1 ) d x =  ∫  − 2  0 . 5  ( x  e x + 1 ) d x


  y = − x  e  − x + 1


  y = x  e x + 1


  0 . 5


  y


  x


  y = − x  e  − x + 1


  y = x  e x + 1


  1


  − 1


  y


  x


  y = − x  e  − x + 1


  y = x  e x + 1


  1


  − 1


  𝒙 = 𝒌


  y = f ( x )


  x = k


  f ( 2 k − x )


  x = k


   ∫ a b  f ( x ) d x =  ∫  2 k − b  2 k − a  f ( 2 k − x ) d x


  y = x   sin ⁡ x


  x


  x = 0


  x =   3 𝜋 4


  x =  𝜋 2


  y =  (  2  (   𝜋 2 ) − x )   sin ⁡   (  2  (   𝜋 2 ) − x ) =  (  𝜋 − x )   sin ⁡   (  𝜋 − x )


  x =  𝜋 2


   𝜋 2 +  (   𝜋 2 − old lower limit ) =  𝜋 2 +  (   𝜋 2 − 0 ) = 2  (   𝜋 2 ) − 0 = 𝜋


   𝜋 2 +  (   𝜋 2 − old upper limit ) =  𝜋 2 +  (   𝜋 2 −   3 𝜋 4 ) = 2  (   𝜋 2 ) −   3 𝜋 4 =  𝜋 4


  From the diagram above we can see that    ∫   𝜋 4 𝜋   (  𝜋 − x )   sin ⁡   (  𝜋 − x ) d x =  ∫ 0    3 𝜋 4  x   sin ⁡ x d x .


  f ( 2 k − x )


  f ( x )


  x


  y


   𝜋 2


  y = x   sin ⁡ x


    3 𝜋 4


  x


  y


   𝜋 2


  y = ( 𝜋 − x )   sin ⁡  ( 𝜋 − x )


    3 𝜋 4


   𝜋 4


  𝜋


  Reflecting definite integrals on the midpoint of the limits,    𝒙 =   𝒂 + 𝒃 𝟐


  x = k


  k


  x =   a + b 2


  y = f ( x )


  x =   a + b 2


  f  (  2  (    a + b 2 ) − x ) = f ( a + b − x )


   ∫ a b  f ( x ) d x =  ∫ a b  f ( a + b − x ) d x .


  x =   a + b 2


  x =  𝜋 4


  x =   3 𝜋 4


  x =  𝜋 2


  From the diagram above we can see that    ∫   𝜋 4    3 𝜋 4   (  𝜋 − x )   sin ⁡   (  𝜋 − x ) d x =  ∫   𝜋 4    3 𝜋 4  x   sin ⁡ x d x .


  x


  y


   𝜋 2


  y = x   sin ⁡ x


    3 𝜋 4


  x


  y


   𝜋 2


  y = ( 𝜋 − x )   sin ⁡  ( 𝜋 − x )


    3 𝜋 4


   𝜋 4


  𝜋


   𝜋 4


   ∫ 0 a  f ( x ) d x =  ∫ 0 a  f ( a − x ) d x .


  f ( x )


  x =  a 2


  x = 0


  x = 𝜋


  x =  𝜋 2


  x = 0


  From the diagram above we can see that    ∫ 0 𝜋   (  𝜋 − x )   sin ⁡   (  𝜋 − x ) d x =  ∫ 0 𝜋  x   sin ⁡ x d x .


  0


   𝜋 2


  a =  𝜋 4


    sin ⁡   (   𝜋 2 − x ) =   cos ⁡ x


                                           ∫ a b  f ( x − c ) d x =  ∫  a − c  b − c  f ( x ) d x                                              ∫ a b  f ( k x ) d x =  1 k  ∫  k a  k b  f ( x ) d x    


                                                         ∫ a b  f ( x ) d x =  ∫  − b  − a  f ( − x ) d x                                            ∫ a b  f ( x ) d x =  ∫  2 k − b  2 k − a  f ( 2 k − x ) d x    


                                                         ∫ a b  f ( x ) d x =  ∫ a b  f ( a + b − x ) d x                        ∫ 0 a  f ( x ) d x =  ∫ 0 a  f ( a − x ) d x


  x


  y


   𝜋 2


  y = x   sin ⁡ x


  x


  y


   𝜋 2


  y = ( 𝜋 − x )   sin ⁡  ( 𝜋 − x )


  𝜋


   ∫ 0 𝜋  x   sin ⁡ x d x =  ∫ 0 𝜋   (  𝜋 − x )   sin ⁡   (  𝜋 − x ) d x


         ∫ 0 𝜋  x   sin ⁡ x d x =  ∫ 0 𝜋  𝜋   sin ⁡   (  𝜋 − x ) d x −  ∫ 0 𝜋  x   sin ⁡   (  𝜋 − x ) d x


  2  ∫ 0 𝜋  x   sin ⁡ x d x = 𝜋  ∫ 0 𝜋    sin ⁡ x d x


         ∫ 0 𝜋  x   sin ⁡ x d x =  𝜋 2  ∫ 0 𝜋    sin ⁡ x d x


  =  𝜋 2    [  −   cos ⁡ x     2 2 ] 0 𝜋


  =  𝜋 2  (  −  (  − 1 ) −  (  − 1 ) )


  = 𝜋


   ∫ 0 a  f  (  a − x ) d x                                              u = a − x   d u = − d x   d x = − d u   


  =  ∫ a 0  f  ( u ) × ( − d u )


  =  ∫ 0 a  f ( u ) d u


  =  ∫ 0 a  f  ( x ) d x  


  Prove    ∫ 0 a  f  (  a − x ) d x =  ∫ 0 a  f  ( x ) d x .


  H ence   show that   ∫ 0 𝜋  x   sin ⁡ x d x = 𝜋 .


  Given  ∫ 0 a  f  (  a − x ) d x =  ∫ 0 a  f  ( x ) d x ,   e valuate   ∫ 0 1  x    (  1 − x ) 7 x   d x .


   ∫ 0 1  x    (  1 − x ) 7 x   d x


  =  ∫ 0 1   (  1 − x )  x 7 d x


  =  ∫ 0 1   (   x 7 −  x 8 ) d x


  =    [     x 8 8 −    x 9 9 ] 0 1


  =  (   1 8 −  1 9 ) −  (  0 − 0     2 2 )


  =  1  72


  Evaluate  ∫ 0   𝜋 2    tan ⁡   (  x −  𝜋 4 )   sec ⁡   (  x −  𝜋 4 ) d x .


  =  ∫  −  𝜋 4   𝜋 4    tan ⁡ x   sec ⁡ x d x                          translating  𝜋 4 to the left


  =  ∫  −  𝜋 4   𝜋 4  f ( x ) d x   where  f  ( x ) is odd since   tan ⁡ x is odd and   sec ⁡ x is even


  = 0


  The odd function  f  ( x )  is defined for all real  x . 


   ∫ 0 a   (  f  (  a − x ) − f  (  x − a ) ) d x


  =  ∫ 0 a  f  (  a − x ) d x −  ∫ 0 a  f  (  x − a ) d x


  =  ∫ 0 a  f  ( x ) d x −  ∫  − a 0  f  ( x ) d x       reflecting (1) about  x =  a 2   and   t ranslating (2)   a   units to the left


  =  ∫ 0 a  f  ( x ) d x +  ∫ 0 a  f  ( x ) d x     since   f  ( x )   is odd


  = 2  ∫ 0 a  f  ( x ) d x


   ∫ 0 a   (  f  (  a − x ) − f  (  x − a ) ) d x                              u = a − x         d u = − d x         


  =  ∫  − a 0   (  f  (  − u ) − f  ( u ) ) d u


  =  ∫ 0 a   (  f  ( u ) − f  (  − u ) ) d u


  =  ∫ 0 a   (  f  ( x ) − f  (  − x ) ) d x                   changing variables


  =  ∫ 0 a   (  f  ( x ) + f  ( x ) ) d x                           since   f  ( x )   is odd


  = 2  ∫ 0 a  f  ( x ) d x


  Show that   ∫ 0 a   (  f  (  a − x ) − f  (  x − a ) ) d x = 2  ∫ 0 a  f  ( x ) d x   using reflections and translations.


  Show that   ∫ 0 a   (  f  (  a − x ) − f  (  x − a ) ) d x = 2  ∫ 0 a  f  ( x ) d x   using the substitution  u = x − a .


  Prove    ∫ 0 a  f  (  a − x ) d x =  ∫ 0 a  f  ( x ) d x ,   and hence find    ∫ 0  2 𝜋  x   cos ⁡ x d x .


  Given  ∫ 0 a  f  (  a − x ) d x =  ∫ 0 a  f  ( x ) d x , evaluate  ∫ 0 2  x   2 − x   d x .


  Evaluate  ∫  − 2 2   (  x +  x 3 +  x 5 )  (  1 +  x 2 +  x 4 ) d x .


  Evaluate  ∫  − 𝜋 0    sin ⁡   (  x +  𝜋 2 )   cos ⁡   (  x +  𝜋 2 ) d x .


  Give a condition on a and b that guarantees  ∫ a b   (   x 3 −  x 2 ) d x   is positive.


  A function  f ( x )  has the property that  f  ( x ) + f  (  a − x ) = f ( a ) . 


  Given   ∫ 0 a  f ( x ) d x =  ∫ 0 a  f ( a − x ) d x  prove  ∫ 0 a  f ( x ) d x =  a 2 f  ( a ) .


  Without evaluating the integrals, which one of the following integrals is greater than zero?


     A    ∫  −  𝜋 2   𝜋 2   e   x 2   cos ⁡ x d x             B    ∫  − 𝜋 𝜋   x 3   cos ⁡ x d x           C    ∫  −  𝜋 4   𝜋 4  (     sin 2 ⁡ x −     cos 2 ⁡ x ) d x         D    ∫  − 1 1      sin  − 1 ⁡   (   x 3 ) d x


  Which integral is equal to  ∫  − a a  f ( x ) d x   for all   f ( x ) ?


     A  ∫ 0 a   (  f  (  x − a ) − f  (  − x ) ) d x           B  ∫ 0 a   (  f  (  a + x ) − f  ( x ) ) d x  


     C  ∫ 0 a   (  f  ( x ) + f  (  − x ) ) d x                   D  ∫ 0 a   (  f  (  x − a ) − f  (  a − x ) ) d x


  It is given that  f ( x )  is a non−zero even function and  g ( x )  is a non−zero odd function. Which expression is equal to   ∫  − a a  f  ( x ) + g ( x ) d x ?


     A   ∫ 0 a  g  ( x ) + g ( − x ) d x                               B  2  ∫ 0 a  g  ( x ) + g ( − x ) d x


     C   ∫ 0 a  f  ( x ) + f ( − x ) d x                                D     2  ∫ 0 a  f  ( x ) + f ( − x ) d x


  Prove   ∫ a  3 a  f ( x − a ) d x =  ∫  − a a  f ( a − x ) d x .


  Which of these integrals has the smallest value?


           A    ∫ 0   𝜋 6    sin ⁡ x d x                               B    ∫ 0   𝜋 6      sin 2 ⁡ x d x                     C    ∫ 0   𝜋 6  ( 1 −   sin ⁡ x ) d x                     D    ∫ 0   𝜋 6  ( 1 −     sin 2 ⁡ x ) d x


  Evaluate  ∫ 0   𝜋 2      sin ⁡ x    sin ⁡ x +   cos ⁡ x d x   .


  Evaluate  ∫ 0 2   (  1 +   sin ⁡   (  𝜋    (  1 − x ) 3 ) ) d x .


  For what values of  a   is  ∫ 0 2    d x  1 −   x − a   defined?


  Evaluate   ∫ 0   𝜋 2    d x      cos 2 ⁡   (  x −  𝜋 4 ) .


  Given that  x y = x + 1 , evaluate   ∫ 3 5  x d y .  


  Evaluate  ∫  − 1 1        tan  − 1 ⁡ x  1 +     sin 2 ⁡ x d x .


  Find the smallest value of   ∫ 0 1     (   x 2 − a ) 2 d x  as  a  varies.


  f  (  a + x ) = f ( a − x )


   ∫ 0  2 a  f ( x ) d x = 2  ∫ 0 a  f  ( x ) d x


   ∫ 0 a  f ( 2 x ) d x =  ∫ 0 a  f  ( x ) d x


   ∫ 0 a  f ( x + a ) d x =  ∫ 0 a  f  ( x ) d x  


   ∫ 0 a  f ( x − a ) d x =  ∫  2 a  3 a  f  ( x ) d x


  Evaluate  ∫ 0   𝜋 2      cos ⁡ x  2 −   sin ⁡  2 x d x .


  Given   ∫ 0 a  f ( x ) d x =  ∫ 0 a  f ( a − x ) d x , which expression must be equal to


   ∫ 0 a  [ f ( a − x ) + f ( a + x ) ] d x ?


      A   ∫ 0 a  f ( x ) d x              B  ∫ 0  2 a  f ( x ) d x          C     2  ∫ 0 a  f ( x ) d x           D   ∫  − a a  f ( x ) d x


  Evaluate  ∫ 0 𝜋    x   sin ⁡ x  1 +     cos 2 ⁡ x d x .


  Prove  ∫   1 a a    f  ( x )  x  (  f  ( x ) + f  (   1 x ) ) d x =  ∫   1 a a    f  (   1 x )  x  (  f  ( x ) + f  (   1 x ) ) d x .


  Hence or otherwise evaluate   I =  ∫   1 2 2      sin ⁡ x  x  (    sin ⁡ x +   sin ⁡   1 x ) d x .


  Given that   ∫  − a a  f ( x ) d x =  ∫ 0 a   (  f  ( x ) + f  (  − x ) ) d x , evaluate    ∫  −  𝜋 2   𝜋 2     e x     sin 2 ⁡ x  1 +  e x d x .


  Prove   ∫ a b    f  ( x )  f  (  a + b − x ) + f  ( x ) d x =   b − a 2 .


  Hence evaluate   ∫ 2 5     x 2    29 −  x 2 + x d x , using the substitution   u =  x 2 .


  Given  ∫ a b  f ( x ) d x =  1 2  ∫ a b   (  f  ( x ) + f  (  a + b − x ) ) d x ,   evaluate   ∫ 3 7      ln ⁡   (  x + 2 )    ln ⁡   (  24 + 10 x −  x 2 ) d x .


    cos ⁡ A   cos ⁡ B =    1 2  [    cos ⁡   (  A − B ) +   cos ⁡   (  A + B )     2 2 ]


    sin ⁡  A   sin ⁡ B =    1 2  [    cos ⁡   (  A − B ) −   cos ⁡   (  A + B )     2 2 ]


    sin ⁡  A   cos ⁡ B =    1 2  [    sin ⁡   (  A + B ) +   sin ⁡   (  A − B )     2 2 ]


    cos ⁡  A   sin ⁡ B =    1 2  [    sin ⁡   (  A + B ) −   sin ⁡   (  A − B )     2 2 ]


  A − B


  A + B


  A + B


  A − B


  Prove    cos ⁡ A   cos ⁡ B =    1 2  [    cos ⁡   (  A − B ) +   cos ⁡   (  A + B )     2 2 ] .


  RHS =  1 2  [    cos ⁡ A   cos ⁡ B +   sin ⁡ A   sin ⁡ B +   cos ⁡ A   cos ⁡ B −   sin ⁡ A   sin ⁡ B     2 2 ]


  =  1 2  [  2   cos ⁡ A   cos ⁡ B     2 2 ]


  =   cos ⁡ A   cos ⁡ B


  ∴   cos ⁡ A   cos ⁡ B =    1 2  [    cos ⁡   (  A − B ) +   cos ⁡   (  A + B )     2 2 ]


  Write   sin ⁡  2 x   sin ⁡  4 x  as the difference of cosines. 


    sin ⁡  2 x   sin ⁡  4 x =  1 2  [    cos ⁡   (  2 x − 4 x ) −   cos ⁡   (  2 x + 4 x )     2 2 ]


  =  1 2  (    cos ⁡   (  − 2 x ) −   cos ⁡  6 x     2 2 )


  =  1 2  (    cos ⁡  2 x −   cos ⁡  6 x )         cosine is even


    sin ⁡  2 x   sin ⁡  4 x =   sin ⁡  4 x   sin ⁡  2 x


  =  1 2  [    cos ⁡   (  4 x − 2 x ) −   cos ⁡   (  4 x + 2 x )     2 2 ]


  =  1 2  (    cos ⁡  2 x −   cos ⁡  6 x )


  Show that    sin ⁡  52 . 5 °   cos ⁡  7 . 5 ° =    3 +  2 4 .


  LHS =  1 2  [    sin ⁡   (  52 . 5 ° + 7 . 5 ° ) +   sin ⁡   (  52 . 5 ° − 7 . 5 ° )     2 2 ]


  =  1 2  (    sin ⁡  60 ° +   sin ⁡  45 ° )


  =  1 2  (     3 2 +  1   2 )


  =  1 2  (     6 + 2  2  2 )


  =  1 2  (     3 +  2 2 )


  =    3 +  2 4


      cos ⁡ 𝜃 −   cos ⁡  3 𝜃  2 − 2     cos 2 ⁡ 𝜃 =   2   sin ⁡  2 𝜃   sin ⁡ 𝜃  2     sin 2 ⁡ 𝜃


  =   2   sin ⁡ 𝜃   cos ⁡ 𝜃   sin ⁡ 𝜃      sin 2 ⁡ 𝜃


  = 2   cos ⁡ 𝜃


    cos ⁡ 𝜃 −   cos ⁡  3 𝜃 =   cos ⁡   (  2 𝜃 − 𝜃 ) −   cos ⁡   (  2 𝜃 + 𝜃 )


  = 2   sin ⁡  2 𝜃   sin ⁡ 𝜃


  2 𝜃


  𝜃


   1 2


  Write   cos ⁡ 𝜃 −   cos ⁡  3 𝜃   as the product of trigonometric functions.


  Hence show that       cos ⁡ 𝜃 −   cos ⁡  3 𝜃  2 − 2     cos 2 ⁡ 𝜃 = 2   cos ⁡ 𝜃 .


  x = 0


  x =  𝜋  12


  x =  𝜋 5


  x =   2 𝜋 5


  x =   5 𝜋  12


  y


  x


   𝜋 2


  y =   cos ⁡  3 x −   cos ⁡  7 x


  y =   sin ⁡  5 x


  Solve   cos ⁡  3 x −   cos ⁡  7 x =   sin ⁡  5 x   for   0 ≤ x ≤  𝜋 2 .


    cos ⁡  3 x −   cos ⁡  7 x =   cos ⁡   (  5 x − 2 x ) −   cos ⁡   (  5 x + 2 x )


  = 2   sin ⁡  5 x   sin ⁡  2 x


  ∴ 2   sin ⁡  5 x   sin ⁡  2 x =   sin ⁡  5 x


    sin ⁡  5 x  (  2   sin ⁡  2 x − 1 ) = 0


    sin ⁡  5 x = 0                     or                 2   sin ⁡  2 x − 1 = 0


  5 x = 0 ,   𝜋 ,   2 𝜋                                 2   sin ⁡  2 x = 1


  x = 0 ,  𝜋 5 ,   2 𝜋 5                                             sin ⁡  2 x =  1 2


  2 x =  𝜋 6 ,   5 𝜋 6


  x =  𝜋  12 ,   5 𝜋  12


  ∴ x = 0 ,  𝜋  12 ,  𝜋 5 ,   2 𝜋 5 ,   5 𝜋  12


    2 𝜋 5


    5 𝜋  12


  y =   cos ⁡  3 x −   cos ⁡  7 x −   sin ⁡  5 x


  x


    cos ⁡ A +   cos ⁡ B = 2   cos ⁡   (    A + B 2 )   cos ⁡   (    A − B 2 )


    cos ⁡ A −   cos ⁡ B = − 2   sin ⁡   (    A + B 2 )   sin ⁡   (    A − B 2 )


    sin ⁡ A +   sin ⁡ B = 2   sin ⁡   (    A + B 2 )   cos ⁡   (    A − B 2 )


    sin ⁡ A −   sin ⁡ B = 2   cos ⁡   (    A + B 2 )   sin ⁡   (    A − B 2 )


  A


    A + B 2


  B


    A − B 2


  2   cos ⁡   (    7 x 2 )   cos ⁡   (   x 2 ) − 2   cos ⁡   (    3 x 2 )   cos ⁡   (   x 2 ) = 0


  2   cos ⁡   (   x 2 )  [    cos ⁡   (    7 x 2 ) −   cos ⁡   (    3 x 2 ) ] = 0


  − 2   cos ⁡   (   x 2 )  [    cos ⁡   (    5 x 2 − x ) −   cos ⁡   (    5 x 2 + x ) ] = 0


  − 2   cos ⁡   (   x 2 )   sin ⁡   (    5 x 2 )   sin ⁡   (   x 2 ) = 0


  −   sin ⁡ x   sin ⁡   (    5 x 2 ) = 0


  ∴   sin ⁡ x = 0         o r           sin ⁡   (    5 x 2 ) = 0


  x = 0 ,   𝜋                       5 x 2 = 0 ,   𝜋 , 2 𝜋


  x = 0 ,   2 𝜋 5 ,   4 𝜋 5


  ∴ x = 0 ,   2 𝜋 5 ,   4 𝜋 5 ,   𝜋


  RHS = 2 ×  1 2  [    cos ⁡   (    A + B 2 −   A − B 2 ) +   cos ⁡   (    A + B 2 +   A − B 2 ) ]


  =   cos ⁡   (    A + B − A + B 2 ) +   cos ⁡   (    A + B + A − B 2 )


  =   cos ⁡   (    2 B 2 ) +   cos ⁡   (    2 A 2 )


  =   cos ⁡ A +   cos ⁡ B


  4 x


  3 x


  2 x


  x


  x


  4 x


  2 x


  3 x


  x


  Prove that   cos ⁡ A +   cos ⁡ B = 2   cos ⁡   (    A + B 2 )   cos ⁡   (    A − B 2 ) .


  Hence solve   cos ⁡  4 x +   cos ⁡  3 x −   cos ⁡  2 x −   cos ⁡ x = 0  for 0 ≤ x ≤ 𝜋 .


    cos ⁡  3 x +   cos ⁡ x = 2   cos ⁡   (    3 x + x 2 )   cos ⁡   (    3 x − x 2 )


  = 2   cos ⁡  2 x   cos ⁡ x


  = 2  (  2     cos 2 ⁡ x − 1 )   cos ⁡ x


  = 4     cos 3 ⁡ x − 2   cos ⁡ x


  ∴   cos ⁡  3 x = 4     cos 3 ⁡ x − 3   cos ⁡ x


    cos ⁡  3 x +   cos ⁡ x


    cos ⁡ x


    cos ⁡  3 x = 4     cos 3 ⁡ x − 3   cos ⁡ x


    cos ⁡  3 x +   cos ⁡ x =   cos ⁡   (  2 x + x ) +   cos ⁡   (  2 x − x )


  = 2   cos ⁡  2 x   cos ⁡ x


  = 2  (  2     cos 2 ⁡ x − 1 )   cos ⁡ x


  = 4     cos 3 ⁡ x − 2   cos ⁡ x


  ∴   cos ⁡  3 x = 4     cos 3 ⁡ x − 3   cos ⁡ x


  using the product to sum and difference identities


  using the sum and difference to product identities.


  Show that  ∫ 0   𝜋 6    cos ⁡  3 x   sin ⁡  2 x d x =   3  3 − 4  10 .


  =  ∫ 0   𝜋 6   1 2  [    sin ⁡  ( 3 x + 2 x ) −   sin ⁡   (  3 x − 2 x )     2 2 ] d x


  =  1 2  ∫ 0   𝜋 6   [    sin ⁡  5 x −   sin ⁡ x     2 2 ] d x


  =  1 2    [  −     cos ⁡  5 x 5 +   cos ⁡ x ] 0   𝜋 6


  =  1 2  (   (  −     cos ⁡    5 𝜋 6 5 +   cos ⁡   𝜋 6 ) −  (  −     cos ⁡ 0 5 +   cos ⁡ 0 ) )


  =  1 2  (      cos ⁡   𝜋 6 5 +   cos ⁡   𝜋 6 +  1 5 − 1 )


  =  1 2  (   6 5 ×    3 2 −  4 5 )


  =   3  3 − 4  10


  The curve  y =   sin ⁡  2 x +   sin ⁡  4 x   between   x = 0   and   x =  𝜋 4   is rotated about the  x −axis .  


  Find the volume of the solid of revolution created.


  V = 𝜋  ∫ 0   𝜋 4     (    sin ⁡  2 x +   sin ⁡  4 x ) 2 d x


  = 𝜋  ∫ 0   𝜋 4   (      sin 2 ⁡  2 x + 2   sin ⁡  4 x   sin ⁡  2 x +     sin 2 ⁡  4 x ) d x


  = 𝜋  ∫ 0   𝜋 4   (   1 2  (  1 −   cos ⁡  4 x ) + 2  (   1 2  [    cos ⁡   (  4 x − 2 x ) −   cos ⁡   (  4 x + 2 x ) ] ) +  1 2  (  1 −   cos ⁡  8 x ) ) d x


  = 𝜋  ∫ 0   𝜋 4   (  1 −  1 2   cos ⁡  4 x +   cos ⁡  2 x −   cos ⁡  6 x −  1 2   cos ⁡  8 x ) d x


  = 𝜋    [  x −     sin ⁡  8 x  16 −     sin ⁡  4 x 8 −     sin ⁡  6 x 6 +     sin ⁡  2 x 2 ] 0   𝜋 4


  = 𝜋  (   (   𝜋 4 − 0 − 0 +  1 6 +  1 2 ) −  (  0 − 0 − 0 − 0 + 0 ) )


  =   𝜋  (  3 𝜋 + 8 )  12   unit  s 3


  Show that ∫    sin ⁡  m x   sin ⁡  n x d x =     sin ⁡  ( m − n ) x  2 ( m − n ) −     sin ⁡   (  m + n ) x  2  (  m + n ) + c  for  m , n ∈  Z +   and   m ≠ n .


  = ∫   1 2  [    cos ⁡  ( m x − n x ) −   cos ⁡   (  m x + n x )     2 2 ] d x


  = ∫   1 2  [    cos ⁡   (  m − n ) x −   cos ⁡   (  m + n ) x     2 2 ] d x


  =     sin ⁡  ( m − n ) x  2 ( m − n ) −     sin ⁡  ( m + n ) x  2 ( m + n ) + c


  Write   sin ⁡  4 x   cos ⁡  3 x as the sum of sines.  


  Show that    cos ⁡  75 °   cos ⁡  15 ° =  1 4 .


  Show that      sin ⁡  ( A + B ) +   sin ⁡  ( A − B )    cos ⁡  ( A − B ) +   cos ⁡  ( A + B ) =   tan ⁡ A .


  Show that    cos ⁡  130 ° +   cos ⁡  10 ° =   cos ⁡  70 ° .


  Use the product to sum results to show that   cos ⁡   𝜋  12 −   cos ⁡    5 𝜋  12 =   cos ⁡   𝜋 4 .


  Prove that    sin ⁡ A   sin ⁡ B =  1 2  [    cos ⁡   (  A − B ) −   cos ⁡   (  A + B )     2 2 ] .


  Find ∫    cos ⁡  3 x   cos ⁡  2 x d x .  


  Find ∫    sin ⁡  8 x   cos ⁡  5 x d x .


  Evaluate    ∫ 0   𝜋 4    sin ⁡  3 x   sin ⁡  4 x d x .  


  Evaluate    ∫   𝜋 2 𝜋    cos ⁡  5 x   sin ⁡  3 x d x .


  Solve   sin ⁡  4 x −   sin ⁡  2 x = 0   for   0 ≤ x ≤ 𝜋 , using:


  Prove ∫    sin ⁡ x   sin ⁡  2 x d x =   2     sin 3 ⁡ x 3 + c :


  Which method is most efficient for this integral?


  Find the values of  A  and  B  such that   cos ⁡  6 x   cos ⁡  3 x −   sin ⁡  7 x   sin ⁡  4 x =   cos ⁡  A x   cos ⁡  B x .


  If   sin ⁡  ( x − y ) = M   and   sin ⁡  ( x + y ) = N   show that     cos ⁡ x   sin ⁡ y =   M + N 2 .


  Show that   cot ⁡ A   cot ⁡ B =     cos ⁡  ( A − B ) +   cos ⁡  ( A + B )    cos ⁡  ( A − B ) −   cos ⁡  ( A + B ) .


  Write    sin ⁡  3 x +   sin ⁡ x   as a function of    sin ⁡ x .


  Prove that    tan ⁡   (    A + B 2 ) =     sin ⁡ A +   sin ⁡ B    cos ⁡ A +   cos ⁡ B .


  Solve   sin ⁡  3 x +   cos ⁡  2 x −   sin ⁡ x = 0   for   0 ≤ x ≤ 2 𝜋 .


  Evaluate    ∫ 0 𝜋    sin ⁡  ( m x )   cos ⁡  ( n x ) d x   where  m   and   n   are positive and even, with  m ≠ n .


  Show that   sin ⁡  2 𝜃 +   sin ⁡  4 𝜃 −   sin ⁡  6 𝜃 = 4   sin ⁡ 𝜃   sin ⁡  2 𝜃   sin ⁡  3 𝜃 .


  Hence solve   sin ⁡  6 𝜃 =   sin ⁡  2 𝜃 +   sin ⁡  4 𝜃   for    [  0 ,   𝜋 ] .


  Solve   sin ⁡  2 x +   sin ⁡  3 x +   cos ⁡  2 x +   cos ⁡  3 x = 0   for    [  0 ,   2 𝜋 ] .


  Show that      sin ⁡ x +   sin ⁡  3 x +   sin ⁡  5 x    cos ⁡ x +   cos ⁡  3 x +   cos ⁡  5 x =   tan ⁡  3 x   where     cos ⁡  2 x ≠ −  1 2   and     cos ⁡  3 x ≠ 0 .


  Hence solve   sin ⁡ x +   sin ⁡  3 x +   sin ⁡  5 x =   cos ⁡ x +   cos ⁡  3 x +   cos ⁡  5 x   for   0 ≤ x ≤ 𝜋 ,   given 


    cos ⁡  2 x ≠ −  1 2 .


  Solve   cos ⁡   (  x +  𝜋 6 )   sin ⁡   (  x −  𝜋 6 ) = −    3 4  for   0 ≤ x ≤ 2 𝜋 .


  Show that    sin ⁡  ( a + b )   sin ⁡  ( a − b ) =     sin 2 ⁡ a −     sin 2 ⁡ b .


  Hence solve     sin 2 ⁡  4 x −     sin 2 ⁡  2 x =   sin ⁡  6 x   for   0 ≤ x ≤  𝜋 2 .


  Express  4   cos ⁡  2 x   sin ⁡ x +   cos ⁡  3 x − 2   sin ⁡ x + 1  in the form   R   sin ⁡   (  3 x + 𝛼 ) + c .


  Prove that    sin ⁡   (    A + B 2 )   cos ⁡   (    A − B 2 ) +   cos ⁡   (    A + B 2 )   sin ⁡   (    A − B 2 ) =   sin ⁡ A .


  Hence solve    sin ⁡   (  x +  𝜋 6 )   cos ⁡   (  x −  𝜋 6 ) +   cos ⁡   (  x +  𝜋 6 )   sin ⁡   (  x −  𝜋 6 ) = −    3 2   for   − 𝜋 ≤ x ≤ 𝜋 .


  Find  ∫  x   cos ⁡  4  x 2   cos ⁡  2  x 2 d x .


      sin 2 ⁡ x +     cos 2 ⁡ x = 1


      cos 2 ⁡ x =  1 2  (  1 +   cos ⁡  2 x )


      sin 2 ⁡ x =  1 2  (  1 −   cos ⁡  2 x )


  ∫    sin ⁡ x d x = −   cos ⁡ x + c


  ∫    cos ⁡ x d x =   sin ⁡ x + c


    sin ⁡ x     cos n ⁡ x


      sin m ⁡ x   cos ⁡ x


      sin m ⁡ x


      cos n ⁡ x


      sin 2 ⁡ x


      cos 2 ⁡ x


      sin m ⁡ x     cos n ⁡ x


  m


  n


  m


  n


  m


  n


      sin 2 ⁡ x =  1 2 ( 1 −   cos ⁡  2 x )


      cos 2 ⁡ x =  1 2 ( 1 +   cos ⁡  2 x )


    sin ⁡ x     cos n ⁡ x


      sin m ⁡ x   cos ⁡ x


      sin m ⁡ x


      cos n ⁡ x


      sin 2 ⁡ x


      cos 2 ⁡ x


      sin m ⁡ x     cos n ⁡ x


  m


  n


  m


  n


  m


  n


      sin 2 ⁡ x =  1 2 ( 1 −   cos ⁡  2 x )


      cos 2 ⁡ x =  1 2 ( 1 +   cos ⁡  2 x )


  =    [        sin 4 ⁡ x 4 ] 0   𝜋 6


  =  1 4  (     (   1 2 ) 4 − 0 )


  =  1  64


  = ∫      sin 2 ⁡ x   sin ⁡ x   d x


  = ∫  ( 1 −     cos 2 ⁡ x )   sin ⁡ x d x


  = ∫    sin ⁡ x d x − ∫    sin ⁡ x     cos 2 ⁡ x d x  


  = −   cos ⁡ x +       cos 3 ⁡ x 3 + c


  Evaluate    ∫ 0   𝜋 6    cos ⁡ x     sin 3 ⁡ x d x  


  Find ∫      sin 3 ⁡ x   d x .


  =  ∫ 0   𝜋 3    sin ⁡ x     cos 2 ⁡ x     sin 2 ⁡ x d x


  =  ∫ 0   𝜋 3    sin ⁡ x     cos 2 ⁡ x ( 1 −     cos 2 ⁡ x ) d x


  =  ∫ 0   𝜋 3    sin ⁡ x   (     cos 2 ⁡ x −     cos 4 ⁡ x ) d x


  = −  ∫ 0   𝜋 3   (  −   sin ⁡ x )  (      cos 2 ⁡ x −     cos 4 ⁡ x ) d x


  = −    [        cos 3 ⁡ x 3 −       cos 5 ⁡ x 5 ] 0   𝜋 3


  = −  (   (   1  24 −  1  160 ) −  (   1 3 −  1 5 ) )


  =   47  480


  = ∫   1 2  (  1 +   cos ⁡  2 x )  1 2  (  1 −   cos ⁡  2 x ) d x


  =  1 4 ∫   (  1 −     cos 2 ⁡  2 x ) d x


  =  1 4 ∫   (  1 −  1 2  (  1 +   cos ⁡  4 x ) ) d x


  =  1 4 ∫   (   1 2 −  1 2   cos ⁡  4 x ) d x


  =  x 8 −  1  32   sin ⁡  4 x + c


  Evaluate    ∫ 0   𝜋 3      cos 2 ⁡ x     sin 3 ⁡ x d x  


  Find ∫      cos 2 ⁡ x     sin 2 ⁡ x   d x .


    tan ⁡ x


    sec ⁡ x


          tan 2 ⁡ x + 1 =     sec 2 ⁡ x


                      ∫    tan ⁡ x d x = −   ln ⁡   |    cos ⁡ x | + c


                    ∫    sec ⁡ x   d x =   ln ⁡   |    sec ⁡ x +   tan ⁡ x | + c


                  ∫      sec 2 ⁡ x d x =   tan ⁡ x + c


          ∫    sec ⁡ x   tan ⁡ x d x =   sec ⁡ x + c


      tan m ⁡ x       sec 2 ⁡ x


    sec ⁡ x   tan ⁡ x     sec n ⁡ x


      tan m ⁡ x


      sec n ⁡ x


      tan 2 ⁡ x


      sec 2 ⁡ x


      tan m ⁡ x       sec n ⁡ x


  m


  n


  m


    tan ⁡ x   sec ⁡ x


    sec ⁡ x


  n


      sec 2 ⁡ x


    tan ⁡ x


  =       tan 5 ⁡ x 5 + c


  =  ∫ 0   𝜋 4      tan 2 ⁡ x     tan 2 ⁡ x d x


  =  ∫ 0   𝜋 4      tan 2 ⁡ x (     sec 2 ⁡ x − 1 ) d x


  =  ∫ 0   𝜋 4  (     sec 2 ⁡ x    (    tan ⁡ x ) 2 −     tan 2 ⁡ x ) d x


  =  ∫ 0   𝜋 4  (     sec 2 ⁡ x    (    tan ⁡ x ) 2 − (     sec 2 ⁡ x − 1 )


  =    [        tan 3 ⁡ x 3 −   tan ⁡ x + x ] 0   𝜋 4


  =  (   1 3 − 1 +  𝜋 4 ) −  (  0 − 0 + 0     2 2 )


  =   3 𝜋 − 8  12  


  = ∫    tan ⁡ x   sec ⁡ x     tan 2 ⁡ x     sec 2 ⁡ x d x


  = ∫    tan ⁡ x   sec ⁡ x (     sec 2 ⁡ x − 1 )     sec 2 ⁡ x d x


  = ∫    tan ⁡ x   sec ⁡ x (     sec 4 ⁡ x −     sec 2 ⁡ x )   d x


  =       sec 5 ⁡ x 5 −       sec 3 ⁡ x 3 + c


  = ∫      tan 2 ⁡ x     sec 4 ⁡ x d x


  = ∫      sec 2 ⁡ x     tan 2 ⁡ x ( 1 +     tan 2 ⁡ x ) d x


  = ∫      sec 2 ⁡ x   (     tan 2 ⁡ x +     tan 4 ⁡ x ) d x


  =       tan 3 ⁡ x 3 +       tan 5 ⁡ x 5 + c


  Find   ∫      sec 2 ⁡ x     tan 4 ⁡ x   d x


  Find  ∫   𝜋 6   𝜋 3      tan 4 ⁡ x d x .


  Find ∫      tan 3 ⁡ x     sec 3 ⁡ x d x


  Find ∫      tan 2 ⁡ x     sec 4 ⁡ x d x .


  Prove ∫    sec ⁡ x d x =   ln ⁡   |    tan ⁡ x +   sec ⁡ x | + c .


      sec ⁡ x   tan ⁡ x +     sec 2 ⁡ x    sec ⁡ x +   tan ⁡ x .


  ∫    sec ⁡ x d x = ∫    sec ⁡ x ×     tan ⁡ x +   sec ⁡ x    sec ⁡ x +   tan ⁡ x d x


  = ∫      sec ⁡ x   tan ⁡ x +     sec 2 ⁡ x    sec ⁡ x +   tan ⁡ x d x


  =   ln ⁡   |    tan ⁡ x +   sec ⁡ x | + c


  The area between  y =       sin 2 ⁡ x      cos 4 ⁡ x   and the  x −axis between  x = 0   and   x =  𝜋 4   is rotated about 


  the  x −axis. What is the volume of solid of revolution formed?


  V = 𝜋  ∫ 0   𝜋 4     (        sin 2 ⁡ x      cos 4 ⁡ x ) 2 d x


  = 𝜋  ∫ 0   𝜋 4        sin 4 ⁡ x      cos 8 ⁡ x d x


  = 𝜋  ∫ 0   𝜋 4      tan 4 ⁡ x     sec 4 ⁡ x d x


  = 𝜋  ∫ 0   𝜋 4      sec 2 ⁡ x     tan 4 ⁡ x     sec 2 ⁡ x d x


  = 𝜋  ∫ 0   𝜋 4      sec 2 ⁡ x     tan 4 ⁡ x  (  1 +     tan 2 ⁡ x ) d x


  = 𝜋  ∫ 0   𝜋 4      sec 2 ⁡ x    (      tan 4 ⁡ x +     tan 6 ⁡ x ) d x


  = 𝜋    [        tan 5 ⁡ x 5 +       tan 7 ⁡ x 7 ] 0   𝜋 4


  = 𝜋  (   (   1 5 +  1 7 ) −  (  0 + 0 ) )


  =   12 𝜋  35   unit  s 3


  y


  x


  y =       sin 3 ⁡ x      cos 2 ⁡ x


   𝜋 4


    cot ⁡ x   and   cosec   x


    tan ⁡ x   and


    sec ⁡ x


    sec ⁡ x


  cosec   x


    tan ⁡ x


    cot ⁡ x


  Find ∫    sin ⁡ x     cos 3 ⁡ x   d x .  


  Evaluate    ∫   𝜋 4   𝜋 2      cos 3 ⁡ x d x .


  Find ∫      sec 4 ⁡ x     tan 2 ⁡ x d x .  


  Find ∫      sec 4 ⁡ x d x .


  Prove ∫    cosec ⁡ x d x = −   ln ⁡   |    cot ⁡ x +   cosec ⁡ x | + c .  


  Find ∫    tan ⁡ x     sec 3 ⁡ x d x .


  Find ∫      cos 4 ⁡ x d x .  


  Find  ∫      tan 3 ⁡ x d x .  


  Evaluate  ∫   𝜋 6   𝜋 3      cot 3 ⁡ x     cosec 2 ⁡ x d x .


  Find ∫      cosec 4 ⁡ x d x .  


  Find  ∫      cos ⁡ x     sin 3 ⁡ x d x .  


  Find ∫      sin 2 ⁡ x     cos 4 ⁡ x   d x .  


  Find ∫      cos ⁡  2 x    cos ⁡  x   d x .  


  Evaluate  ∫  −  𝜋 4   𝜋 4      tan ⁡ x      cos 2 ⁡ x d x .  


  Find ∫  (     cos 4 ⁡ x −     sin 4 ⁡ x ) d x .


  Find ∫  (     tan 4 ⁡ x −     sec 4 ⁡ x ) d x .  


  Find ∫      sec 6 ⁡ x d x .


  The area between  y =     sec 2 ⁡ x     tan 3 ⁡ x   and the  x −axis between  x = 0   and   x =  𝜋 4   is rotated 


  about the  x −axis. What is the volume of solid of revolution formed?


  Find ∫       (    cos ⁡ x +   sin ⁡ x ) 3    sin ⁡  2 x + 1 d x .  


  Find ∫      1 +   sin ⁡ x    sec ⁡ x d x .  


  Find ∫      cot 2 ⁡ x d x .


  Find ∫        sin 5 ⁡ x      cos 4 ⁡ x d x .


  Find ∫      cot 3 ⁡ x d x .  


  Find ∫      cot 3 ⁡ x     cosec 3 ⁡ x d x .


  Show that ∫    1 +   sin ⁡ x d x = 2   sin ⁡   x 2 − 2   cos ⁡   x 2 + c .  


  t −formulas


  t −formulas


  t −formulas


  t


  t


  t


  formulas


  t =   tan ⁡   A 2


  t


  t


    sin ⁡ A =   2 t  1 +  t 2


    cos ⁡ A =   1 −  t 2  1 +  t 2


    tan ⁡ A =   2 t  1 −  t 2


   𝜋 2


  90 °


   A 2


   𝜋 2 ,   3 𝜋 2


  90 ° ,   270 °


  A


  𝜋 ,   3 𝜋


  180 ° ,   540 °


  t


  t


  A


  t =   tan ⁡   A 2


  t −formulas


   A 2


  A


  t


  1


    1 +  t 2


  2 t


  1 +  t 2


  1 −  t 2


  t −formulas


  t


  formulas


  Prove     sin ⁡ A =   2 t  1 +  t 2 ,   where  t =   tan ⁡   A 2 .


    cos ⁡ A =   1 −  t 2  1 +  t 2


    tan ⁡ A =   2 t  1 −  t 2


    sin ⁡ A =   sin ⁡   [  2  (   A 2 ) ]


  = 2   sin ⁡   A 2   cos ⁡   A 2                         using the double angle result


  =   2   sin ⁡   A 2   cos ⁡   A 2      cos 2 ⁡   A 2 +     sin 2 ⁡   A 2             since     cos 2 ⁡ 𝜃 +     sin 2 ⁡ 𝜃 = 1


  =   2   tan ⁡   A 2  1 +     tan 2 ⁡   A 2                          dividing the numerator and denominator by      cos 2 ⁡   A 2


  =   2 t  1 +  t 2


  t


  formulas


    1 −   cos ⁡ A    sin ⁡ A =   1 −   1 −  t 2  1 +  t 2    2 t  1 +  t 2


  =   1 +  t 2 − 1 +  t 2  2 t


  =   2  t 2  2 t


  = t


  =   tan ⁡   A 2


  t −formulas


  t −formulas


    tan ⁡  15 ° =   tan ⁡   (    30 ° 2 )


  =   1 −   cos ⁡  30 °    sin ⁡  30 °                 from (a)


  =   1 −    3 2   1 2


  = 2  ( 1 ) − 2  (     3 2 )


  = 2 −  3


  1 +  t 2


  Use   t − formulas to prove that    1 −   cos ⁡ A    sin ⁡ A =   tan ⁡   A 2 .


  Hence show that     tan ⁡  15 ° = 2 −  3 .


  t


  formulas


  t =   tan ⁡  15 °


    sin ⁡  30 ° =   2 t  1 +  t 2


   1 2 =   2 t  1 +  t 2              


  1 +  t 2 = 4 t


   t 2 − 4 t + 1 = 0


  t =   4 −      (  − 4 ) 2 − 4  ( 1 )  ( 1 )  2 × 1


  =   4 −   12 2


  =   4 − 2  3 2


  = 2 −  3


  Prove that   2  1 +   cos ⁡ x =     sec 2 ⁡   (   x 2 ) .


   2  1 +   cos ⁡ x =  2  1 +   1 −  t 2  1 +  t 2


  =   2 + 2  t 2  1 +  t 2 + 1 −  t 2


  =   2  (  1 +  t 2 ) 2


  = 1 +  t 2


  = 1 +     tan 2 ⁡   (   x 2 )


  =     sec 2 ⁡   (   x 2 )


    tan ⁡  15 ° = 2 −  3


  t − formulas


  Use the formula     sin ⁡ 𝜃 =   2 t  1 +  t 2  to show that    tan ⁡  15 ° = 2 −  3 .


    sin ⁡  150 °


   1 2


  t


    tan ⁡  15 °


    tan ⁡  75 °


    tan ⁡  


  0 ° < 15 ° < 75 ° < 90 °


  −


  ±


  t


  formulas


  t − formulas


  t − formulas


  A


  𝜋


    tan ⁡   A 2


  t − formulas


  𝜋


    tan ⁡   A 2


  𝜋


  180 °


   [  0 ,   2 𝜋 ]


  𝜋


  𝜋


  t − formulas


  x = 𝜋


  t − formulas


  t − formulas


  t −formulas


  t


  formulas


    2 t  1 +  t 2 +   1 −  t 2  1 +  t 2 = − 1


  2 t + 1 −  t 2 = − 1 −  t 2


  2 t = − 2


  t = − 1


    tan ⁡   A 2 = − 1


   A 2 =   3 𝜋 4


  A =   3 𝜋 2


  Check  x = 𝜋 :       sin ⁡ 𝜋 +   cos ⁡ 𝜋 = 0 +  (  − 1 ) = − 1   ✔


  ∴ x = 𝜋 ,   3 𝜋 2


  𝜋


  t − formulas


    sin ⁡ x +   cos ⁡ x = R  (    sin ⁡ x   cos ⁡ 𝛼 +   cos ⁡ x   sin ⁡ 𝛼 )


  R   cos ⁡ 𝛼 = 1                  ( 1 )               (   cos ⁡ 𝛼 > 0 )


  R   sin ⁡ 𝛼 = 1                  ( 2 )                (    sin ⁡ 𝛼 > 0 )


  ∴ 𝛼


     ( 1 ) 2 +    ( 2 ) 2 :      R 2  (      cos 2 ⁡ 𝛼 +     sin 2 ⁡ 𝛼 ) =  1 2 +  1 2


   R 2 = 2


  R =  2


   ( 2 ) ÷  ( 1 ) :         R   sin ⁡ 𝛼  R   cos ⁡ 𝛼 =  1 1


    tan ⁡ 𝛼 = 1


  𝛼 =  𝜋 4


  ∴   sin ⁡ x +   cos ⁡ x =  2   sin ⁡   (  x +  𝜋 4 )


  ∴  2   sin ⁡   (  x +  𝜋 4 ) = − 1


    sin ⁡   (  x +  𝜋 4 ) = −  1   2


  x +  𝜋 4 =   5 𝜋 4 ,   7 𝜋 4


  x = 𝜋 ,   3 𝜋 2


  t


  𝜋


  𝜋


  R


  𝛼


  Solve   sin ⁡ x +   cos ⁡ x = − 1   in the domain [0,   2 𝜋 ]   by first writing   sin ⁡ x +   cos ⁡ x   in the form 


  R   sin ⁡  ( x + 𝛼 )   where  𝛼   is acute .


  Solve   sin ⁡ x +   cos ⁡ x = − 1   in the domain [0, 2 𝜋 ]   using  t  formulas .


  t


  formulas


  y =   sin ⁡ x +   cos ⁡ x


  y = − 1


   [  0 ,   2 𝜋 ]


  x = 𝜋


  x =   3 𝜋 2


  y =   2 t  1 +  t 2 +   1 −  t 2  1 +  t 2


  y = − 1


  t = − 1


  x =   3 𝜋 2


  y = − 1


  y =   2 t  1 +  t 2 +   1 −  t 2  1 +  t 2


  t → ∞


    tan ⁡   A 2 → ∞


   A 2 →  𝜋 2


  A → 𝜋


  x = 𝜋


  t → − ∞


  − 𝜋


  y


  x


  2 𝜋


  y =   sin ⁡ x +   cos ⁡ x


  x = 𝜋


  x =   3 𝜋 2


  y = − 1


  𝜋


   𝜋 2


    3 𝜋 2


  y


  t


  y = − 1


  t = − 1   → x =   3 𝜋 2


  y =   2 t  1 +  t 2 +   1 −  t 2  1 +  t 2


  t


  formulas


  x = 𝜋


  x = 𝜋


  x = 𝜋


  x = 𝜋


  y


  t → ∞


  x = 𝜋


  y =   2 t  1 +  t 2 +   1 −  t 2  1 +  t 2


  =   −  t 2 + 2 t + 1   t 2 + 1


  =   − 1 +  2 t +  1   t 2  1 +  1   t 2                     dividing the numerator and denominator by    t 2


  Now       lim  t → ∞ ⁡   (    − 1 +  2 t +  1   t 2  1 +  1   t 2 ) =  (    − 1 + 0 + 0  1 + 0 ) =   − 1 1 = − 1 .


  𝜋


  x = 𝜋


  t


  formulas


    1 −  t 2  1 +  t 2 −  t     t 2 + 1 = 0


    1 −  t 2  1 +  t 2 =  t     t 2 + 1


  1 −  t 2 = t   1 +  t 2


  1 − 2  t 2 +  t 4 =  t 2 +  t 4


  3  t 2 = 1


   t 2 =  1 3


  t =  1   3                           since   t = −  1   3   does not solve  1 −  t 2 = t   1 +  t 2


    tan ⁡   𝜃 2 =  1   3


   𝜃 2 =  𝜋 6                             since     − 𝜋 ≤ 𝜃 ≤ 𝜋   → −  𝜋 2 ≤  𝜃 2 ≤  𝜋 2


  𝜃 =  𝜋 3


  Check  𝜃 = − 𝜋 :     cos ⁡   (  − 𝜋 ) −   sin ⁡   (    − 𝜋 2 ) = − 1 −  (  − 1 ) = 0   ✔


  Check  𝜃 = 𝜋 :     cos ⁡ 𝜋 −   sin ⁡   𝜋 2 = − 1 − 1 = − 2 ≠ 0   ✘


  The solutions are  𝜃 = − 𝜋 ,    𝜋 3 .


  Solve   cos ⁡ 𝜃 −   sin ⁡   𝜃 2 = 0   for   − 𝜋 ≤ 𝜃 ≤ 𝜋


   𝜃 2


  t


  1


     t 2 + 1


    sin ⁡   𝜃 2


  t


    tan ⁡   𝜃 2 =  t 1


  1 −  t 2 = t   1 +  t 2


  t


  t


  formulas


  y =   cos ⁡ 𝜃 −   sin ⁡   𝜃 2


  𝜃


  x = − 𝜋 ,  𝜋 3


  y =   1 −  t 2  1 +  t 2 −  t     t 2 + 1


  t =  1   3


  x =  𝜋 3


  y = 0


  t → − ∞


  y = − 2


  t → ∞


  0


  y =   1 −  t 2  1 +  t 2 −  t     t 2 + 1


  0


  t → − ∞


   𝜃 2 → −  𝜋 2


  𝜃 → − 𝜋


  − 𝜋


  − 𝜋


  y =   cos ⁡ 𝜃 −   sin ⁡   𝜃 2


  𝜃 = − 𝜋


  𝜃 =  𝜋 3


  y


  t


  y = − 2


  t =  1   3   → x =  𝜋 3


  y =   1 −  t 2  1 +  t 2 −  t     t 2 + 1


  y


  𝜃


  − 𝜋


  𝜋


   𝜋 2


  −  𝜋 2


  t


  formulas


  Prove    cos ⁡ A =   1 −  t 2  1 +  t 2 ,   where  t =   tan ⁡   A 2 .


  Use   t − formulas to prove that    1 +   cos ⁡ A    sin ⁡ A =   cot ⁡   A 2


  Hence show that   cot ⁡  15 ° = 2 +  3 .


  Solve  2   tan ⁡   x 2 =  3  (  1 −     tan 2 ⁡   x 2 )   for   0 ≤ x ≤ 2 𝜋 .


  Prove the following results, where   t =   tan ⁡   𝜃 2 :


    tan ⁡ 𝜃   sin ⁡ 𝜃 =   4  t 2  1 −  t 4  


    cos ⁡  2 𝜃 =   1 − 6  t 2 +  t 4     (  1 +  t 2 ) 2


  Prove the following results :


   2  1 −   cos ⁡ x =     cosec 2 ⁡   (   x 2 )


    1 +   cos ⁡ x +   sin ⁡ x  1 −   cos ⁡ x +   sin ⁡ x =   cot ⁡   (   x 2 )


  Use the formula     tan ⁡ 𝜃 =   2 t  1 −  t 2  to show that    tan ⁡   𝜋 8 =  2 − 1 .


  Use the formula     sin ⁡ 𝜃 =   2 t  1 +  t 2  to show that    tan ⁡   𝜋 8 =  2 − 1 .


  Prove       cot 2 ⁡ 𝜃 =   1 +   cos ⁡  2 𝜃  1 −   cos ⁡  2 𝜃 .


  Solve     sin ⁡ x − 2   cos ⁡ x = 2   in the domain  [ 0 ,   2 𝜋 ]   by first writing   sin ⁡ x −   cos ⁡ x   in the form 


  R   sin ⁡  ( x − 𝛼 )   where  𝛼   is acute, giving answers to 2 decimal places if needed.


  Solve     sin ⁡ x −   cos ⁡ x = 1   in the domain  [ 0 , 2 𝜋 ]   using  t  formulas, giving answers to


  2  decimal places if needed.


  Solve     cos ⁡ x − 2   sin ⁡ x = 1   in the domain  [ − 𝜋 , 𝜋 ]   using  t − formulas, giving answers 


  to  2  decimal places if needed .


  Prove that the only solutions to   3   sin ⁡ x −   cos ⁡ x = 1   for    [  0 ,   2 𝜋 ]   are   x =  𝜋 3   and   x = 𝜋 .


  Prove that the only solutions to    sin ⁡ x +   cos ⁡ x = 0 . 5   for    [  0 ,   2 𝜋 ]   are   x = 2 . 00   and   x = 5 . 86 ,  


  correct to  2  decimal places.


  Solve   sin ⁡ 𝜃 −   sin ⁡   𝜃 2 = 0   for   − 𝜋 ≤ 𝜃 ≤ 𝜋 .


  Given   sec ⁡ x +   tan ⁡ x =   tan ⁡  ( a x + b ) ,   use the substitution  t =   tan ⁡   (   x 2 )   to find  a   and   b  


  when   t ≠ − 1 .


  Use  t − formulas to solve  3   cos ⁡   (   x 2 ) −   sin ⁡   (   x 2 ) = 3   for   0 ≤ x ≤ 2 𝜋 .


  The equation  m   cos ⁡ x −   sin ⁡ x = 1 , where   m > 1 , has one acute solution. 


  (Do NOT prove this.)


  Show that   t =   m − 1  m + 1   where   t = tan  x 2 .


  Hence show that the single acute solution is  x = 2     tan  − 1 ⁡ m −  𝜋 2 .


  The two solutions to the equation  2   sin ⁡ x −   cos ⁡ x = 0   in the domain   [  0 ,   2 𝜋 ]   are   𝛼   and   𝛽 .  


  Prove that    tan ⁡   𝛼 2   is the negative reciprocal of    tan ⁡   𝛽 2 .


  Show that      1 −   cos ⁡ x  1 +   sin ⁡ x =  |     2 t  t + 1 |   where   t =   tan ⁡   x 2 .


  Hence solve     1 −   cos ⁡ x  1 +   sin ⁡ x =  1   2   for    [  0 ,   2 𝜋 ] .


  t − formulas


  u


   u 2


  t


  t


  𝒅 𝒙


  𝒅 𝜽


  𝒕


  x


  t =   tan ⁡   x 2


  d x


  t


  d x =   2 d t  1 +  t 2


  t


    sin ⁡ A


  d


  t


    sin ⁡ A


      sec 2 ⁡   x 2 = 1 +     tan 2 ⁡   x 2


  t =   tan ⁡   x 2


    d t  d x =  1 2     sec 2 ⁡   x 2


  =  1 2  (  1 +     tan 2 ⁡   x 2 )


  =  1 2  (  1 +  t 2 )


  d x =   2 d t  1 +  t 2


  t − formulas


  Find   ∫    d x  1 +   cos ⁡ x   using   t = tan  x 2 .


  ∫    d x  1 +   cos ⁡ x                                                              t =   tan ⁡   x 2   d x =   2 d t  1 +  t 2 


  = ∫   1  1 +   1 −  t 2  1 +  t 2 ×   2 d t  1 +  t 2


  = 2 ∫   1  1 +  t 2 + 1 −  t 2 d t


  = 2 ∫   1 2 d t


  = t + c


  =   tan ⁡   x 2 + c


  Evaluate    ∫ 0   𝜋 2    d x  4 + 5   cos ⁡ x   using   t = tan  x 2 .


   ∫ 0   𝜋 2    d x  4 + 5   cos ⁡ x                                                                t =   tan ⁡   x 2   d x =   2 d t  1 +  t 2 


  =  ∫ 0 1   1  4 + 5  (    1 −  t 2  1 +  t 2 ) ×   2 d t  1 +  t 2


  = 2  ∫ 0 1    d t  4 + 4  t 2 + 5 − 5  t 2


  = 2  ∫ 0 1    d t  9 −  t 2


  =  1 3  ∫ 0 1   (   1  3 − t +  1  3 + t ) d t


  =  1 3    [  −   ln ⁡   (  3 − t ) +   ln ⁡   (  3 + t )     2 2 ] 0 1


  =  1 3  (   (  −   ln ⁡ 2 +   ln ⁡ 4 ) −  (  −   ln ⁡ 3 +   ln ⁡ 3 ) )


  =  1 3   ln ⁡   4 2


  =  1 3   ln ⁡ 2


   u 2


  Using the substitution   x =   sec ⁡ 𝜃 , or otherwise, evaluate   ∫   x 3    x 2 − 1 d x   where  0 ≤ x ≤  𝜋 2 .


  ∫   x 3    x 2 − 1 d x                                            x =   sec ⁡ 𝜃                               d x =   sec ⁡ 𝜃   tan ⁡ 𝜃 d 𝜃 


  = ∫      sec 3 ⁡ 𝜃       sec 2 ⁡ 𝜃 − 1   sec ⁡ 𝜃   tan ⁡ 𝜃 d 𝜃


  = ∫      sec 3 ⁡ 𝜃       tan 2 ⁡ 𝜃   sec ⁡ 𝜃   tan ⁡ 𝜃 d 𝜃


  = ∫      sec 4 ⁡ 𝜃     tan 2 ⁡ 𝜃 d 𝜃


  = ∫      sec 2 ⁡ 𝜃     sec 2 ⁡ 𝜃     tan 2 ⁡ 𝜃 d 𝜃


  = ∫      sec 2 ⁡ 𝜃 (     tan 2 ⁡ 𝜃 + 1 )     tan 2 ⁡ 𝜃 d 𝜃


  = ∫      sec 2 ⁡ 𝜃     tan 4 ⁡ 𝜃 d 𝜃 + ∫      sec 2 ⁡ 𝜃     tan 2 ⁡ 𝜃 d 𝜃


  =       tan 5 ⁡ 𝜃 5 +       tan 3 ⁡ 𝜃 3 + c                              tan 2 ⁡ 𝜃 =     sec 2 ⁡ 𝜃 − 1               =  x 2 − 1     tan ⁡ 𝜃 =    x 2 − 1     


  =        (   x 2 − 1 ) 5 5 +        (   x 2 − 1 ) 3 3 + c


  x =   sec ⁡ 𝜃


      sec 2 ⁡ 𝜃 − 1 =     tan 2 ⁡ 𝜃


    tan ⁡ 𝜃


    tan ⁡ x > 0


  ∫   1   x 2   4 +  x 2 d x                                            x = 2   tan ⁡ u               d x = 2     sec 2 ⁡ u d u 


  = ∫   1    4   tan 2 ⁡ u   4 + 4     tan 2 ⁡ u × 2     sec 2 ⁡ u d u


  =  1 2 ∫        sec 2 ⁡ u      tan 2 ⁡ u   4     sec 2 ⁡ u d u


  =  1 2 ∫        sec 2 ⁡ u      tan 2 ⁡ u × 2   sec ⁡ u d u


  =  1 4 ∫      sec ⁡ u      tan 2 ⁡ u d u


  =  1 4 ∫      cos ⁡ u      sin 2 ⁡ u d u


  =  1 4 ∫     (    sin ⁡ u )  − 2   ×   cos ⁡ u d u


  =  1 4 ∫   d  d u  (  −    (    sin ⁡ u )  − 1 ) d u


  = −  1  4   sin ⁡ u + c


  = −  1  4  (   x     x 2 + 4 ) + c


  = −      x 2 + 4  4 x + c


  Integrals in the form   ∫   1  x    x n − c d x n = 1 , 2 , 3   .   .   .     can be solved using    u 2 = radican d ,   avoiding 


  trig substitutions. For example, in the integral   ∫   1  x   x − 4 d x   we would let    u 2 = x − 4 .


  Use a suitable trigonometric substitution to find   ∫   1   x 2   4 +  x 2 d x ,   where   x > 0 .


  x = 2   tan ⁡ u


  4  (  1 +     tan 2 ⁡ u ) = 4     sec 2 ⁡ u


  2   sec ⁡ u


  x


     x 2 + 4


  ∫      1 − x  1 + x d x                                                                                                  x =   cos ⁡  2 𝜃                               d x = − 2   sin ⁡  2 𝜃 d 𝜃 


  = − 2 ∫      1 −   cos ⁡  2 𝜃  1 +   cos ⁡  2 𝜃   sin ⁡  2 𝜃 d 𝜃


  = − 4 ∫      1 −  (  1 − 2   sin 2 𝜃 )  1 +  (  2     cos 2 ⁡ 𝜃 − 1 )   sin ⁡ 𝜃   cos ⁡ 𝜃 d 𝜃


  = − 4 ∫      2   sin 2 𝜃  2     cos 2 ⁡ 𝜃   sin ⁡ 𝜃   cos ⁡ 𝜃 d 𝜃


  = − 4 ∫      sin ⁡ 𝜃    cos ⁡ 𝜃 ×   sin ⁡ 𝜃   cos ⁡ 𝜃 d 𝜃


  = − 4 ∫      sin 2 ⁡ 𝜃 d 𝜃


  = − 4 ∫   1 2  (  1 −   cos ⁡  2 𝜃 ) d 𝜃


  = − 2 𝜃 +   sin ⁡  2 𝜃 + c


  = −     cos  − 1 ⁡   ( x ) +   1 −  x 2 + c


  Using the substitution   x =   cos ⁡  2 𝜃 , or otherwise, evaluate   ∫      1 − x  1 + x d x .


   u 2


    1 −  x 2


  1


  2 𝜃


  Find ∫    d x  1 +   sin ⁡ x   using the substitution  t =   tan ⁡   x 2 .


  Using the substitution  t =   tan ⁡   x 2 , or otherwise, find ∫   5  12 + 13   cos ⁡ x d x .


  Using the substitution   x =   sin ⁡ 𝜃 , or otherwise, find  ∫   x 3   1 −  x 2 d x .


  Using the substitution  x = 2   sec ⁡ 𝜃 , or otherwise, find   ∫   1  x    x 2 − 4 d x .


  Let  t =   tan ⁡   𝜃 2  


  Show that    d t  d 𝜃 =  1 2  (  1 +  t 2 )  


  Show that    sin ⁡ 𝜃 =   2 t  1 +  t 2


  Use the substitution  t =   tan ⁡   𝜃 2  to find ∫  cosec   𝜃   d 𝜃 .


  Using the substitution  t =   tan ⁡   𝜃 2 , or otherwise, find ∫   1  1 −   cos ⁡ x d x .


  Using the substitution   t =   tan ⁡   𝜃 2   evaluate   ∫ 0   𝜋 2    d 𝜃  2 −   cos ⁡ 𝜃 .


  Using the substitution  x = 4     tan 2 ⁡ u   find  ∫    x + 4   d x .


  Using the substitution   t =   tan ⁡   x 2 , or otherwise, evaluate  ∫   𝜋 3   𝜋 2   1  3   sin ⁡ x − 4   cos ⁡ x + 5 d x .


  Using the substitution  x =     sin 2 ⁡ 𝜃 , or otherwise, evaluate  ∫ 0   1 2     x  1 − x d x .


  Using the substitution   t =   tan ⁡   𝜃 2 , or otherwise, evaluate   ∫   𝜋 2    2 𝜋 3    d 𝜃    sin ⁡ 𝜃 .


  Prove ∫    cosec ⁡ x d x =   ln ⁡   |    tan ⁡   x 2 | + c  using the substitution  t =   tan ⁡   x 2 .


  Find  ∫   1    sin ⁡ x +   cos ⁡ x d x  using the substitution  t =   tan ⁡   x 2 .


  Use the substitution   t =   tan ⁡   x 2   to show that   cosec ⁡ x +   cot ⁡ x =   cot ⁡   x 2 .


  Hence show that    ∫   𝜋 3   𝜋 2   (    cosec ⁡ x +   cot ⁡ x ) d x =   ln ⁡ 2 .


  Find  ∫        sec 2 ⁡ x  1 −     tan 2 ⁡ x d x .


  Use a suitable trig substitution to find ∫     x 2    4 −  x 2 d x .


  Use a suitable trig substitution to find ∫    3 +   cos ⁡ x  2 −   cos ⁡ x d x .


  Use a suitable trig substitution to find ∫    2 x −  x 2 d x .


  Use the substitution   u 2 = 1 + x   to find ∫      1 − x  1 + x d x .


  Use the fact that   ∫ 0 a  f ( x ) d x =  ∫ 0 a  f ( a − x ) d x   to evaluate   ∫ 0   𝜋 2    d x     (  1 +   sin ⁡ x ) 3 .


  Show   ∫ 0   𝜋 2    d x  1 +  1 2   sin ⁡ x =   2 𝜋  3  3 .  


  Show   ∫ 0  2 a  f ( x ) d x =  ∫ 0 a  [ f  ( x ) + f  (  2 a − x ) ] d x .


  Hence evaluate    ∫ 0 𝜋    x   d x  1 +  1 2   sin ⁡ x .


   e x   sin ⁡ x


   d  d x  (  u × v ) = v   d u  d x + u   d v  d x


          ∴ ∫   d  d x  (  u × v ) d x = ∫  v   d u  d x d x + ∫  u   d v  d x d x


                                                        u × v = ∫  v   d u  d x d x + ∫  u   d v  d x d x


                                            ∫  u   d v  d x d x   = u v − ∫  v   d u  d x d x 


  v


  u


  u v


  v   d u  d x


  u v + c


  u v


  u


    d v  d x


  (1)  DETAIL   − This rule of thumb helps us to choose which function is most easily integrated ,


  which we make     d v  d x ,  when we have two different types of functions.     It works in the vast majority of questions in the HSC or from textbooks.  


  (2)  Reverse chain rule − If one of the functions is a composite function we find     d v  d x   as the product of the composite function and the derivative of the inner function. This can then be integrated using the  r everse  c hain  r ule. 


  There are some other integrands where neither of these shortcuts work, but if we always try and find the most detailed function that can b e  integrated for    d v  d x , we will split the function successfully.


  D – Let    d v  d x  equal the first function from this list to appear in the integrand


    d v  d x


    d v  d x


    d v  d x


  For example ,  ∫   x 2   ln ⁡ x d x  has   x 2  (an Algebraic  function ) and    ln ⁡ x   (a Logarithmic  function ).


  Since A comes before L in DETAIL we let     d v  d x =  x 2   while  u  equals the rest of the integrand, 


  in this case  u =   ln ⁡ x .


  DETAIL focuses on the function that  is  best to integrate, but it is also interesting to consider how well each function works as  u . We want    d u  d x  to be much simpler than  u .


  u


  u


  u


  u


  u


  If we only have one function in the integrand we often let    d v  d x = 1   (as this is easy to integrate)


  and let  u  equal the function.


  u


    d v  d x


  u


    d v  d x


  u


  Find ∫  x   ln ⁡ x d x .


  ∫  x   ln ⁡ x d x                                                                                    u =   ln ⁡ x    d v  d x = x     d u  d x =  1 x            v =    x 2 2 


  =    x 2   ln ⁡ x 2 − ∫     x 2 2 ×  1 x d x


  =    x 2   ln ⁡ x 2 −  1 2 ∫  x   d x


  =    x 2   ln ⁡ x 2 −  1 2  (     x 2 2 ) + c


  =    x 2   ln ⁡ x 2 −    x 2 4 + c


  Evaluate   ∫ 0   𝜋 2   e x   sin ⁡ x d x .


  Using DETAIL     d v  d x = x   and   u =   ln ⁡ x


  Using DETAIL     d v  d x =  e x


   ∫ 0   𝜋 2   e x   sin ⁡ x d x                                                                                  u =   sin ⁡ x    d v  d x =  e x     d u  d x =   cos ⁡ x      v =  e x 


  =    [   e x   sin ⁡ x     2 2 ] 0   𝜋 2 −  ∫ 0   𝜋 2   e x   cos ⁡ x d x              u =   cos ⁡  x      d v  d x =  e x     d u  d x = −   sin ⁡ x      v =  e x 


  =    [   e x   sin ⁡ x     2 2 ] 0   𝜋 2 −  (     [   e x   cos ⁡ x     2 2 ] 0   𝜋 2 +  ∫ 0   𝜋 2   e x   sin ⁡ x d x )


  ∴ 2  ∫ 0   𝜋 2   e x   sin ⁡ x d x =    [   e x   sin ⁡ x     2 2 ] 0   𝜋 2 −    [   e x   cos ⁡ x     2 2 ] 0   𝜋 2


   ∫ 0   𝜋 2   e x   sin ⁡ x d x =  1 2  (   (   e   𝜋 2 − 0     2 2 ) −  (  0 − 1     2 2 ) )


                                                            =    e   𝜋 2 + 1 2


   e x


  u


  v


    d v  d x =  e x


  Using DETAIL     d v  d x =  e x   and   u =   sin ⁡ x


  u


  u


  Let     d v  d x   be the product of the composite function and the derivative of the inner function.


  In Example 3 we will look at  ∫   x 3  e   x 2 d x .


   e   x 2


   x 2


  2 x


    d v  d x = 2 x  e   x 2


     x 2 2


  u


  Find ∫   x 3  e   x 2 d x .


  ∫   x 3  e   x 2 d x                                                                                u =    x 2 2        d v  d x = 2 x  e   x 2     d u  d x = x  v =  e   x 2 


  =    x 2  e   x 2 2 − ∫  x  e   x 2 d x


  =    x 2  e   x 2 2 −  1 2 ∫  2 x  e   x 2 d x


  =    x 2  e   x 2 2 −    e   x 2 2 + c


  Using RCR     d v  d x = 2 x  e   x 2   and   u =    x 2 2


  Find   ∫      ln ⁡ x     (  1 +   ln ⁡ x ) 2 d x :


  ∫      ln ⁡ x     (  1 +   ln ⁡ x ) 2   d x                                                  u = x   ln ⁡ x        d v  d x =  1 x    (  1 +   ln ⁡ x )  − 2     d u  d x =   ln ⁡ x + 1  v = −    (  1 +   ln ⁡ x )  − 1    = −  1  1 +   ln ⁡ x             


  = ∫    x   ln ⁡ x    x  (  1 +   ln ⁡ x ) 2   d x


  = −   x   ln ⁡ x  1 +   ln ⁡ x + ∫      ln ⁡ x + 1  1 +   ln ⁡ x   d x


  = −   x   ln ⁡ x  1 +   ln ⁡ x + x + c


  =  x  1 +   ln ⁡ x + c


      ln ⁡ x     (  1 +   ln ⁡ x ) 2 =   1 +   ln ⁡ x − 1     (  1 +   ln ⁡ x ) 2


  =    (  1 +   ln ⁡ x )  ( 1 ) −  ( x )  (   1 x )     (  1 +   ln ⁡ x ) 2


  ∴ ∫      ln ⁡ x     (  1 +   ln ⁡ x ) 2   d x = ∫     (  1 +   ln ⁡ x )  ( 1 ) −  ( x )  (   1 x )     (  1 +   ln ⁡ x ) 2 d x


  = ∫   d  d x  (   x  1 +   ln ⁡ x ) d x


  =  x  1 +   ln ⁡ x + c  


  Using IBP  


  By   first showing     ln ⁡ x     (  1 +   ln ⁡ x ) 2 =    (  1 +   ln ⁡ x )  ( 1 ) −  ( x )  (   1 x )     (  1 +   ln ⁡ x ) 2 .


  Given ∫    sec ⁡ x d x =   ln ⁡   |    sec ⁡ x +   tan ⁡ x     2 2 | ,  use integration by parts to show that  


  ∫      sec 3 ⁡ x d x =  1 2   sec ⁡ x   tan ⁡ x +  1 2   ln ⁡   |    sec ⁡ x +   tan ⁡ x     2 2 | + c .


  ∫      sec 3 ⁡ x   d x                                                                                    u =   sec ⁡ x                    d v  d x =     sec 2 ⁡ x     d u  d x =   sec ⁡ x   tan ⁡ x  v =   tan ⁡ x   


  =   sec ⁡ x   tan ⁡ x − ∫    sec ⁡ x     tan 2 ⁡ x d x  


  =   sec ⁡ x   tan ⁡ x − ∫    sec ⁡ x  (      sec 2 ⁡ x − 1 ) d x  


  =   sec ⁡ x   tan ⁡ x − ∫      sec 3 ⁡ x   d x + ∫    sec ⁡ x d x


  ∴ 2 ∫      sec 3 ⁡ x   d x =   sec ⁡ x   tan ⁡ x +   ln ⁡   |    sec ⁡ x +   tan ⁡ x     2 2 | + c


  ∫      sec 3 ⁡ x   d x =  1 2   sec ⁡ x   tan ⁡ x +  1 2   ln ⁡   |    sec ⁡ x +   tan ⁡ x     2 2 | + c


  +


  −


  +


  u


    d v  d x


    d v  d x


  u


  u


  0


  Let’s start by solving  ∫  x   ln ⁡ x d x   from Example  1 , using tabular IBP .     As we will see, this integral is not one where tabular IBP is more useful than the normal setting out.


  We used DETAIL to find that     d v  d x = x   and   u =   ln ⁡ x , 


  so here is the first row of the table.


  −


    ln ⁡ x


  x


  Here we see that    1 x ×    x 2 2 =  x 2 , and we can easily find  ∫   x 2 d x .


  So, ∫  x   ln ⁡ x d x = +   ln ⁡ x ×    x 2 2 − ∫   (   1 x ×    x 2 2 ) d x


  =    x 2   ln ⁡ x 2 −  1 2 ∫  x d x


  =    x 2   ln ⁡ x 2 −  1 2 ×    x 2 2 + c


  =    x 2   ln ⁡ x 2 −    x 2 4 + c


  +


    ln ⁡ x


  x


  +


    ln ⁡ x


  x


  −


   1 x


     x 2 2


  +


    ln ⁡ x


  x


  −


   1 x


     x 2 2


  ∫  x   ln ⁡ x d x                                                  u =   ln ⁡ x    d v  d x = x     d u  d x =  1 x            v =    x 2 2 


  =    x 2   ln ⁡ x 2 − ∫     x 2 2 ×  1 x d x


  =    x 2   ln ⁡ x 2 −  1 2 ∫  x   d x


  =    x 2   ln ⁡ x 2 −  1 2  (     x 2 2 ) + c


  =    x 2   ln ⁡ x 2 −    x 2 4 + c


  +


    ln ⁡ x


  x


  −


   1 x


     x 2 2


  ∫  x   ln ⁡ x d x =    x 2   ln ⁡ x 2 −  1 2 ∫  x d x


  =    x 2   ln ⁡ x 2 −    x 2 4 + c


  ∫   x 2   sin ⁡ x d x


  = +  (   x 2 )  (  −   cos ⁡ x ) −  (  2 x )  (  −   sin ⁡ x ) +  ( 2 )  (    cos ⁡ x ) + c


  =  (  2 −  x 2 )   cos ⁡ x + 2 x   sin ⁡ x + c


  Find ∫   x 2   sin ⁡ x d x   using tabular IBP .


  Using DETAIL     d v  d x =   sin ⁡ x   and   u =  x 2


  +


   x 2


    sin ⁡ x


  −


  2 x


  −   cos ⁡ x


  +


  2


  −   sin ⁡ x


  −


  0


    cos ⁡ x


  ∫  (  − 2   sin ⁡ x ) d x


  ∫  0 d x


   ∫ 0   𝜋 2   e x   sin ⁡ x d x =    [   e x   sin ⁡ x −  e x   cos ⁡ x     2 2 ] 0   𝜋 2 −  ∫ 0   𝜋 2   e x   sin ⁡ x d x


  ∴ 2  ∫ 0   𝜋 2   e x   sin ⁡ x d x =  e   𝜋 2  (  1 − 0 ) − 1 ( 0 − 1 )


  ∴  ∫ 0   𝜋 2   e x   sin ⁡ x d x =    e   𝜋 2 + 1 2


  Evaluate   ∫ 0   𝜋 2   e x   sin ⁡ x d x   using tabular IBP .


  +


  sin ⁡ x


   e x


  −


    cos ⁡ x


   e x


  +


  −   sin ⁡ x


   e x


  Using DETAIL     d v  d x =  e x   and   u =   sin ⁡ x


  Continue until the product of the two terms is a multiple of the original integral.


  Use integration by parts to find or evaluate the following integrals.


  ∫   x 2   ln ⁡ x d x  


   ∫ 0   𝜋 2   e x   cos ⁡ x d x  


  ∫   x 3   sin ⁡   x 2 d x


  ∫    ln ⁡ x d x .         Hint: let  u =   ln ⁡ x and    d v  d x = 1 . You may wish to memorise this result.


  ∫  x  e  2 x d x  


   ∫ 0 𝜋  x   cos ⁡ x d x  


   ∫ 0 2  t  e  − t d t  


   ∫ 0 1      tan  − 1 ⁡ x d x  


  Use integration by parts to find or evaluate the following integrals.


  ∫    ln ⁡   |  1 + x | d x  


  ∫  x  2 x d x  


  ∫      sin  − 1 ⁡ x d x  


   ∫ 4  e + 3    ln ⁡   |  x − 3 | d x


  ∫      tan  − 1 ⁡ x d x  


  ∫    ln ⁡   |    cos ⁡ x |     cosec 2 ⁡ x d x  


  ∫   2 x   sin ⁡ x d x


  Find ∫   x 2   x − 1 d x :


  Using IBP 


  Using a   u 2  substitution


  Find ∫      ln ⁡ x − 2     (    ln ⁡ x − 1 ) 2 d x :


  Using IBP 


  By using the quotient rule to find a function whose derivative equals the integrand.


  Using the result from Q4, repeat Q1 but ignore DETAIL and let  u =  x 2  and    d v  d x =   ln ⁡ x .


  Find ∫  x   sin ⁡ x   cos ⁡ x d x .


  Find ∫    x  e x     (  1 + x ) 2 d x .


  n


  n


   ∫ 0 1   x n   1 −  x 2 d x =  (    n − 1  n + 2 )  ∫ 0 1   x  n − 2   1 −  x 2 d x


   x n


   x  n − 2


   I n


   I n


   I  n − 1


   I n


   I  n − 2


   I n =  (    n − 1  n + 2 )  I  n − 2 .


  I


  U


  A


   I  n − 1


   I  n − 2


  n


  A      I n =  e 2 − n  I  n − 1                                             B      I n =       sec  n − 2 ⁡ x   tan ⁡ x  n − 1 +   n − 2  n − 1  I  n − 2                                         C      I n =  1  2 n − 1 −  I  n − 1


  n


  u


  n


  n


   I n =  ∫ 1   e 2     (      log e ⁡ x    ) n d x  


   I n =  e 2  2 n − n  I  n − 1


   I  n − 1


  n


  n


  u =    (      log e ⁡ x ) n


   I n =  ∫ 0 x  se  c n t d t  


   I n =       sec  n − 2 ⁡ x   tan ⁡ x  n − 1 +   n − 2  n − 1  I  n − 2


   I  n − 2


  n


  n − 2


  u =     sec  n − 2 ⁡ t


   I n =  ∫ 0 1   x  2 n + 1  e   x 2 d x  


   I n =  e 2 − n  I  n − 1


   I  n − 1


  n


  n


  n


    u =  x  2 n


  n


   I n =  ∫ 0   𝜋 4      tan  2 n ⁡ 𝜃 d 𝜃  


   I n =  1  2 n − 1 −  I  n − 1


   I  n − 1


  − 1


  n


   I n +  I  n − 1 =  1  2 n − 1


   I n =  ∫ 0   𝜋 2   x n cos   x d x


   I n =    (   𝜋 2 ) n − n  (  n − 1 )  I  n − 2


   I  n − 2


  n ( n − 1 )


  u =  x n


  u =  x  n − 1


  If    I n = ∫   x n  e x d x   prove that   I n =  x n  e x − n  I  n − 1 .


   I n = ∫   x n  e x d x                              u =  x n          d v  d x =  e x       d u  d x = n  x  n − 1      v =  e x 


  =  x n  e x − ∫  n  x  n − 1  e x d x


  =  x n  e x − n ∫   x  n − 1  e x d x


  =  x n  e x − n  I  n − 1


  +


   x n


   e x


  −


  n  x  n − 1


   e x


  The coefficient of   I  n − 1  involves  n , so use IBP.


  The numerator is  n  which gives us the power we want, so we let  u =  x n .


   I n = ∫   x n  e x d x


            = +  (   x n )  (   e x ) − ∫   (  n  x  n − 1 )  (   e x ) d x


  ∴  I n =  x n  e x − n ∫   x  n − 1  e x d x


                    =  x n  e x − n  I  n − 1


  If   I n =  ∫ 0   𝜋 2      cos n ⁡ x d x   prove that    I n =   n − 1 n  I  n − 2 .


   I  n − 2


  n


  n − 1


  u =     cos  n − 1 ⁡ x


   I n =  ∫ 0   𝜋 2      cos n ⁡ x d x                            u =     cos  n − 1 ⁡ x                                                      d v  d x =   cos ⁡ x     d u  d x = −  (  n − 1 )     cos  n − 2 ⁡ x   sin ⁡ x  v =   sin ⁡ x 


  =    [      cos  n − 1 ⁡ x   sin ⁡ x     2 2 ] 0   𝜋 2 +  (  n − 1 )  ∫ 0   𝜋 2      cos  n − 2 ⁡ x     sin 2 ⁡ x d x


  = 0 +  (  n − 1 )  ∫ 0   𝜋 2      cos  n − 2 ⁡ x  (  1 −     cos 2 ⁡ x ) d x


  =  (  n − 1 )  ∫ 0   𝜋 2      cos  n − 2 ⁡ x d x −  (  n − 1 )  ∫ 0   𝜋 2      cos n ⁡ x d x


  ∴  I n =  (  n − 1 )  I  n − 2 −  (  n − 1 )  I n


  n  I n =  (  n − 1 )  I  n − 2


   I n =   n − 1 n  I  n − 2


  I n Example 1, we proved that i f    I n = ∫   x n  e x d x   then   I n =  x n  e x − n  I  n − 1 .  


  Use this recurrence relation to evaluate ∫   x 3  e x d x .


  ∫   x 3  e x d x


  =  I 3


  =  x 3  e x − 3  I 2         using the recurrence relation


  =  x 3  e x − 3  (   x 2  e x − 2  I 1 )


  =  x 3  e x − 3  x 2  e x + 6  (   x 1  e x − 1  I 0 )


  =  x 3  e x − 3  x 2  e x + 6 x  e x − 6  I 0


  =  x 3  e x − 3  x 2  e x + 6 x  e x − 6 ∫   x 0  e x d x


  =  x 3  e x − 3  x 2  e x + 6 x  e x − 6 ∫   e x d x


  =  x 3  e x − 3  x 2  e x + 6 x  e x − 6  e x + c


   I 0


   I 1


   I 2


   I 0


  If    I n = ∫      tan n ⁡ x d x   prove that   I n =  1  n − 1     tan  n − 1 ⁡ x −  I  n − 2 .


   I  n − 2


  n


   I n +  I  n − 2 = ∫      tan n ⁡ x d x + ∫      tan  n − 2 ⁡ x d x


  = ∫      tan  n − 2 ⁡ x  (      tan 2 ⁡ x + 1 ) d x


  = ∫      tan  n − 2 ⁡ x     sec 2 ⁡ x   d x


  = ∫   d  d x  (        tan  n − 1 ⁡ x  n − 1 ) d x


  =  1  n − 1     tan  n − 1 ⁡ x


  ∴  I n =  1  n − 1     tan  n − 1 ⁡ x −  I  n − 2


  u


  u


    d v  d x


  1


  n


  u


    d v  d x


  Find a recurrence relation for   I n =  ∫ 0 1     x n     (   x 2 + 1 ) 2 d x ,   for  n = 0 ,   1 ,   2   .   .   . ,   in terms of    I  n − 2 .


   I n =  ∫ 0 1     x n     (   x 2 + 1 ) 2 d x                                                              u =  1 2  x  n − 1                            d v  d x = 2 x    (   x 2 + 1 )  − 2     d u  d x =  1 2  (  n − 1 )  x  n − 2      v = −    (   x 2 + 1 )  − 1 


  = −  1 2    [     x  n − 1   x 2 + 1 ] 0 1 +   n − 1 2  ∫ 0 1     x  n − 2   x 2 + 1 d x


  = −  1 4 − 0 +   n − 1 2  ∫ 0 1     x  n − 2  (   x 2 + 1 )     (   x 2 + 1 ) 2 d x


  = −  1 4 +   n − 1 2  ∫ 0 1     x n     (   x 2 + 1 ) 2 d x +   n − 1 2  ∫ 0 1     x  n − 2     (   x 2 + 1 ) 2 d x


  = −  1 4 +   n − 1 2  I n +   n − 1 2  I  n − 2


  ∴   3 − n 2  I n = −  1 4 +   n − 1 2  I  n − 2


   I n =  1  2 ( n − 3 ) −   n − 1  n − 3  I  n − 2


  RCR


  If    I n = ∫   x n  e  2 x d x   prove that    I n =    x n  e  2 x 2 −  n 2  I  n − 1 .


  If    I n = ∫      sin n ⁡ x d x   prove that   I n = −       sin  n − 1 ⁡ x   cos ⁡ x n +   n − 1 n  I  n − 2 .


  If    I n = ∫      cot n ⁡ x d x   prove that   I n = −  1  n − 1     cot  n − 1 ⁡ x −  I  n − 2 .


  Use the result from Question 1 to find ∫   x 2  e  2 x d x .


  It is given that when   I n =  ∫ 0 1   x n    (   x 2 − 1 ) 5 d x   for   n ≥ 0 ,  that    I n =   n − 1  n + 11  I  n − 2   for   n ≥ 2 .  


  Use this recurrence relation to evaluate    ∫ 0 1   x 3    (   x 2 − 1 ) 5 d x .


  It is given that   I n =  ∫ 0   𝜋 4      tan  2 n ⁡ 𝜃 d 𝜃   for   n ≥ 0 .


  Show that   I n =  1  2 n − 1 −  I  n − 1   for   n ≥ 1 .  


  Hence calculate   I 3 .


  It is given that   I n =  ∫ 1   e 2     (    ln ⁡ x ) n d x   for   n ≥ 0 .   Show that   I n =  e 2  2 n − n  I  n − 1 .


  Let   I n =  ∫ 0 x  se  c n t d t   where  0 ≤ x ≤  𝜋 2 . Show that   I n =       sec  n − 2 ⁡ x   tan ⁡ x  n − 1 +   n − 2  n − 1  I  n − 2 .


  Hence find the exact value of  ∫ 0   𝜋 3      sec 4 ⁡ t d t .


  Prove ∫  x    (    ln ⁡ x ) n d x =    x 2    (    ln ⁡ x ) n 2 −  n 2 ∫  x    (    ln ⁡ x )  n − 1 d x   and hence find ∫  x     ln 2 ⁡ x d x .


  If    I n =  ∫ 0   𝜋 2   x n cos   x d x   prove that   I n =    (   𝜋 2 ) n − n  (  n − 1 )  I  n − 2 .


  If    I n = ∫   x n   2 x + 1 d x   prove that   I n =    x n      (  2 x + 1 ) 3  2 n + 3 −  n  2 n + 3  I  n − 1 .


  If   I n = ∫   x  − n  e  2 x d x  prove   I n = −    e  2 x   (  n − 1 )  x  n − 1 +  2  n − 1  I  n − 1  for  n ≥ 2 .


  If   I  m , n = ∫   x m    (    ln ⁡ x ) n d x  prove   I  m , n =    x  m + 1    (    ln ⁡ x ) n  m + 1 −  n  m + 1  I  m , n − 1


  Hence find   ∫   x 2    (    ln ⁡ x ) 2 d x .


  If   I n = ∫      sin ⁡  3 x   x n d x  and   J n = ∫      cos ⁡  3 x   x n d x   prove   I n = −     sin ⁡  3 x   (  n − 1 )  x  n − 1 +  3  n − 1  J  n − 1  for  n ≥ 1 .


  Find a recurrence relationship for   I n =  ∫ 0 1     x n     (   x 2 + 1 ) 2 d x   in terms of   I  n − 2 ,   for   n > 3 .


  Find a recurrence relationship for   I m =  ∫ 0 1   x m    (   x 2 − 1 ) 5 d x   in terms of   I  m − 2 .


  Find a recurrence relationship for   I n =  ∫  − 3 0   x n   x + 3 d x   in terms of   I  n − 1 ,   for   n ≥ 1 .


  Find a recurrence relationship for   I n = ∫    d x      sin n ⁡ x   in terms of   I  n − 2 .


  Given that   I  2 n + 1 =  ∫ 0 1   x  2 n + 1  e   x 2 d x  where  n  is a positive integer, find a recurrence relation 


  for   I  2 n + 1  in terms of   I  2 n − 1 .


  Hence evaluate   I 5 .


  Consider the integral   I n =  ∫ 0 1   x    (  1 − x ) n d x , for   n = 0 ,   1 ,   2 ,   3 ,   .   .   .  


  By finding a recurrence relation for   I n  in terms of   I  n − 1 , evaluate   I 3 .


  Let   I n =  ∫ 0 1     (  1 −  x 2 ) n d x  and   J n =  ∫ 0 1   x 2    (  1 −  x 2 ) n d x .


  Show that   I n = 2 n  J  n − 1 .


  Hence show that   I n =   2 n  2 n + 1  I  n − 1 .


  Show that   J n =  I n −  I  n + 1  and hence deduce that   J n =  1  2 n + 3  I n .


  Hence write down a reduction formula for   J n  in terms of   J  n − 1 .


  Show that  ∫    d x  5 − 4   cos ⁡ x =  2 3     tan  − 1 ⁡   (  3   tan ⁡   x 2 ) + c


  Given that   ∫ 0 𝜋    d x  5 − 4   cos ⁡ x =  𝜋 3  show that   ∫ 0 𝜋      cos ⁡ x  5 − 4   cos ⁡ x d x =  𝜋 6


  If   u n =  ∫ 0 𝜋      cos ⁡  n x  5 − 4   cos ⁡ x d x  show that   u  n + 1 +  u  n − 1 −  5 2  u n = 0 ,   for   n ≥ 1 .


  Let   I n =  ∫ 0   1 2    d x     (  1 + 4  x 2 ) n , where  n  is a positive integer.


  Find the value of   I 1 .


  Using integration by parts, show that    I n =   2 n  I  n + 1  2 n − 1 +  1   2  n + 1  (  1 − 2 n ) .


  Hence evaluate    I 3 =  ∫ 0   1 2    d x     (  1 + 4  x 2 ) 3 .


  Let   I n =  ∫ 0 1     (  1 −  t 2 )    n − 1 2 d t  for  n = 0 ,   1 ,   2 ,   .   .   .


  Show that   t 2    (  1 −  t 2 )    n − 3 2 =    (  1 −  t 2 )    n − 3 2 −    (  1 −  t 2 )    n − 1 2 .


  Using integration by parts, show that  n  I n =  (  n − 1 )  I  n − 2  for  n = 2 ,   3 ,   4 ,   .   .   .


  Let   J n = n  I n  I  n − 1  for  n = 1 ,   2 ,   3 ,   .   .   .  By using the principle of mathematical induction, 


  prove that   J n =  𝜋 2  for  n = 1 ,   2 ,   3 ,   .   .   .


  Briefly explain why  0 <  I n <  I  n − 1  for  n = 1 ,   2 ,   3 ,   .   .   .


  Deduce that     𝜋  2  (  n + 1 ) <  I n <    𝜋  2 n  for  n = 1 ,   2 ,   3 .   .   .


  Double factorials are defined as   n ‼ =  {     n  (  n − 2 )  (  n − 4 ) .   .   . 2  for even integers  n   n  (  n − 2 )  (  n − 4 ) .   .   . 1  for odd integers   n    


  Prove that for even integers  n = 2 k  that   (  2 k ) ‼ =  2 k k !


  Show   (  2 k + 1 ) ‼  2 k k ! =  (  2 k + 1 ) !  and thus for odd integers  n = 2 k + 1  that 


   (  2 k + 1 ) ‼ =    (  2 k + 1 ) !   2 k k ! .


  Prove   I  2 n =  ∫ 0   𝜋 2      sin  2 n ⁡ x d x =   𝜋  (  2 n ) !   2  2 n + 1    (  n ! ) 2 .


  Prove   I  2 n =  ∫  − 1 1     (  1 −  x 2 ) n d x =    2  2 n + 1    (  n ! ) 2   (  2 n + 1 ) ! .


  Find ∫    d x   x 2 + 6 x + 10 .


  Find ∫   1   x 2 + 2 x + 2 d x .


  Let    I n =  ∫ 1 e     (    ln ⁡ t ) n d t   for  n = 1 ,   2 ,   3 ,   .   .   .


  Show that   I n = e − n  I  n − 1  for  n = 1 ,   2 ,   3 ,   .   .   .


  Hence, or otherwise, find the exact value   I 3 .


  Find ∫  x     tan  − 1 ⁡ x d x .


  Find ∫    sin ⁡ x cos ⁡ (   cos ⁡ x ) d x .


  Which of the following is an expression for ∫   1    7 − 6 x −  x 2 d x ?


  A      sin  − 1 ⁡   (    x − 3 2 ) + c        B      sin  − 1 ⁡   (    x + 3 2 ) + c        C      sin  − 1 ⁡   (    x − 3 4 ) + c        D     sin  − 1 ⁡   (    x + 3 4 ) + c


  Using the substitution  u =  e x + 1  or otherwise, evaluate  ∫ 0 1     e x     (  1 +  e x ) 2 d x .


  Find ∫   1  x   ln ⁡ x d x .


  What is the value of   ∫ 0 1        cos  − 1 ⁡ x    1 −  x 2 d x ?


  A      𝜋 2 4                                    B   −    𝜋 2 4                               C      𝜋 2 8                                    D     −    𝜋 2 8


  Evaluate   ∫ 0   𝜋 3      sec 3 ⁡ x   tan ⁡ x d x .


  If  n  is a non−negative integer, then for what values of  n  is   ∫ 0 1   x n d x =  ∫ 0 1     (  1 − x ) n d x ?


  A no solution	                B non−zero  n , only	       C  n  even, only	            D all values of  n


  Find   ∫    d x   (  x − 1 )  (  x + 2 ) .


  Evaluate   ∫ 0 1  x  e  −  x 2 d x .


  Find real numbers  a ,   b  and  c  such that    10   (  x + 1 )  (   x 2 + 4 ) =  a  x + 1 +   b x + c   x 2 + 4 .


  Hence find ∫    10   (  x + 1 )  (   x 2 + 4 ) d x .


  Find  ∫     t 2 − 1   t 3 d t .


  Find ∫    d x    6 − x −  x 2 .


  Find ∫   x 2     log e ⁡  ( 3 x ) d x .


  Find ∫      cos ⁡ 𝜃      sin 4 ⁡ 𝜃 d 𝜃 .


  Find ∫    d x    2 − 4 x − 2  x 2 .


      cos ⁡  2 x −   cos ⁡  4 x    sin ⁡  2 x +   sin ⁡  4 x =   tan ⁡ x ,   for   sin ⁡  3 x ≠ 0 .


    sin ⁡ x +   sin ⁡  3 x = 4   sin ⁡ x     cos 2 ⁡ x .


    cos ⁡ x +   cos ⁡  3 x = 4     cos 3 ⁡ x − 2   cos ⁡ x .


  2   tan ⁡ x   cos ⁡  3 x =   sec ⁡ x  (    sin ⁡  4 x −   sin ⁡  2 x ) .


  Find  ∫  x   cos ⁡ x d x .


  Find ∫    x + 1  x − 2 d x .


  Which of the following is an expression for ∫   x    16 −  x 2 d x ?


  A − 2   16 −  x 2 + c 		         B −   16 −  x 2 + c 		         C  1 2   16 −  x 2 + c 		       D −  1 2   16 −  x 2 + c


  Using  t =   tan ⁡   x 2 , evaluate  ∫ 0   𝜋 2    d x  1 +   sin ⁡ x .


  Use the substitution  u =  e x , or otherwise, find ∫     e x d x    1 −  e  2 x .


  Find ∫    4  x 3 − 2  x 2 + 1  2 x − 1 d x .


  Find ∫    d x    3 − 4 x − 4  x 2 .


  Evaluate  ∫  −  𝜋 2   𝜋 2      cos 4 ⁡ x     sin 5 ⁡ x d x .


  Evaluate  ∫ 0 1      tan  − 1 ⁡ x d x .


  Find ∫    d x   x 2 − 6 x + 13 .


  Show that    sin ⁡  130 ° +   sin ⁡  10 ° =   sin ⁡  70 °


  f  ( x ) =   sin ⁡  3 x   cos ⁡ x −   cos ⁡  2 x   sin ⁡  2 x


  Given the substitution   t =   tan ⁡   𝜃 2 , the expression     1 −   cos ⁡ 𝜃    sin ⁡ 𝜃   can be written as which of 


  the following.


  A   2 t   		                 B   t     		             C   1 t 		             D   0


  Use the substitution  u = 1 +  x 2  to evaluate  ∫ 0   3     x 3     (  1 +  x 2 )   3 2 d x .


  Find ∫  x  x  (   x   1 2 +  x   3 2     2 2 ) d x .


  Evaluate  ∫ 0      log 3 ⁡ 2   3  x     log 3 ⁡ 2 d x .


  Show that    cot ⁡   (    A + B 2 ) =     sin ⁡ B −   sin ⁡ A    cos ⁡ A −   cos ⁡ B .


  Evaluate  ∫ 0   𝜋 6    d 𝜃  9 − 8     cos 2 ⁡ 𝜃   using the substitution  t =   tan ⁡ 𝜃 .


  Find ∫     e  2 x   e x + 1 d x .


  Find real numbers  a ,   b  and  c  such that    8 − 2 x   (  1 + x )  (  4 +  x 2 ) =  a  1 + x +   b x + c  4 +  x 2 .


  Hence evaluate in simplest form  ∫ 0 4    8 − 2 x   (  1 + x )  (  4 +  x 2 ) d x .


  The algebraic fraction    x + 1  5    (  x + h ) 2 , where  h  is a non−zero real number can be written in 


  partial fraction form, where  A  and  B  are real numbers, as


  A    A  x + h +  B  x + h   		    B    A  5 x + h +  B     (  x + h ) 2     		    C   A  x + h +  B     (  x + h ) 2   		    D    A  5 ( x + h ) +  B  x + h


  The value of  ∫  − 1 1   1  1 +  e  − x d x   is


  A   1 2         		                      B 		 1                                             C   ln ⁡  ( 1 + e )                   		          D  2   ln ⁡  ( 1 + e )


  Solve  2   cos ⁡ 𝜃 + 3   sin ⁡ 𝜃 = − 2  for  0 ≤ 𝜃 ≤ 2 𝜋  using the substitution   t =   tan ⁡   𝜃 2 .


  Consider the integral   I n =  ∫ 0 1   x    (  1 − x ) n d x , for   n = 0 ,   1 ,   2 ,   3 ,   .   .   .


  Show that   I n =  (    2 n  2 n + 3 )  I  n − 1 ,   for   n = 1 ,   2 ,   3 .


  Hence evaluate   I 3 =  ∫ 0 1   x    (  1 − x ) 3 d x .


  Show that    sin ⁡  3 x +   sin ⁡  2 x +   sin ⁡ x =   sin ⁡  2 x  (  2   cos ⁡ x + 1 ) .


  Find  a ,   b  and  c  such that    16   (   x 2 + 4 )  (  2 − x ) =   a x + b   x 2 + 4 +  c  2 − x .


  Find ∫    16   (   x 2 + 4 )  (  2 − x ) d x .


  Evaluate  ∫ 0 1      sin  − 1 ⁡ x d x .


  Evaluate  ∫ 0 1   x   (  x + 1 )  (  2 x + 1 ) d x .


  Which of the following equals  ∫ 0   𝜋 4  x     sec 2 ⁡ x d x ?


  A  		  𝜋 4 −  1 2   ln ⁡ 2              B    𝜋 4 +  1 2   ln ⁡ 2 		             C    𝜋 4 + 2   ln ⁡   2 		          D    𝜋 4 − 2   ln ⁡   2


  Which of the following equals ∫  (     tan 3 ⁡  2 x +   tan ⁡  2 x ) d x ?


  A  		  1 4     tan 4 ⁡  2 x +  1 2     sec 2 ⁡  2 x + c       B      tan 2 ⁡  2 x + c        C   1 4     tan 2 ⁡  2 x + c         D   1 2     tan 2 ⁡  2 x + c


  Solve    cos ⁡ x − 3   sin ⁡ x + 3 = 0  for  0 ≤ x ≤ 2 𝜋  using the substitution   t =   tan ⁡   x 2 .


  Use the substitution  t =   tan ⁡   𝜃 2   to evaluate  ∫ 0   𝜋 3   1  1 −   sin ⁡ 𝜃 d 𝜃 .


  Find ∫      5 − x  5 + x d x .


  Find the real numbers  A ,   B  and  C  such that    10   (  3 + x )  (  1 +  x 2 ) =  A  3 + x +   B x + C  1 +  x 2 .


  Hence use the substitution  t =   tan ⁡ 𝜃  to find ∫    10  3 +   tan ⁡ 𝜃 d 𝜃 .


  Consider the integral   I n =  ∫ 0 1     x n    1 + x d x , for  n ≥ 0 .


  Show that   I 0 = 2  2 − 2 .


  Given that   I n +  I  n − 1 =  ∫ 0 1   x  n − 1   1 + x d x , show that   I n =   2  2 − 2 n  I  n − 1  2 n + 1 .


  Hence evaluate   I 2  in exact form.


  Evaluate   ∫ 1 2    d x  x  (  1 +  x 2 ) .


  Find ∫   x    1 − x d x .


  Find ∫   e  − 2 x   cos ⁡ x d x .


  Consider the following two statements:


  𝐈 :        ∫ 0 1    d x  1 +  x n <  ∫ 0 1    d x  1 +  x  n + 1           ( n > 1 )


  𝐈 𝐈 :        ∫ 0   𝜋 2      sin ⁡ x d x =  ∫ 0   𝜋 2      cos ⁡ x d x


  Which of these statements is correct?


  A Neither statement		     B Statement I only		    C Statement II only		    D Both statements


  Evaluate   ∫ 0 1      cos  − 1 ⁡ x d x .


  Consider the integral   I n =  ∫ 0 1     x n    1 − x d x .


  Show that   I 1 =  4 3 .


  Show that   I  n − 1 −  I n =  ∫ 0 1   x  n − 1   1 − x d x .


  Use integration by parts on the result of part (b) to show that   I n =   2 n  2 n + 1  I  n − 1 .


  Use the substitution 	 t =   tan ⁡   x 2   to find which of the following are equal to ∫    sec ⁡ x d x .


  A 				   ln ⁡   |  ( t + 1 ) ( t − 1 ) | + c            B     ln ⁡   |    1 + t  1 − t | + c        C    ln ⁡   |  ( 1 +  t 2 ) ( 1 −  t 2 ) | + c 				   D    ln ⁡   |     t 2 + 1   t 2 − 1 | + c


  Evaluate   ∫ 0   𝜋 4  x     tan 2 ⁡ x d x .


  Which of the following is equal to ∫      cos ⁡   (   x )   x d x ?


  A  				   sin ⁡  (  x ) + c                       B  2   sin ⁡   (   x ) + c              C   1    sin ⁡   (   x ) + c 				          D   2    sin ⁡   (   x ) + c


  Find real numbers  A  and  B  such that    3  x 2 + 3 x − 2   (  x − 1 )    (  x + 1 ) 2 =  A  x + 1 +  B  x − 1 +  1     (  x + 1 ) 2 .


  Hence find  ∫    3  x 2 + 3 x − 2   (  x − 1 )    (  x + 1 ) 2 d x .


  Use the substitution  x = 2   cos ⁡ 𝜃  to evaluate   ∫ 1   3   1   x 2   4 −  x 2 d x .


  Find constants  A ,   B  and  C  such that     x 2 − x + 1     (  x + 1 ) 2 = A +  B  x + 1 +  C     (  x + 1 ) 2 .


  Hence find ∫     x 2 − x + 1     (  x + 1 ) 2 d x .


  Show, using integration by parts, that   ∫ 0   𝜋 3  x     sec 2 ⁡ x d x =   𝜋  3 3 −   ln ⁡ 2 .


  Let   I n =  ∫ 0 𝜋   x n   sin ⁡ x d x , where  n = 0 ,   1 ,   2 ,   .   .   .


  Use integration by parts to show that   I n =  𝜋 n − n  (  n − 1 )  I  n − 2   for  n = 2 ,   3 ,   4 ,   .   .


  Hence evaluate   ∫ 0 𝜋   x 4   sin ⁡ x d x .


  If  I =  ∫ 0    ln ⁡ 2     e x   e x +  e  − x d x   and  J =  ∫ 0    ln ⁡ 2     e  − x   e x +  e  − x d x , then the exact value of  I − J  is:


  A  		   ln ⁡   (   5 2 )                B     ln ⁡ 2 		           C     ln ⁡ 5 		         D     ln ⁡   (   5 4 )


  Given   f  ( t ) = 3   sin ⁡  ( 4 t )   and   g  ( t ) = 3   sin ⁡   (  4 t +  𝜋 3 ) , find   f  ( t ) + g  ( t )   in the 


  form   R   sin ⁡  ( 4 t + 𝛼 ) .


  If   I n =  ∫ 0   𝜋 2      sin n ⁡ x d x   show that   I n =   n − 1 n  I  n − 2 .


  Hence evaluate   ∫ 0   𝜋 2      sin 5 ⁡ x d x .


  Find ∫      sin 3 ⁡ x d x


  A			    1 4     sin 4 ⁡ x + c        B 		 −   cos ⁡ x +  1 3     cos 3 ⁡ x + c        C			 −  1 4     sin 4 ⁡ x + c         D −   cos ⁡ x −  1 3     cos 3 ⁡ x + c


  Solve    sin ⁡  4 x +   sin ⁡  3 x +   sin ⁡  2 x = 0   for   0 ≤ x ≤ 𝜋 .


  Show that  ∫  x   x − 1 d x =  2 5    (  x − 1 )   5 2 +  2 3    (  x − 1 )   3 2 + c .


  Find ∫   x    2 −  x 2 d x   using the substitution  x =  2   sin ⁡ 𝜃 .


  Which of the following is an expression for ∫        cos 3 ⁡ x +     sin 3 ⁡ x    cos ⁡ x +   sin ⁡ x d x ? You are given that 


   a 3 +  b 3 = ( a + b ) (  a 2 − a b +  b 2 ) .


  A     x +  1 4   cos ⁡  2 x + c    		      B 		 x −  1 4   cos ⁡  2 x + c        C 		 x +  1 2   sin ⁡  2 x + c         D   x −  1 2   sin ⁡  2 x + c


  Find  ∫      sin ⁡  2 x +   sin ⁡ x      cos 2 ⁡ x d x .


  Find  ∫   e x   sin ⁡ x d x .


  Prove  ∫    sin ⁡  2 x   sin ⁡  4 x d x =     sin ⁡  2 x 4 −     sin ⁡  6 x  12 + c .


  Prove  ∫      sin ⁡   (  x +  𝜋 4 ) +   sin ⁡   (  x −  𝜋 4 )    cos ⁡   (  x −  𝜋 4 ) +   cos ⁡   (  x +  𝜋 4 ) d x = −   ln ⁡   |    cos ⁡ x | + c .


  ∫   x    x + 5 d x =


  A   2   x + 5 + c                                              B    2 3      (  x + 5 ) 3 + c   


  C    2 3  {       (  x + 5 ) 3 − 10   x + 5 } + c         D    2 3  (  x − 10 )   x + 5 + c


  By using the fact that  ∫ 0   𝜋 2    d x  1 +   cos ⁡ x +   sin ⁡ x =   ln ⁡ 2 , evaluate   ∫ 0   𝜋 2    x   d x  1 +   cos ⁡ x +   sin ⁡ x .


  Prove  ∫    d x   x 3    x 2 − 4 =  1  16     cos  − 1 ⁡   (   2 x ) +      x 2 − 4  8  x 2 + c .


  Using the substitution  u = 𝜋 − x :


  Show that   ∫ 0 𝜋    x   sin ⁡ x  1 +     cos 2 ⁡ x d x =  ∫ 0 𝜋     (  𝜋 − x )   sin ⁡ x  1 +     cos 2 ⁡ x d x .


  Hence deduce that   ∫ 0 𝜋    x   sin ⁡ x  1 +     cos 2 ⁡ x d x =    𝜋 2 4 .


  The value of  ∫ 0   𝜋 2      cos ⁡ x    sin ⁡ x +   cos ⁡ x d x   is equal to:


  A		     0                        B   𝜋     		             C   𝜋 2  	                  D   𝜋 4


  Use the substitution  u =  𝜋 4 − x , to show   ∫ 0   𝜋 4    ln ⁡   (  1 +   tan ⁡ x ) d x =  ∫ 0   𝜋 4    ln ⁡   (   2  1 +   tan ⁡ x ) d x .


  Hence find the exact value of   ∫ 0   𝜋 4    ln ⁡  ( 1 +   tan ⁡ x ) d x .


  Find  ∫     e x −  e  − x     (   e x +  e  − x ) 2 d x .


  Let   I n =  ∫ 0   𝜋 6      sin  2 n ⁡ 𝜃   sec ⁡ 𝜃 d 𝜃 , for  n ≥ 1 .


  Show that   I n −  I  n − 1 = −  1   2  2 n − 1  (  2 n − 1 ) .


  Hence show that   I n =  1 2   ln ⁡ 3 −  ∑  k = 1 n   1   2  2 k − 1  (  2 k − 1 ) .


  Given that   I n =  ∫   𝜋 6   𝜋 4  co  t n x d x , for  n = 1 ,   2 ,   .   .   .


  Show that   I 1 =  1 2   ln ⁡ 2 .


  Show that    I  n − 2 +  I n =  1  n − 1  (   3   1 2  (  n − 1 ) − 1     2 2 ) , for  n = 2 ,   3 ,   4 ,   .   .   .


  Find   I 5 .


  Use the substitution   t =   tan ⁡   𝜃 2 to show that   ∫ 0   𝜋 2    d 𝜃  4   sin ⁡ 𝜃 − 2   cos ⁡ 𝜃 + 6 =  1 2     tan  − 1 ⁡   (   1 2 ) .


  Show that   ∫ 0 1      ln ⁡   (  1 + x )  1 +  x 2 d x =  𝜋 8   ln ⁡ 2 , using the substitution  x =   1 − u  1 + u .


  Show that   ∫ 0 1    5 − 5  x 2   (  1 + 2 x )  (  1 +  x 2 ) d x =  1 2  (  𝜋 +   ln ⁡    27  16 ) .


  Hence evaluate  ∫ 0   𝜋 4      cos ⁡  2 x  1 + 2   sin ⁡  2 x +   cos ⁡  2 x d x   using the substitution  t =   tan ⁡ x .


  If   I n =  ∫ 0   𝜋 2   x n cos   x d x , show that for  n > 1 ,   I n =    (   𝜋 2 ) n − n  (  n − 1 )  I  n − 2 .


  Hence find the area of the finite region bounded by the curve  y =  x 4   cos ⁡ x  and the


  x −axis for  0 ≤ x ≤  𝜋 2 .


  Given   I n =  ∫ 0 1    d x     (  1 +  x 2 ) n   for  n ≥ 1  show that   I n =  1   2 n  (  1 − 2 n ) +   2 n  2 n − 1  I  n + 1 .


  Let   I n =  ∫ 0 1   x n   1 −  x 3 d x , for  n ≥ 2 .


  Show that   I n =   2 n − 4  2 n + 5  I  n − 3   for  n ≥ 5 .


  Hence find   I 8 .


  Show that  2   sin ⁡ x   sin ⁡   (   (  2 k + 1 ) x ) =   cos ⁡  ( 2 k x ) −   cos ⁡   (  2  (  k + 1 ) x ) .


  Hence, use mathematical induction to  prove for all integers  n ≥ 1 , that


    sin ⁡ x +   sin ⁡  3 x +   sin ⁡  5 x +   .   .   .   +   sin ⁡   (   (  2 n − 1 ) x ) =   1 −   cos ⁡   (  2 n x )  2   sin ⁡ x .


  Show that     (  1 +  t 2 )  n − 1 +  t 2    (  1 +  t 2 )  n − 1 =    (  1 +  t 2 ) n .


  Given    I n =  ∫ 0 x     (  1 +  t 2 ) n d t   for   n = 1 ,   2 ,   3 ,   .   .   . ,   use integration by parts, and part (a) to show 


   I n =  1  2 n + 1    (  1 +  x 2 ) n x +   2 n  2 n + 1  I  n − 1 .


  For  n = 0 ,   1 ,   2 ,   3 ,   .   .   . , let   I n =  ∫   e  − 1 1     (  1 +     log e ⁡ x ) n d x   and   J n =  ∫   e  − 1 1    (     log e ⁡ x )  (  1 +     log e ⁡ x ) n d x .


  Show that   I n = 1 − n  I  n − 1  for  n = 1 ,   2 ,   3 ,   .   .   .  


  Show that   J n = 1 −  (  n + 2 )  I n  for  n = 0 ,   1 ,   2 ,   3 , .   .   .


  Hence find the value of   J 3  in simplest exact form.


  By first multiplying the numerator and denominator of the integrand by    sin ⁡  3 x ,  show that  ∫      cos ⁡  5 x +   cos ⁡  4 x  1 − 2   cos ⁡  3 x d x = −  1 2   sin ⁡  2 x −   sin ⁡ x + c .


  ∫  f ′ ( x )   sin ⁡  f ( x ) d x = −   cos ⁡  f  ( x ) + c


  ∫  f ′ ( x )   cos ⁡  f ( x ) d x =   sin ⁡  f  ( x ) + c


  ∫   f ′  ( x )   tan ⁡  f ( x ) d x = ∫     f ′  ( x )   sin ⁡  f  ( x )    cos ⁡  f  ( x ) d x = −   ln ⁡   |    cos ⁡  f  ( x ) | + c


  ∫  f ′ ( x ) cosec   f ( x ) d x = −   ln ⁡   |  cosec   f  ( x ) +   cot ⁡  f  ( x ) | + c


  ∫  f ′ ( x )   sec ⁡  f ( x )   d x =   ln ⁡   |    sec ⁡  f  ( x ) +   tan ⁡  f  ( x ) | + c


  ∫   f ′  ( x )   cot ⁡  f ( x ) d x = ∫     f ′  ( x )   cos ⁡  f  ( x )    sin ⁡  f  ( x ) d x =   ln ⁡   |    sin ⁡  f  ( x ) | + c


  ∫   f ′  ( x )     sec 2 ⁡  f ( x ) d x =   tan ⁡  f  ( x ) + c


  ∫  f ′ ( x ) cose  c 2 f ( x )   d x = −   cot ⁡  f  ( x ) + c


  ∫  f ′ ( x )   sec ⁡  f ( x )   tan ⁡  f ( x ) d x =   sec ⁡  f  ( x ) + c


  ∫  f ′ ( x )   cosec ⁡  f ( x )   cot ⁡  f ( x ) d x = −   cosec ⁡  f  ( x ) + c


  ∫  f ′ ( x )    [  f  ( x ) ] n d x =  1  n + 1    [  f  ( x ) ]  n + 1 + c


                                           where   n ≠ 1  


  ∫   f ′  ( x )  e  f  ( x ) d x =  e  f  ( x ) + c


  ∫     f ′  ( x )  f  ( x ) d x =   ln ⁡  f  ( x ) + c


  ∫  f ′ ( x )  a  f  ( x ) d x =    a  f  ( x )    ln ⁡ a + c


  ∫     f ′  ( x )     a 2 −    [  f  ( x ) ] 2 d x =     sin  − 1 ⁡    f  ( x ) a + c


  ∫     f ′  ( x )   a 2 +    [  f  ( x ) ] 2 d x =  1 a     tan  − 1 ⁡    f  ( x ) a + c


  ∫    f ′ ( x )      [ f  ( x ) ] 2 −  a 2 d x =   ln ⁡   |  f  ( x ) +      [  f  ( x ) ] 2 −  a 2 | + c


  ∫    f ′ ( x )      [ f  ( x ) ] 2 +  a 2 d x =   ln ⁡   |  f  ( x ) +      [  f  ( x ) ] 2 +  a 2 | + c


      sin 2 ⁡  x   +     cos 2 ⁡ x = 1


      sin 2 ⁡ x = 1 −     cos 2 ⁡ x


      cos 2 ⁡ x = 1 −     sin 2 ⁡ x


      tan 2 ⁡ x + 1 =     sec 2 ⁡ x


                      tan 2 ⁡ x =     sec 2 ⁡ x − 1


  1 +     cot 2 ⁡ x = cose  c 2 x


                      cot 2 ⁡ x = cose  c 2 x − 1


    sin ⁡  2 x = 2   sin ⁡ x   cos ⁡ x


    cos ⁡  2 x =     cos 2 ⁡ x −     sin 2 ⁡ x


                            = 2     cos 2 ⁡ x − 1


  = 1 − 2     sin 2 ⁡ x


    tan ⁡  2 x =   2   tan ⁡ x  1 −     tan 2 ⁡ x


      cos 2 ⁡ x =  1 2  (  1 +   cos ⁡  2 x )


      sin 2 ⁡ x =  1 2 ( 1 −   cos ⁡  2 x )


  𝒕


  t =   tan ⁡   x 2


    d t  d x =  1 2     sec 2 ⁡   x 2


              =  1 2 ( 1 +  t 2 )


  d x =   2 d t  1 +  t 2


    sin ⁡ x =   2 t  1 +  t 2


    cos ⁡ x =   1 −  t 2  1 +  t 2


    tan ⁡ x =   2 t  1 −  t 2


    cos ⁡ A   cos ⁡ B =    1 2  [    cos ⁡   (  A − B ) +   cos ⁡   (  A + B )     2 2 ]


      sin ⁡  A   sin ⁡ B =    1 2  [    cos ⁡   (  A − B ) −   cos ⁡   (  A + B )     2 2 ]


    sin ⁡  A   cos ⁡ B =    1 2  [    sin ⁡   (  A + B ) +   sin ⁡   (  A − B )     2 2 ]


    cos ⁡  A   sin ⁡ B =    1 2  [    sin ⁡   (  A + B ) −   sin ⁡   (  A − B )     2 2 ]


    sin ⁡  ( 90 − 𝜃 ) =   cos ⁡ 𝜃 ;   tan ⁡  ( 90 − 𝜃 ) =   cot ⁡ 𝜃 ;   sec ⁡  ( 90 − 𝜃 ) =   cosec ⁡ 𝜃


    cosec ⁡ 𝜃 =  1    sin ⁡ 𝜃   ;   sec ⁡ 𝜃 =  1    cos ⁡ 𝜃   ;   cot ⁡ 𝜃 =  1    t a n ⁡ 𝜃


    tan ⁡ 𝜃 ×   cos ⁡ 𝜃 =   sin ⁡ 𝜃 ;   sec ⁡ 𝜃 ×   cot ⁡ 𝜃 =   cosec ⁡ 𝜃   etc


    sin ⁡ 𝜃 =   tan ⁡ 𝜃 ÷   sec ⁡ 𝜃 ;   cot ⁡ 𝜃 ÷ cosec   𝜃 =   cos ⁡ 𝜃   e t c


      sin 2 ⁡ 𝜃 +     cos 2 ⁡ 𝜃 = 1   ;     tan 2 ⁡ 𝜃 + 1 =     sec 2 ⁡ 𝜃   ; 1 +     cot 2 ⁡ 𝜃 = cose  c 2 𝜃


      sin 2 ⁡ 𝜃 = 1 −     cos 2 ⁡ 𝜃   ;     tan 2 ⁡ 𝜃 =     sec 2 ⁡ 𝜃 − 1   ; cose  c 2 𝜃   −     cot 2 ⁡ 𝜃 = 1  


    cos ⁡ A   cos ⁡ B =    1 2  [    cos ⁡   (  A − B ) +   cos ⁡   (  A + B )     2 2 ]


      sin ⁡  A   sin ⁡ B =    1 2  [    cos ⁡   (  A − B ) −   cos ⁡   (  A + B )     2 2 ]


    sin ⁡  A   cos ⁡ B =    1 2  [    sin ⁡   (  A + B ) +   sin ⁡   (  A − B )     2 2 ]


    cos ⁡  A   sin ⁡ B =    1 2  [    sin ⁡   (  A + B ) −   sin ⁡   (  A − B )     2 2 ]


    tan ⁡ x                                                                   sec 2 ⁡ x


    sec ⁡ x                                                                 sec ⁡ x   tan ⁡ x


    ln ⁡  (   tan ⁡ x +   sec ⁡ x )                   sec ⁡ x


    cot ⁡ x                                                                 −     cosec 2 ⁡ x


    cosec ⁡ x                                                     −   cosec ⁡ x   cot ⁡ x


    ln ⁡  (   cot ⁡ x +   cosec ⁡ x )         −   cosec ⁡ x


    sin ⁡ x                                                                   cos ⁡ x


    cos ⁡ x                                                                 −   sin ⁡ x


  −   sin ⁡ x                                                           −   cos ⁡ x


  −   cos ⁡ x                                                           sin ⁡ x


    cos ⁡ 𝜃 ,   cot ⁡ 𝜃   or


    cosec ⁡ 𝜃


    sec ⁡ 𝜃


    cosec ⁡ 𝜃


    sec ⁡ x


    sec ⁡ x   tan ⁡ x


    ln ⁡   |    tan ⁡ x +   sec ⁡ x |


    sec ⁡ x


   ∫  − 7 1    d x   x 2 + 6 x + 25


  =  ∫  − 7 1    d x   x 2 + 6 x + 9 + 16


  =  ∫  − 7 1    d x     (  x + 3 ) 2 +  4 2


  =  1 4    [      tan  − 1 ⁡   (    x + 3 4 ) ]  − 7 1


  =  1 4  (      tan  − 1 ⁡ 1 −     tan  − 1 ⁡   (  − 1 )     2 2 )


  =  1 4  (   𝜋 4 −  (  −  𝜋 4 ) )


  =  𝜋 8


   ∫ 0    3  3 4   1    9 − 4  x 2 d x


  =  1 2  ∫ 0    3  3 4   2     3 2 −    (  2 x ) 2 d x


  =  1 2    [      sin  − 1 ⁡   (    2 x 3 ) ] 0    3  3 4


  =  1 2  (      sin  − 1 ⁡   (     3 2 ) −     sin  − 1 ⁡ 0     2 2 )


  =  1 2  (   𝜋 3 − 0 )


  =  𝜋 6


  ∫    d x    20 − 8 x −  x 2 d x


  = ∫    d x    −  (   x 2 + 8 x − 20 )


  = ∫    d x    −  (     (  x + 4 ) 2 − 36 )


  = ∫    d x     6 2 −    (  x + 4 ) 2


  =     sin  − 1 ⁡   (    x + 4 6 ) + c


  ∫    d x  12  x 2 + 12 x + 78


  =  1 3 ∫    d x  4  x 2 + 4 x + 26


  =  1 6 ∫    2 d x     (  2 x + 1 ) 2 +  5 2


  =  1 6 ×  1 5     tan  − 1 ⁡   (    2 x + 1 5 ) + c


  =  1  30     tan  − 1 ⁡   (    2 x + 1 5 ) + c


  ∫     x 2 + 2 x   x 2 + 2 x + 5 d x


  = ∫     x 2 + 2 x + 5 − 5   x 2 + 2 x + 5 d x


  = ∫   (  1 −  5     (  x + 1 ) 2 +  2 2 ) d x


  = x −  5 2     tan  − 1 ⁡   (    x + 1 2 ) + c


  ∫     e  − x   e  − x − 1 d x


  = − ∫    −  e  − x   e  − x − 1 d x


  = −   ln ⁡   |   e  − x − 1     2 2 | + c


  ∫   1   x 2 − 3 x + 3 d x


  = ∫   1   x 2 − 3 x +  9 4 +  3 4 d x


  = ∫   1     (  x −  3 2 ) 2 +    (     3 2 ) 2 d x


  =  2   3     tan  − 1 ⁡   (    x −  3 2     3 2 ) + c


  =  2   3     tan  − 1 ⁡   (    2 x − 3   3 ) + c


   ∫  − 1 1   1  5 − 2 t +  t 2 d t


  =  ∫  − 1 1    d t     (  t − 1 ) 2 +  2 2


  =  1 2    [      tan  − 1 ⁡   (    t − 1 2 ) ]  − 1 1


  =  1 2 ( 0 −  (  −  𝜋 4 )


  =  𝜋 8


  ∫   2  4  x 2 − 4 x + 17 d x


  = ∫   2     (  2 x − 1 ) 2 +  4 2 d x


  =      1 4 tan  − 1 ⁡   (    2 x − 1 4 ) + c


  ∫    2 x   x 4 + 2  x 2 + 5 d x


  = ∫    2 x     (   x 2 + 1 ) 2 +  2 2 d x


  =      1 2 tan  − 1 ⁡   (     x 2 + 1 2 ) + c


  ∫   2   e x + 1 d x


  = ∫    2  e  − x  1 +  e  − x d x


  = − 2 ∫    −  e  − x  1 +  e  − x d x


  = − 2   ln ⁡   |  1 +  e  − x     2 2 | + c


  − ∫    2 x    3 − 2  x 2 −  x 4 d x


  = − ∫    2 x    4 −    (  1 +  x 2 ) 2 d x


  =     cos  − 1 ⁡   (     x 2 + 1 2 ) + c         or     −     sin  − 1 ⁡   (     x 2 + 1 2 ) + c


  ∫    2   cos ⁡ x (   sin ⁡ x + 1 )  (   sin ⁡ x + 3 ) (   sin ⁡ x − 1 ) d x


  = ∫    2   sin ⁡ x   cos ⁡ x + 2   cos ⁡ x      sin 2 ⁡ x + 2   sin ⁡ x − 3 d x


  =   ln ⁡   |      sin 2 ⁡ x + 2   sin ⁡ x − 3     2 2 | + c


  ∫   2  x   ln ⁡ 7 d x


  =  2    ln ⁡ 7 ∫    d x x


  =  2    ln ⁡ 7   ln ⁡   | x | + c


  =   2   ln ⁡   | x |    ln ⁡ 7 + c


  =     ln ⁡   (   x 2 )    ln ⁡ 7 + c


  =     log 7 ⁡   (   x 2 ) + c


  ∫    d x   (   x 2 + 4 )     tan  − 1 ⁡   (   x 2 )


  =  1 2 ∫         2   x 2 + 4          tan  − 1 ⁡   (   x 2 )   d x


  =  1 2 ∫       d  d x  (      tan  − 1 ⁡   (   x 2 ) )          tan  − 1 ⁡   (   x 2 )   d x


  =  1 2   ln ⁡   |      tan  − 1 ⁡   (   x 2 ) | + c


    d y  d x =     cos ⁡ x  1 +     sin 2 ⁡ x


   ∫ 1 y  d y =  ∫   𝜋 2 x      cos ⁡ x  1 +     sin 2 ⁡ x d x


     [  y     2 2 ] 1 y =  ∫   𝜋 2 x     d  d x  (    sin ⁡ x )  1 +    (    sin ⁡ x ) 2 d x


  y − 1 =    [      tan  − 1 ⁡   (    sin ⁡ x     2 2 ) ]   𝜋 2 x


  =     tan  − 1 ⁡   (    sin ⁡ x     2 2 ) −     tan  − 1 ⁡   (    sin ⁡   𝜋 2     2 2 )


  y =     tan  − 1 ⁡   (    sin ⁡ x     2 2 ) −  𝜋 4 + 1


   ∫  −  𝜋 2 0          cos ⁡ 𝜃      sin 2 ⁡ 𝜃 + 2   sin ⁡ 𝜃 + 4 d 𝜃


  =  ∫  −  𝜋 2 0          cos ⁡ 𝜃     (    sin ⁡ 𝜃 + 1 ) 2 +    3 2 d 𝜃


  =  1   3    [      tan  − 1 ⁡   (      sin ⁡ 𝜃 + 1   3 ) ]  −  𝜋 2 0


  =  1   3  (      tan  − 1 ⁡   (   1   3 ) −     tan  − 1 ⁡ 0 )


  =  1   3  (   𝜋 6 − 0 )


  =  𝜋  6  3                    (  or   =   𝜋  3  18 )  


  ∫     e  3 x    7 + 12  e  3 x − 4  e  6 x d x


  = ∫     e  3 x    − ( 4  e  6 x − 12  e  3 x − 7 ) d x


  = ∫     e  3 x    −   (  (  2  e  3 x − 3 ) 2 −  4 2 ) d x


  =  1 6 ∫    6  e  3 x     4 2 −    (  2  e  3 x − 3 ) 2 d x


  =  1 6     sin  − 1 ⁡   (    2  e  3 x − 3 4 ) + c


  ∫      cos ⁡ x −   sin ⁡ x  2 +   sin ⁡  2 x d x


  = ∫      cos ⁡ x −   sin ⁡ x  2 + 2   sin ⁡ x   cos ⁡ x d x


  = ∫      cos ⁡ x −   sin ⁡ x      sin 2 ⁡ x + 2   sin ⁡ x   cos ⁡ x +     cos 2 ⁡ x + 1 d x


  = ∫      cos ⁡ x −   sin ⁡ x     (    sin ⁡ x +   cos ⁡ x ) 2 + 1 d x


  =     tan  − 1 ⁡   (    sin ⁡ x +   cos ⁡ x     2 2 ) + c


  ∫        sin 3 ⁡ x    cos ⁡ x − 1 d x


  = ∫      sin ⁡ x     sin 2 ⁡ x    cos ⁡ x − 1 d x


  = ∫      sin ⁡ x ( 1 −     cos 2 ⁡ x )    cos ⁡ x − 1 d x


  = ∫      sin ⁡ x  (  1 +   cos ⁡ x )  (  1 −   cos ⁡ x )    cos ⁡ x − 1 d x


  = − ∫   (    sin ⁡ x +   sin ⁡ x   cos ⁡ x ) d x


  = − ∫   (    sin ⁡ x +  1 2   sin ⁡  2 x ) d x


  =   cos ⁡ x +  1 4   cos ⁡  2 x + c


  ∫     e      log 2 ⁡ x x d x


  = ∫     e   (      ln ⁡ x    ln ⁡ 2 ) x d x


  = ∫       (   e    ln ⁡ x )   1    ln ⁡ 2 x d x


  = ∫     x   1    ln ⁡ 2 x d x


  = ∫   x   1    ln ⁡ 2 − 1 d x


  =   ln ⁡ 2  x   1    ln ⁡ 2 + c


  ∫      sin ⁡  2 x +   cos ⁡  2 x    cos ⁡  x   d x


  = ∫    2   sin ⁡ x   cos ⁡ x + 2     cos 2 ⁡ x − 1    cos ⁡ x d x


  = ∫  ( 2   sin ⁡ x + 2   cos ⁡ x −   sec ⁡ x ) d x


  = − 2   cos ⁡ x + 2   sin ⁡ x −   ln ⁡   |    tan ⁡ x +   sec ⁡ x     2 2 | + c


  ∫    d x    sec ⁡ x − 1


  = ∫      cos ⁡ x  1 −   cos ⁡ x d x


  = ∫      cos ⁡ x  1 −   cos ⁡ x ×   1 +   cos ⁡ x  1 +   cos ⁡ x d x


  = ∫      cos ⁡ x +     cos 2 ⁡ x  1 −     cos 2 ⁡ x d x


  = ∫      cos ⁡ x +     cos 2 ⁡ x      sin 2 ⁡ x d x


  = ∫    cos ⁡ x    (    sin ⁡ x )  − 2 d x + ∫      cot 2 ⁡ x d x


  = −  1    sin ⁡ x + ∫   (      cosec 2 ⁡ x − 1 ) d x


  = −   cosec ⁡ x −   cot ⁡ x − x + c


  ∫  ( 2 x   cosec ⁡ x −  x 2   cot ⁡ x   cosec ⁡ x ) d x


  = ∫   (    2 x    sin ⁡ x −    x 2   cos ⁡ x      sin 2 ⁡ x ) d x


  = ∫    2 x   sin ⁡ x −  x 2   cos ⁡ x      sin 2 ⁡ x d x


  = ∫   d  d x  (     x 2    sin ⁡ x ) d x


  =    x 2    sin ⁡ x + c


  ∫  ( 2 x   cosec ⁡ x −  x 2   cot ⁡ x   cosec ⁡ x ) d x


  = ∫   (   d  d x  (   x 2 )   cosec ⁡ x +  x 2  d  d x  (    cosec ⁡ x ) ) d x


  = ∫   d  d x (  x 2   cosec ⁡ x ) d x


  =  x 2   cosec ⁡ x + c


  25   ∫      cos ⁡ x ( 2 a   sin ⁡ x + b )  (   sin ⁡ x − 𝛼 ) (   sin ⁡ x − 𝛽 ) d x


  = ∫      cos ⁡ x ( 2 a   sin ⁡ x + b )      sin 2 ⁡ x −  (  𝛼 + 𝛽 )   sin ⁡ x + 𝛼 𝛽 d x


  = ∫      cos ⁡ x ( 2 a   sin ⁡ x + b )      sin 2 ⁡ x +  b a   sin ⁡ x +  c a d x


  = ∫    a   cos ⁡ x ( 2 a   sin ⁡ x + b )  a     sin 2 ⁡ x + b   sin ⁡ x + c d x


  = a ∫    2 a   sin ⁡ x   cos ⁡ x + b   cos ⁡ x  a     sin 2 ⁡ x + b   sin ⁡ x + c d x


  = a   ln ⁡   |  a     sin 2 ⁡ x + b   sin ⁡ x + c | + k


  ∫   x 2    (   x 3 + 4 ) 5 d x


  =  1 3  ∫  − 7 1  3  x 2    (   x 3 + 4 ) 5 d x


  =  1 3 ×      (   x 3 + 4 ) 6 6 + c


  =      (   x 3 + 4 ) 6  18 + c


  ∫   x 2    (   x 3 + 4 ) 5 d x                                                      u =  x 3 + 4   d u = 3  x 2 d x     


  =  1 3 ∫     (   x 3 + 4 ) 5 × 3  x 2 d x


  =  1 3 ∫   u 5 d u


  =  1 3 ×    u 6 6 + c


  =      (   x 3 + 4 ) 6  18 + c


   ∫ 1 2     x 2    2  x 3 − 1 d x


  =  1 6  ∫ 1 2  6  x 2    (  2  x 3 − 1 )  −  1 2 d x


  =  1 6 × 2    [     (  2  x 3 − 1 )   1 2     2 2 ] 1 2


  =     15 − 1 3


   ∫ 1 2     x 2    2  x 3 − 1 d x                                                               u 2 = 2  x 3 − 1   2 u   d u = 6  x 2 d x     


  =  1 6  ∫ 1 2   1    2  x 3 − 1 × 6  x 2 d x


  =  1 6  ∫ 1    15   1 u × 2 u   d u


  =  1 3  ∫ 1    15  d u


  =  1 3    [  u     2 2 ] 1    15


  =     15 − 1 3


  ∫   e  2 x    e  2 x − 1 d x


  =  1 2 ∫  2  e  2 x    (   e  2 x − 1 )   1 2 d x


  =  1 2 ×  2 3    (   e  2 x − 1 )   3 2 + c


  =        (   e  2 x − 1 ) 3 3 + c


  ∫   e  2 x    e  2 x − 1 d x                                                           u 2 =  e  2 x − 1   2 u   d u = 2  e  2 x d x   


  =  1 2 ∫     e  2 x − 1 × 2  e  2 x d x


  =  1 2 ∫  u × 2 u   d u


  = ∫   u 2


  =    u 3 3 + c


  =        (   e  2 x − 1 ) 3 3 + c


  ∫  x   cos ⁡   (   x 2 ) d x


  =  1 2 ∫  2 x   cos ⁡   (   x 2 ) d x


  =  1 2   sin ⁡   (   x 2 ) + c


  ∫  x   cos ⁡   (   x 2 ) d x                                                              u =  x 2         d u = 2 x d x   


  =  1 2 ∫    cos ⁡   (   x 2 ) × 2 x   d x


  =  1 2 ∫    cos ⁡ u d u


  =  1 2   sin ⁡ u + c


  =  1 2   sin ⁡   x 2 + c


   ∫ 0   𝜋 4      tan 3 ⁡ x     sec 2 ⁡ x d x


  =  ∫ 0   𝜋 4      sec 2 ⁡ x    (    tan ⁡ x ) 3 d x


  =    [        tan 4 ⁡ x 4 ] 0   𝜋 4


  =  1 4 − 0


  =  1 4


   ∫ 0   𝜋 4      tan 3 ⁡ x     sec 2 ⁡ x d x                          u =   tan ⁡ x             d u =     sec 2 ⁡ x d x   


  =  ∫ 0 1   u 3 d u


  =    [     u 4 4 ] 0 1


  =  1 4 − 0


  =  1 4


  ∫      cos ⁡ x      sin 5 ⁡ x d x


  = ∫    cos ⁡ x    (    sin ⁡ x )  − 5 d x


  =      (    sin ⁡ x )  − 4  − 4 + c


  = −  1  4     sin 4 ⁡ x + c


  ∫      cos ⁡ x      sin 5 ⁡ x d x                                              u =   sin ⁡ x           d u =   cos ⁡ x d x   


  = ∫   1      sin 5 ⁡ x ×   cos ⁡ x d x


  = ∫   u  − 5 d u


  =    u  − 4  − 4 + c


  = −  1  4     sin 4 ⁡ x + c


  ∫      sin   3 2 ⁡  2 x   cos ⁡  2 x d x


  =  1 2 ∫  2   cos ⁡  2 x    (    sin ⁡  2 x )   3 2 d x


  =  1 2 ×  2 5    (    sin ⁡  2 x )   5 2 + c


  =       sin   5 2 ⁡  2 x 5 + c


  ∫      sin   3 2 ⁡  2 x   cos ⁡  2 x d x                                    u =   sin ⁡  2 x                 d u = 2   cos ⁡  2 x d x   


  =  1 2 ∫      sin   3 2 ⁡  2 x × 2   cos ⁡  2 x d x


  =  1 2 ∫   u   3 2 d u


  =  1 2 ×  2 5  u   5 2 + c


  =       sin   5 2 ⁡  2 x 5 + c


  ∫      sin ⁡  2 x   cos ⁡  2 x d x


  =  1 2 ∫   (  2   cos ⁡  2 x )    (    sin ⁡  2 x )   1 2 d x


  =  1 2 ×  2 3    (    sin ⁡  2 x )   3 2 + c


  =         sin 3 ⁡  2 x 3 + c


  ∫      sin ⁡  2 x   cos ⁡  2 x d x                                             u 2 =   sin ⁡  2 x   2 u   d u = 2   cos ⁡  2 x   


  =  1 2 ∫      sin ⁡  2 x × 2   cos ⁡  2 x


  =  1 2 ∫  u × 2 u   d u


  = ∫   u 2 d u


  =    u 3 3 + c


  =         sin 3 ⁡  2 x 3 + c


  ∫   e x   cos ⁡   e x d x


  =   sin ⁡   e x + c


  ∫   e x   cos ⁡   e x d x                                                                u =  e x       d u =  e x d x   


  = ∫    cos ⁡   e x ×  e x d x


  = ∫    cos ⁡ u d u


  =   sin ⁡ u + c


  =   sin ⁡   e x + c


  ∫     e      cos  − 1 ⁡ x    1 −  x 2 d x


  = − ∫    − 1    1 −  x 2 ×  e      cos  − 1 ⁡ x d x


  = −  e      cos  − 1 ⁡ x + c


  ∫     e      cos  − 1 ⁡ x    1 −  x 2 d x                                                                        u =     cos  − 1 ⁡ x         d u = −   d x    1 −  x 2   


  = − ∫   e      cos  − 1 ⁡ x ×  (  −   d x    1 −  x 2 )


  = − ∫   e u d u


  = −  e u + c


  = −  e      cos  − 1 ⁡ x + c


   ∫ 1   e   𝜋 2      cos ⁡   (    ln ⁡ x ) x d x


  =  ∫ 1   e   𝜋 2   1 x   cos ⁡   (    ln ⁡ x ) d x


  =    [    sin ⁡   (    ln ⁡ x )     2 2 ] 1   e   𝜋 2


  =   sin ⁡   (   𝜋 2 ) −   sin ⁡ 0


  = 1 − 0


  = 1


   ∫ 1   e   𝜋 2      cos ⁡   (    ln ⁡ x ) x d x                                            u =   ln ⁡ x   d u =   d x x     


  =  ∫ 1   e   𝜋 2    cos ⁡   (    ln ⁡ x ) ×   d x x


  =  ∫ 0   𝜋 2    cos ⁡ u d u


  =    [    sin ⁡ u     2 2 ] 0   𝜋 2


  =   sin ⁡   (   𝜋 2 ) −   sin ⁡ 0


  = 1 − 0


  = 1


  ∫  ( 3  x 2 + 2 x )    x 3 +  x 2 d x


  = ∫   (  3  x 2 + 2 x )    (   x 3 +  x 2 )   1 2 d x


  =   2    (   x 3 +  x 2 )   3 2 3 + c


  =   2      (   x 3 +  x 2 ) 3 3 + c


  ∫  ( 3  x 2 + 2 x )   d x                                         u 2 =  x 3 +  x 2                   2 u   d u =  (  3  x 2 + 2 x ) d x   


  = ∫     x 3 +  x 2 ×  (  3  x 2 + 2 x ) d x


  = ∫  u × 2 u   d u


  = 2 ∫   u 2 d u


  = 2 ×    u 3 3 + c


  =   2    (   x 3 +  x 2 )   3 2 3 + c


  =   2      (   x 3 +  x 2 ) 2 3 + c


  ∫   x 2  e   x 3 d x


  =  1 3 ∫  3  x 2  e   x 3 d x


  =  1 3  e   x 3 + c


  ∫   x 2  e   x 3 d x                                                      u =  x 3             d u = 3  x 2 d x   


  =  1 3 ∫   e   x 3 × 3  x 2 d x


  =  1 3 ∫   e u d u


  =  1 3  e u + c


  =  1 3  e   x 3 + c


  ∫      sin ⁡   (      tan  − 1 ⁡ x )  1 +  x 2 d x


  = ∫   1  1 +  x 2 × sin ⁡ (     tan  − 1 ⁡ x ) d x


  = −   cos ⁡   (      tan  − 1 ⁡ x ) + c


  = −  1    1 +  x 2 + c


  ∫      sin ⁡   (      tan  − 1 ⁡ x )  1 +  x 2 d x                                                          u =     tan  − 1 ⁡ x   d u =   d x  1 +  x 2   


  = ∫    sin ⁡   (      tan  − 1 ⁡ x ) ×   d x  1 +  x 2


  = ∫    sin ⁡ u d u


  = −   cos ⁡ u + c


  = −   cos ⁡   (      tan  − 1 ⁡ x ) + c


  = −  1    1 +  x 2 + c


  ∫      sin ⁡   (      tan  − 1 ⁡ x )  1 +  x 2 d x


  = ∫     (   x    1 +  x 2 )  1 +  x 2 d x


  = ∫  x    (  1 +  x 2 )  −  3 2 d x


  =  1 2 ∫  2 x    (  1 +  x 2 )  −  3 2 d x


  =  1 2 ×  (  − 2 ) ×    (  1 +  x 2 )  −  1 2 + c


  = −  1    1 +  x 2 + c  


  ∫  (  e   t 2 + 16 ) t  e   t 2 d t


  =  1 2 ∫  2 t  e   t 2  (     e t 2 + 16 ) d t


  =  1 2 ×      (     e t 2 + 16 ) 2 2 + c


  =  1 4    (     e t 2 + 16 ) 2 + c


  ∫  (  e   t 2 + 16 ) t  e   t 2 d t                                              u =  e   t 2 + 16   d u = 2 t  e   t 2 d t   


  =  1 2 ∫  (  e   t 2 + 16 ) × 2 t  e   t 2 d t


  =  1 2 ∫  u d u


  =  1 2 ×    u 2 2 + c


  =  1 4    (     e t 2 + 16 ) 2 + c


  ∫      cosec ⁡ x   cot ⁡ x  1 +     cosec 2 ⁡ x d x


  = − ∫    −   cosec ⁡ x   cot ⁡ x  1 +    (    cosec ⁡ x ) 2 d x


  = −     tan  − 1 ⁡  (   cosec ⁡ x ) + c


  ∫      cosec ⁡ x   cot ⁡ x  1 +     cosec 2 ⁡ x d x                                        u =   cosec ⁡ x                                       d u = −   cot ⁡ x   cosec ⁡ x d x   


  = − ∫   1  1 +     cosec 2 ⁡ x ×  (  −   cot ⁡ x   cosec ⁡ x d x )


  = − ∫   1  1 +  u 2 d u


  = −     tan  − 1 ⁡ u + c


  = −     tan  − 1 ⁡   (    cosec ⁡ x ) + c


  ∫   e x  e   e x d x


  =  e   e x + c


  ∫   e x  e   e x d x                                                u =  e x       d u =  e x d x   


  = ∫   e   e x ×  e x d x


  = ∫   e u d u


  =  e u + c


  =  e   e x + c


  x


  1


    1 +  x 2


  ∫        ln 3 ⁡ x x d x


  = ∫   1 x    (    ln ⁡ x ) 3 d x


  =       ln 4 ⁡ x 4 + c


  ∫        ln 3 ⁡ x x d x                                                                  u =   ln ⁡ x   d u =  1 x d x   


  = ∫     (    ln ⁡ x ) 3 ×  1 x d x


  = ∫   u 3 d u


  =    u 4 4 + c


  =       ln 4 ⁡ x 4 + c


  ∫      2 + x  2 − x d x


  = ∫      2 + x  2 − x ×     2 + x  2 + x d x


  = ∫    2 + x    4 −  x 2 d x


  = ∫   (   2    4 −  x 2 +  1 2 ×  (  − 2 x )    (  4 −  x 2 )  −  1 2 ) d x


  = 2     sin  − 1 ⁡   (   x 2 ) +  1 2 × 2    (  4 −  x 2 )   1 2 + c


  = 2     sin  − 1 ⁡   (   x 2 ) +   4 −  x 2 + c


  ∫      sin ⁡   (    tan ⁡ 𝜃 )      cos 2 ⁡ 𝜃 d 𝜃


  = ∫      sec 2 ⁡ 𝜃 sin ⁡ (   tan ⁡ 𝜃 ) d 𝜃


  = −   cos ⁡   (    tan ⁡ 𝜃 ) + c


  ∫        cos 3 ⁡ x      sin ⁡ x d x


  = ∫        cos 2 ⁡ x      sin ⁡ x ×   cos ⁡ x d x


  = ∫    1 −     sin 2 ⁡ x      sin ⁡ x ×   cos ⁡ x d x


  = ∫    cos ⁡ x  (     (    sin ⁡ x )  −  1 2 −    (    sin ⁡ x )   3 2     2 2 ) d x


  = 2    (    sin ⁡ x )   1 2 −  2 5    (    sin ⁡ x )   5 2 + c


  = 2     sin ⁡ x −   2       sin 5 ⁡ x 5 + c


  ∫        cos 3 ⁡ x      sin ⁡ x d x                                                                         u 2 =   sin ⁡ x             2 u   d u =   cos ⁡ x d x   


  = ∫        cos 2 ⁡ x      sin ⁡ x ×   cos ⁡ x d x


  = ∫    1 −     sin 2 ⁡ x      sin ⁡ x ×   cos ⁡ x d x


  = ∫    1 −  u 4 u × 2 u   d u


  = 2 ∫  ( 1 −  u 4 ) d u


  = 2 u −   2  u 5 5 + c


  = 2     sin ⁡ x −   2       sin 5 ⁡ x 5 + c


  ∫    x   sin ⁡   (    2  x 2 − 1 )    2  x 2 − 1 d x


  =  1 2 ∫   (   1 2    (  2  x 2 − 1 )  −  1 2 × 4 x )     sin ⁡   (    2  x 2 − 1 ) d x


  = −  1 2   cos ⁡    2  x 2 − 1 + c


  ∫    x   sin ⁡   (    2  x 2 − 1 )    2  x 2 − 1 d x                u =    (  2  x 2 − 1 )   1 2                                     d u =  1 2    (  2  x 2 − 1 )  −  1 2  (  4 x ) d x   =   2 x    2  x 2 − 1   d x                     


  =  1 2 ∫    sin ⁡   (    2  x 2 − 1 ) ×   2 x    2  x 2 − 1   d x


  =  1 2 ∫    sin ⁡ u d u


  = −  1 2   cos ⁡ u + c


  = −  1 2   cos ⁡    2  x 2 − 1 + c


  ∫     e      sin ⁡ x    sec ⁡ x     sin ⁡ x d x


  = 2 ∫      cos ⁡ x  2     sin ⁡ x  e      sin ⁡ x d x


  = 2  e      sin ⁡ x + c


  ∫     e      sin ⁡ x    sec ⁡ x     sin ⁡ x d x                                       u 2 =   sin ⁡ x   2 u   d u =   cos ⁡ x d x 


  = ∫     e      sin ⁡ x      sin ⁡ x ×   cos ⁡ x d x


  = ∫     e u u × 2 u   d u


  = 2 ∫   e u d u


  = 2  e u + c


  = 2  e      sin ⁡ x + c


  ∫   1     (  1 +  x 2 )   3 2 d x


  = ∫   1   x 3    (   1   x 2 + 1 )   3 2 d x


  = ∫     (   x  − 2 + 1 )  −  3 2  (   x  − 3 ) d x


  =    (   x  − 2 + 1 )  −  1 2 + c


  =  1     1   x 2 + 1 + c


  =  x    1 +  x 2 + c


   ∫ 1   e   𝜋 2      sin ⁡   (    ln ⁡   | x | ) x d x


  =  ∫ 1   e   𝜋 2   1 x   sin ⁡  (   ln ⁡   | x | ) d x


  = −    [    cos ⁡   (    ln ⁡   | x | )     2 2 ] 1   e   𝜋 2


  = −  (    cos ⁡   𝜋 2 −   cos ⁡ 0 )


  = −  (  0 − 1 )


  = 1


   ∫ 1   e   𝜋 2      sin ⁡   (    ln ⁡   | x | ) x d x                                        u =   ln ⁡   | x |   d u =   d x x 


  =  ∫ 1   e   𝜋 2    sin ⁡   (    ln ⁡   | x | ) ×   d x x


  =  ∫ 0   𝜋 2    sin ⁡ u d u


  = −    [    cos ⁡ u     2 2 ] 0   𝜋 2


  = −  (    cos ⁡   𝜋 2 −   cos ⁡ 0 )


  = −  (  0 − 1 )


  = 1


   ∫   2   3    2  e   2   x 2   x 3 d x


  = −  1 2  ∫   2   3   (  − 4  x  − 3 )  e  2  x  − 2 d x


  = −  1 2    [   e   2   x 2     2 2 ]   2   3


  = −  1 2  (   e   2 3 − e     2 2 )


  =   e −  e   2 3 2


   ∫   2   3    2  e   2   x 2   x 3 d x                u =  e   2   x 2                   =  e  2  x  − 2             d u  d x = − 4  x  − 3  e   2   x 2   −   d u 4 =    e   2   x 2   x 3 d x               


  = 2  ∫ e   e   2 3  −   d u 4


  = −  1 2  ∫ e   e   2 3  d u


  = −  1 2    [  u     2 2 ] e   e   2 3


  = −  1 2  (   e   2 3 − e     2 2 )


  =   e −  e   2 3 2


   d  d x  (   e    2  x 2 − 1 ) =  1 2    (  2  x 2 − 1 )  −  1 2  (  4 x )  e    2  x 2 − 1 =   2 x  e    2  x 2 − 1    2  x 2 − 1


  ∫    x  e    2  x 2 − 1   sin ⁡   (   e    2  x 2 − 1 )    2  x 2 − 1 d x


  =  1 2 ∫    2 x  e    2  x 2 − 1    2  x 2 − 1   sin ⁡   (   e    2  x 2 − 1 ) d x


  = −  1 2   cos ⁡   (   e    2  x 2 − 1 ) + c


    ∫      sin 3 ⁡  2 x   cos ⁡  2 x d x


  =  1 2 ∫  ( 2   cos ⁡  2 x )    (    sin ⁡  2 x ) 3 d x


  =  1 2 ×      (    sin ⁡  2 x ) 4 4 + c


  =       sin 4 ⁡  2 x 8 + c


  ∫      sin 3 ⁡  2 x   cos ⁡  2 x d x              u =   sin ⁡  2 x   d u = 2   cos ⁡  2 x d x 


  =  1 2 ∫      sin 3 ⁡  2 x × 2   cos ⁡  2 x d x


  =  1 2 ∫   u 3 d u


  =  1 2 ×    u 4 4 + c


  =  1 8     sin 4 ⁡  2 x + c


  ∫      sin 3 ⁡  2 x   cos ⁡  2 x d x


  = ∫    sin ⁡  2 x  (  1 −     cos 2 ⁡  2 x )   cos ⁡  2 x d x


  = ∫    sin ⁡  2 x   cos ⁡  2 x d x − ∫    sin ⁡  2 x     cos 3 ⁡  2 x d x


  =  1 2 ∫    sin ⁡  4 x d x +  1 2 ∫   (  − 2   sin ⁡  2 x     cos 3 ⁡  2 x ) d x


  = −  1 2 ×     cos ⁡  4 x 4 +  1 2 ×       cos 4 ⁡  2 x 4 + c


  =       cos 4 ⁡  2 x 8 −     cos ⁡  4 x 8 + c


  ∫      sin 3 ⁡  2 x   cos ⁡  2 x d x


  = ∫    sin ⁡  2 x ×     sin 2 ⁡  2 x ×   cos ⁡  2 x d x


  = ∫    sin ⁡  2 x × ( 1 −     cos 2 ⁡  2 x ) ×   cos ⁡  2 x d x


  = ∫   (    sin ⁡  2 x   cos ⁡  2 x −   sin ⁡  2 x     cos 3 ⁡  2 x ) d x


  =  1 2 ∫   (  2   cos ⁡  2 x   sin ⁡  2 x ) d x +  1 2 ∫   (  − 2   sin ⁡  2 x     cos 3 ⁡  2 x ) d x


  =  1 2 ×       sin 2 ⁡  2 x 2 +  1 2 ×       cos 4 ⁡  2 x 4 + c


  =       cos 4 ⁡  2 x 8 +       sin 2 ⁡  2 x 4 + c


  ∫      sin 3 ⁡  2 x   cos ⁡  2 x d x


  = ∫      sin 2 ⁡  2 x   sin ⁡  2 x   cos ⁡  2 x d x


  = ∫   (  1 −     cos 2 ⁡  2 x )   sin ⁡  2 x   cos ⁡  2 x d x


  = ∫   (    sin ⁡  2 x   cos ⁡  2 x −   sin ⁡  2 x     cos 3 ⁡  2 x ) d x


  =  1 2 ∫   (  2   sin ⁡  2 x   cos ⁡  2 x − 2   sin ⁡  2 x     cos 3 ⁡  2 x ) d x


  = −  1 2 ×       cos 2 ⁡  2 x 2 +  1 2 ×       cos 4 ⁡  2 x 4 + c


  =       cos 4 ⁡  2 x 8 −       cos 2 ⁡  2 x 4 + c


  ∫      sin 3 ⁡  2 x   cos ⁡  2 x d x                              u =   cos ⁡  2 x                       d u = − 2   sin ⁡  2 x d x 


  = −  1 2 ∫      sin 2 ⁡  2 x   cos ⁡  2 x ×  (  − 2   sin ⁡  2 x d x )


  = −  1 2 ∫  ( 1 −     cos 2 ⁡  2 x )   cos ⁡  2 x ×  (  − 2   sin ⁡  2 x d x )


  = −  1 2 ∫   (  1 −  u 2 ) u d u


  = −  1 2 ∫   (  u −  u 3 ) d u


  = −  1 2 ×    u 2 2 +  1 2 ×    u 4 4 + c


  =    u 4 8 −    u 2 4 + c


  =       cos 4 ⁡  2 x 8 −       cos 2 ⁡  2 x 4 + c  


  ∫      sin 3 ⁡  2 x   cos ⁡  2 x d x


  = ∫      sin 2 ⁡  2 x ×   sin ⁡  2 x   cos ⁡  2 x d x


  =  1 2 ∫      sin 2 ⁡  2 x   sin ⁡  4 x d x


  =  1 2 ∫   1 2  (  1 −   cos ⁡  4 x )   sin ⁡  4 x d x


  =  1 4 ∫   (    sin ⁡  4 x −   sin ⁡  4 x   cos ⁡  4 x ) d x


  =  1 4 ∫    sin ⁡  4 x d x −  1 8 ∫    sin ⁡  8 x d x


  = −  1 4 ×     cos ⁡  4 x 4 +  1 8 ×     cos ⁡  8 x 8 + c


  = −     cos ⁡  4 x  16 +     cos ⁡  8 x  64 + c


  ∫      sin 3 ⁡  2 x   cos ⁡  2 x d x


  = ∫      sin 2 ⁡  2 x   sin ⁡  2 x   cos ⁡  2 x d x


  =  1 2 ∫      sin 2 ⁡  2 x   sin ⁡  4 x d x


  =  1 2 ∫   1 2  (  1 −   cos ⁡  4 x )   sin ⁡  4 x d x


  =  1 4 ∫   (    sin ⁡  4 x −   sin ⁡  4 x   cos ⁡  4 x ) d x


  =  1 4 ∫    sin ⁡  4 x d x −  1 4 ∫  4   cos ⁡  4 x   sin ⁡  4 x d x


  = −  1 4 ×     cos ⁡  4 x 4 −  1 4 ×       sin 2 ⁡  4 x 4 + c


  = −     cos ⁡  4 x  16 −       sin 2 ⁡  4 x  16 + c


  ∫     x 3    1 +  x 2 d x                                                                                 u 2 = 1 +  x 2   2 u   d u = 2 x   d x     


  =  1 2 ∫     x 2    1 +  x 2 × 2 x   d x


  =  1 2 ∫     u 2 − 1 u × 2 u   d u


  = ∫   (   u 2 − 1 ) d u


  =    u 3 3 − u + c


  =        (  1 +  x 2 ) 3 3 −   1 +  x 2 + c


  ∫   x 3    x 2 + 1 d x                                                                           u 2 =  x 2 + 1   2 u   d u = 2 x   d x 


  =  1 2 ∫   x 2    x 2 + 1 × 2 x   d x


  =  1 2 ∫  (  u 2 − 1 ) × u × 2 u   d u


  = ∫  (  u 4 −  u 2 ) d u


  =    u 5 5 −    u 3 3 + c


  =        (   x 2 + 1 ) 5 5 −        (   x 2 + 1 ) 3 3 + c


  ∫   x 5    x 2 + 1 d x                                                                                     u 2 =  x 2 + 1   2 u   d u = 2 x   d x     


  =  1 2 ∫   x 4    x 2 + 1 × 2 x   d x


  =  1 2 ∫     (   u 2 − 1 ) 2 × u × 2 u   d u


  = ∫   (   u 4 − 2  u 2 + 1 )  u 2 d u


  = ∫   (   u 6 − 2  u 4 +  u 2 ) d u


  =    u 7 7 −   2  u 5 5 +    u 3 3 + c


  =        (   x 2 + 1 ) 7 7 −   2      (   x 2 + 1 ) 5 5 +        (   x 2 + 1 ) 3 3 + c


   ∫ 0 1   x 3   1 −  x 2 d x                                                                               u 2 = 1 −  x 2   2 u   d u = − 2 x   d x 


  = −  1 2  ∫ 0 1   x 2   1 −  x 2 × ( − 2 x ) d x


  = −  1 2  ∫ 1 0   (  1 −  u 2 ) u × 2 u   d u


  =  ∫ 0 1   (   u 2 −  u 4 ) d u


  =    [     u 3 3 −    u 5 5 ] 0 1


  =  (   (   1 3 −  1 5 ) −  (  0 − 0 ) )


  =  2  15


   ∫ 0   3 4   x    1 − x   d x                                           u 2 = 1 − x   2 u   d u = − d x     


  =  ∫ 1   1 2    1 −  u 2 u ( − 2 u d u )


  = 2  ∫   1 2 1  ( 1 −  u 2 ) d u


  = 2    [  u −    u 3 3 ]   1 2 1


  = 2  (   (  1 −  1 3 ) −  (   1 2 −  1  24 ) )


  =  5  12


   ∫ 0 3  x   x + 1   d x                                                   u 2 = x + 1   2 u   d u = d x         


  =  ∫ 1 2   (   u 2 − 1 ) u × 2 u d u


  = 2  ∫ 1 2  (  u 4 −  u 2 ) d u


  = 2    [     u 5 5 −    u 3 3 ] 1 2


  = 2  (   (     2 5 5 −    2 3 3 ) −  (     1 5 5 −    1 3 3 ) )


  =   116  15


  ∫     e  2 x     e x + 1 d x                                                         u 2 =  e x + 1   2 u   d u =  e x d x       


  = ∫     e x     e x + 1 ×  e x d x


  = ∫     u 2 − 1 u × 2 u   d u


  = 2 ∫   (   u 2 − 1 ) d u


  =   2  u 3 3 − 2 u + c


  =   2      (   e x + 1 ) 3 3 − 2    e x + 1 + c


  ∫   1  2 +  x d x                                                       u 2 = x   2 u   d u = d x 


  = ∫   1  2 + u × 2 u   d u


  = 2 ∫   u  u + 2 d u


  = 2 ∫    u + 2 − 2  u + 2 d u


  = 2 ∫   (  1 −  2  u + 2 ) d u


  = 2 u − 4   ln ⁡   |  u + 2     2 2 | + c


  = 2  x − 4   ln ⁡   |  2 +  x     2 2 | + c


  ∫   x 5   2 −  x 3 d x                                       u 2 = 2 −  x 3   2 u   d u = − 3  x 2 d x   


  = −  1 3 ∫   x 3   2 −  x 3 ×  (  − 3  x 2 ) d x


  = −  1 3 ∫   (  2 −  u 2 ) × u × 2 u   d u


  = −  2 3 ∫   (  2 −  u 2 )  u 2 d u


  = −  2 3 ∫   (  2  u 2 −  u 4 ) d u


  = −  2 3  (    2  u 3 3 −    u 5 5 ) + c


  = −   4      (  2 −  x 3 ) 3 9 +   2      (  2 −  x 3 ) 5  15 + c


  ∫    2  x 3     (   x 2 − 1 ) 2 d x                                                  u =  x 2 − 1   d u = 2 x   d x 


  = ∫     x 2     (   x 2 − 1 ) 2 × 2 x   d x


  = ∫    u + 1   u 2 d u


  = ∫   (   1 u +  u  − 2 ) d u


  =   ln ⁡   |    u     2 2   | −  1 u + c


  =   ln ⁡   |     x 2 − 1       2 2 | −  1   x 2 − 1 + c


  ∫     x 3     (   x 2 + 1 ) 2 d x                          u =  x 2 + 1   d u = 2 x   d x   


  =  1 2 ∫     x 2     (   x 2 + 1 ) 2 × 2 x   d x


  =  1 2 ∫    u − 1   u 2 d u


  =  1 2 ∫   (   1 u −  u  − 2 ) d u


  =  1 2   ln ⁡   |    u       2 2 | +  1  2 u + c


  =  1 2   ln ⁡   |     x 2 + 1       2 2 | +  1  2  (   x 2 + 1 ) + c


  ∫     e  2 x   e x + 1 d x                                              u =  e x         d u =  e x d x 


  = ∫     e x   e x + 1 ×  e x d x


  = ∫   u  u + 1 × d u


  = ∫   (    u + 1 − 1  u + 1 ) d u


  = ∫   (  1 −  1  u + 1 ) d u


  = u −   ln ⁡   |  u + 1     2 2 | + c


  =  e x −   ln ⁡   |   e x + 1     2 2 | + c


   ∫ 1 2    d x  x   2 x − 1                                               u 2 = 2 x − 1   2 u   d u = 2 d x           


  =  1 2  ∫ 1 2   1  x   2 x − 1 × 2 d x


  =  1 2  ∫ 1   3   1     u 2 + 1 2 × u × 2 u   d u


  = 2  ∫ 1   3   1   u 2 + 1 d u


  = 2    [      tan  − 1 ⁡ u     2 2 ] 1   3


  = 2  (   𝜋 3 −  𝜋 4 )  


  =  𝜋 6


  ∫   x    x + 5 d x                                               u 2 = x + 5   2 u   d u = d x                 


  = ∫     u 2 − 5 u × 2 u   d u


  = 2 ∫  (  u 2 − 5 ) d u


  =   2  u 3 3 − 10 u + c


  =   2      (  x + 5 ) 3 3 − 10   x + 5 + c


  =   2  (  x + 5 )   x + 5 3 − 10   x + 5 + c


  =  2 3   x + 5  (  x + 5 − 15 ) + c


  =  2 3  (  x − 10 )   x + 5 + c


  d =  ∫ 0  0 . 5  t     1 + 2  t 2  1 − 2  t 2 d x                          u =  t 2           d u = 2 t   d t 


  =  1 2  ∫ 0  0 . 5      1 + 2  t 2  1 − 2  t 2 × 2 t   d t


  =  1 2  ∫ 0  0 . 25      1 + 2 u  1 − 2 u d u


  =  1 2  ∫ 0  0 . 25      1 + 2 u  1 − 2 u ×     1 + 2 u  1 + 2 u d u


  =  1 2  ∫ 0  0 . 25    1 + 2 u    1 − 4  u 2 d u


  =  1 2  ∫ 0  0 . 25    d u    1 − 4  u 2 +  ∫ 0  0 . 25   u    1 − 4  u 2 d u


  =  1 4  ∫ 0  0 . 25   2    1 −   ( 2 u ) 2 d u −  1 8  ∫ 0  0 . 25   (  − 8 u )    (  1 − 4  u 2 )  −  1 2 d u


  =  1 4    [      sin  − 1 ⁡   (  2 u )     2 2     2 2 ] 0  0 . 25 −  1 8    [  2    (  1 − 4  u 2 )   1 2     2 2 ] 0  0 . 25


  =  1 4  (   𝜋 6 − 0 ) −  1 8  (  2    3 4 − 2 )


  =  𝜋  24 −    3 8 +  1 4   metres


  = 164   mm (nearest millimetre)


   ∫ 0   3     x 3     (  1 +  x 2 )   3 2 d x                                            u = 1 +  x 2   d u = 2 x   d x 


  =  1 2  ∫ 0   3     x 2     (  1 +  x 2 )   3 2 × 2 x   d x


  =  1 2  ∫ 1 4    u − 1   u   3 2 d u


  =  1 2  ∫ 1 4   (   u  −  1 2 −  u  −  3 2     2 2 ) d u


  =  1 2    [  2  u   1 2 + 2  u  −  1 2     2 2 ] 1 4


  =  1 2  (   (  4 + 1 ) −  (  2 + 2 ) )


  =  1 2


    ∫     x  1 −  x d x                                                                       u 2 = x   2 u   d u = d x 


  = ∫   u  1 − u × 2 u   d u


  = 2 ∫     u 2  1 − u d u


  = 2 ∫    − u  (  1 − u ) −  (  1 − u ) + 1  1 − u d u


  = 2 ∫   (  − u − 1 +  1  1 − u ) d u


  = −  u 2 − 2 u − 2   ln ⁡   |  1 − u |     2 2 + c


  = − x − 2  x − 2   ln ⁡   |  1 −  x     2 2 | + c


    ∫     x  1 −  x d x                                                    u = 1 −  x   1 2   d u = −  1 2  x  −  1 2   d u = −   d u  2  x       


  = ∫    1 − u u ×  (  − 2  (  1 − u ) ) d u


  = − 2 ∫       (  1 − u ) 2 u d u


  = − 2 ∫   (   1 u − 2 + u ) d u


  = − 2   ln ⁡   | u | + 4 u −  u 2 + c


  = − 2   ln ⁡   |  1 −  x | + 4  (  1 −  x ) −    (  1 −  x ) 2 + c


  = − 2   ln ⁡   |  1 −  x | + 4 − 4  x − 1 + 2  x − x + c


  = − x − 2  x − 2   ln ⁡   |  1 −  x     2 2 | + c


  ∫    d x     e  2 x − 1                                                                        u =  1   e x   ⇔  e x =  1 u   =  e  − x                                 d u = −  e  − x d x                             d x = −  e x d u = −  1 u d u   


  = ∫    −  1 u       (   1 u ) 2 − 1 d u


  = − ∫    d u  u      (   1 u ) 2 − 1


  = − ∫    d u    1 −  u 2


  =     cos  − 1 ⁡ u + c


  =     cos  − 1 ⁡   (   1   e x ) + c


   ∫  −  𝜋 2   𝜋 2        sin 2 ⁡ x  1 +  2 x d x                                              u = − x       d u = − d x     d x = − d u   


  =  ∫   𝜋 2  −  𝜋 2        sin 2 ⁡   (  − u )  1 +  2  − u  (  − d u )


  =  ∫  −  𝜋 2   𝜋 2        sin 2 ⁡   ( u )  1 +  2  − u ×    2 u   2 u d u


  =  ∫  −  𝜋 2   𝜋 2     2 u     sin 2 ⁡   ( u )   2 u + 1 d u


  =  ∫  −  𝜋 2   𝜋 2     2 x     sin 2 ⁡ x  1 +  2 x d x             change of variable


  ∴ 2  ∫  −  𝜋 2   𝜋 2        sin 2 ⁡ x  1 +  2 x d x =  ∫  −  𝜋 2   𝜋 2        sin 2 ⁡ x  1 +  2 x d x +  ∫  −  𝜋 2   𝜋 2     2 x     sin 2 ⁡ x  1 +  2 x d x


   ∫  −  𝜋 2   𝜋 2        sin 2 ⁡ x  1 +  2 x d x =  1 2  ∫  −  𝜋 2   𝜋 2     (  1 +  2 x )     sin 2 ⁡ x  1 +  2 x d x


  =  1 2  ∫  −  𝜋 2   𝜋 2      sin 2 ⁡ x d x


  =  1 4  ∫  −  𝜋 2   𝜋 2   (  1 −   cos ⁡  2 x ) d x


  =  1 4    [  x −  1 2   sin ⁡  2 x ]  −  𝜋 2   𝜋 2


  =  1 4  (   (   𝜋 2 − 0 ) −  (  −  𝜋 2 − 0 ) )


  =  𝜋 4


  ∫     x  x + 1 d x


  = ∫     x  x + 1 ×    x x d x


  = ∫   x     x 2 + x d x


  = ∫   x     x 2 + x +  1 4 −  1 4 d x


  = ∫   x       (  x +  1 2 ) 2 −    (   1 2 ) 2 d x


  = ∫    x +  1 2 −  1 2       (  x +  1 2 ) 2 −    (   1 2 ) 2 d x


  = ∫    x +  1 2     x 2 + x d x −  1 2 ∫   1       (  x +  1 2 ) 2 −    (   1 2 ) 2 d x


  =  1 2 ∫   (  2 x + 1 )    (   x 2 + x )  −  1 2 d x −  1 2 ∫   1       (  x +  1 2 ) 2 −    (   1 2 ) 2 d x


  =  1 2 × 2    (   x 2 + x )   1 2 −  1 2   ln ⁡   |  x +  1 2 +    x 2 + x   | + c


  =    x 2 + x −  1 2   ln ⁡   |  x +  1 2 +    x 2 + x   | + c


  =    x 2 + x −  1 2   ln ⁡   |     (     x 2 +     x + 1 2 ) 2   | + c


  =    x 2 + x −   ln ⁡   |     x 2 +     x + 1 2 | + c


  =    x 2 + x −   ln ⁡   (   x +   x + 1 ) +   ln ⁡   2 + c


  =    x 2 + x −   ln ⁡  (  x +   x + 1 )   + c


  ∫     x 2 − 2 x − 2  x + 1 d x


  = ∫    x  (  x + 1 ) − 3  (  x + 1 ) + 1  x + 1 d x


  = ∫   (  x − 3 +  1  x + 1 ) d x


  =    x 2 2 − 3 x +   ln ⁡   |  x + 1     2 2 | + c


   ∫ 1 3    2 x − 3  x + 1 d x


  =  ∫ 1 3    2  (  x + 1 ) − 5  x + 1 d x


  =  ∫ 1 3   (  2 −  5  x + 1 ) d x


  =    [  2 x − 5   ln ⁡   |  x + 1     2 2 |     ] 1 3


  =  (  6 − 5   ln ⁡ 4 ) −  (  2 − 5   ln ⁡ 2 )


  = 6 − 5   ln ⁡ 4 − 2 + 5   ln ⁡ 2


  = 4 − 10   ln ⁡ 2 + 5   ln ⁡ 2


  = 4 − 5   ln ⁡ 2


  ∫    2  x 2 + 19   x 2 + 9 d x


  = ∫    2 (  x 2 + 9 ) + 1   x 2 + 9 d x


  = ∫   (  2 +  1   x 2 +  3 2 ) d x


  = 2 x +  1 3     tan  − 1 ⁡   (   x 3 ) + c


  ∫    3 x + 2   x 2 + 6 x + 10 d x


  = ∫     3 2  (  2 x + 6 ) − 7   x 2 + 6 x + 9 + 1 d x


  =  3 2 ∫    2 x + 6   x 2 + 6 x + 10 d x − 7 ∫   1     (  x + 3 ) 2 +  1 2 d x


  =  3 2   ln ⁡   |   x 2 + 6 x + 10     2 2 | − 7     tan  − 1 ⁡   (  x + 3     2 2 ) + c


  ∫   2  x  (  x − 1 ) d x


  = 2 ∫   (   1  x − 1 −  1 x ) d x


  = 2   ln ⁡   |  x − 1     2 2 | − 2   ln ⁡   |  x     2 2 | + c


  ∫   2  x  (   x 2 + 4 ) d x


  =  1 2 ∫   (   1 x −  x   x 2 + 4 ) d x


  =  1 2 ∫   (   1 x −  1 2 ×   2 x   x 2 + 4 ) d x


  =  1 2   ln ⁡   |  x     2 2 | −  1 4   ln ⁡   |   x 2 + 4     2 2 | + c


   ∫  − 2 2    2 x   x 2 + 4 x + 20 d x


  =  ∫  − 2 2    2 x + 4 − 4   x 2 + 4 x + 4 + 16 d x


  =  ∫  − 2 2    2 x + 4   x 2 + 4 x + 20 d x − 4  ∫  − 2 2    d x     (  x + 2 ) 2 +  4 2


  =    [    ln ⁡   |   x 2 + 4 x + 20     2 2 |     ]  − 2 2


                                                                                  − 4 ×  1 4    [      tan  − 1 ⁡   (    x + 2 4 ) ]  − 2 2


  =  (    ln ⁡   (  4 + 8 + 20 ) −   ln ⁡   (  4 − 8 + 20 )     2 2 )  


                                                                                  −  (      tan  − 1 ⁡   ( 1 ) −     tan  − 1 ⁡ 0     2 2 )


  =   ln ⁡  32 −   ln ⁡  16 −  𝜋 4 + 0


  =   ln ⁡ 2 −  𝜋 4


  ∫     e  2 x +  e x   e  2 x + 1 d x


  = ∫   (   1 2 ×   2  e  2 x   e  2 x + 1 +    e x     (   e x ) 2 + 1 ) d x


  =  1 2   ln ⁡   |   e  2 x + 1     2 2 | +     tan  − 1 ⁡   (   e x ) + c


  ∫     x 4 + 1   x 2 + 2 d x


  = ∫     x 2  (   x 2 + 2 ) − 2  (   x 2 + 2 ) + 5   x 2 + 2 d x


  = ∫   (   x 2 − 2 +  5   x 2 + 2 ) d x


  =  x 3 − 2 x +  5   2     tan  − 1 ⁡   (   x   2 ) + c


   ∫ 0 2     x 3   x 2 + 2 d x


  =  ∫ 0 2    x  (   x 2 + 2 ) − 2 x   x 2 + 2 d x


  =  ∫ 0 2   (  x −   2 x   x 2 + 2 ) d x


  =    [     x 2 2 −   ln ⁡   |   x 2 + 2     2 2 |     ] 0 2


  =  (  2 −   ln ⁡ 6 ) −  (  0 −   ln ⁡ 2 )


  = 2 −   ln ⁡ 6 +   ln ⁡ 2


  = 2 −   ln ⁡ 3


  ∫     x 6 + 3  x 2 − 1   x 3 + 1 d x


  = ∫     x 3  (   x 3 + 1 ) −  (   x 3 + 1 ) + 3  x 2   x 3 + 1 d x


  = ∫   (   x 3 − 1 +   3  x 2   x 3 + 1 ) d x


  =    x 4 4 − x +   ln ⁡   |   x 3 + 1     2 2 | + c


  ∫     x 2 − 4 x + 2     (  x − 2 ) 3 d x


  = ∫       (  x − 2 ) 2 − 2     (  x − 2 ) 3 d x


  = ∫   (   1  x − 2 − 2    (  x − 2 )  − 3 ) d u


  =   ln ⁡   |  x − 2     2 2 | − 2 ×  (  −  1 2 )    (  x + 1 )  − 2 + c


  =   ln ⁡   |  x − 2     2 2 | +  1     (  x − 2 ) 2 + c


   ∫ 0 1     e  2 x −  e x   e x + 1 d x


  =  ∫ 0 1     (   e x  (   e x + 1 ) − 2  e x )   e x + 1 d x


  =  ∫ 0 1   (   e x −   2  e x   e x + 1 ) d x


  =    [   e x − 2   ln ⁡   |   e x + 1     2 2 |     ] 0 1


  =  (  e − 2   ln ⁡   (  e + 1 )     2 2 ) −  (  1 − 2   ln ⁡ 2     2 2 )


  = e − 2   ln ⁡   (  e + 1 ) − 2 + 2   ln ⁡ 2


  =   ln ⁡  (  e e ) −   ln ⁡   (     (  e + 1 ) 2 ) −   ln ⁡   (   e 2 ) +   ln ⁡ 4


  =   ln ⁡   (    4  e e     [  e  (  e + 1 ) ] 2 )


  V = 𝜋  ∫ 0    ln ⁡ 2     (     e  2 x     e  2 x + 1 ) 2 d x


  = 𝜋  ∫ 0    ln ⁡ 2     e  4 x   e  2 x + 1 d x


  = 𝜋  ∫ 0    ln ⁡ 2     e  2 x  (   e  2 x + 1 ) −  (   e  2 x + 1 ) + 1   e  2 x + 1 d x


  = 𝜋  ∫ 0    ln ⁡ 2   (   e  2 x − 1 +  1   e  2 x + 1 ) d x


  = 𝜋  ∫ 0    ln ⁡ 2   (   e  2 x − 1 +    e  − 2 x  1 +  e  − 2 x ) d x


  = 𝜋    [   1 2  e  2 x − x −  1 2   ln ⁡  ( 1 +  e  − 2 x ) ] 0    ln ⁡ 2


  = 𝜋  (   (   1 2  e  2   ln ⁡ 2 − 1 −  1 2   ln ⁡   (  1 +  e  − 2   ln ⁡ 2 ) ) −  (   1 2 − 0 −  1 2   ln ⁡ 2 ) )


  = 2 . 309076   .   .   .


  = 2 . 31   unit  s 3   ( 2   dp )


  ∫      cos ⁡ x      sin 2 ⁡ x − 3   sin ⁡ x + 2 d x


  = ∫      cos ⁡ x  (   sin ⁡ x − 2 ) (   sin ⁡ x − 1 ) d x


  = ∫   (      cos ⁡ x    sin ⁡ x − 2 −     cos ⁡ x    sin ⁡ x − 1 ) d x


  =   ln ⁡   |    sin ⁡ x − 2     2 2 | −   ln ⁡   |    sin ⁡ x − 1     2 2 | + c


  =   ln ⁡   |      sin ⁡ x − 2    sin ⁡ x − 1 | + c


  ∫    8 x  1 +  e 2 x d x


  = ∫     8   e 2  (  1 +  e 2 x ) −  8   e 2  1 +  e 2 x d x


  = ∫   (   8   e 2 −  8   e 4 ×    e 2  1 +  e 2 x ) d x


  =   8 x   e 2 −   8   ln ⁡   |  1 +  e 2 x     2 2 |   e 4 + c


  ∫      sec ⁡ x   tan ⁡ x    sec ⁡ x +     sec 2 ⁡ x d x                              u =   sec ⁡ x                             d u =   sec ⁡ x   tan ⁡ x d x 


  = ∫   1    sec ⁡ x +     sec 2 ⁡ x ×   sec ⁡ x   tan ⁡ x d x


  = ∫   1  u +  u 2 d u


  = ∫   1  u  (  1 + u ) d u


  = ∫   (   1 u −  1  1 + u ) d u


  =   ln ⁡   | u | −   ln ⁡   |  1 + u | + c


  =   ln ⁡   |   u  1 + u | + c


  =   ln ⁡   |      sec ⁡ x  1 +   sec ⁡ x | + c


  =   ln ⁡   |   1    cos ⁡ x + 1 | + c


  = −   ln ⁡   |    cos ⁡ x + 1     2 2 | + c


  ∫        tan 2 ⁡ x +   tan ⁡ x +     sec 2 ⁡ x − 2    tan ⁡ x − 1 d x


  = ∫      tan ⁡ x  (    tan ⁡ x − 1 ) + 2  (    tan ⁡ x − 1 ) +     sec 2 ⁡ x    tan ⁡ x − 1 d x


  = ∫   (    tan ⁡ x + 2 +       sec 2 ⁡ x    tan ⁡ x − 1 ) d x


  = −   ln ⁡   |    cos ⁡ x | + 2 x +   ln ⁡   |    tan ⁡ x − 1 | + c


  =   ln ⁡   |      tan ⁡ x − 1    cos ⁡ x | + 2 x + c


    I =  ∫ 1 3        cos 2 ⁡   (   𝜋 8 x )  x  (  4 − x ) d x                                        u = 4 − x   d u = − d x     


  = −  ∫ 3 1        cos 2 ⁡   (   𝜋 8  (  4 − u ) )   (  4 − u ) u d u


  =  ∫ 1 3        cos 2 ⁡   (   𝜋 2 −  𝜋 8 u )  u  (  4 − u ) d u


  =  ∫ 1 3        sin 2 ⁡   (   𝜋 8 u )  u  (  4 − u ) d u


  2 I =  ∫ 1 3        cos 2 ⁡   (   𝜋 8 x )  x  (  4 − x ) d x +  ∫ 1 3        sin 2 ⁡   (   𝜋 8 u )  u  (  4 − u ) d u


  =  ∫ 1 3        cos 2 ⁡   (   𝜋 8 x )  x  (  4 − x ) d x +  ∫ 1 3        sin 2 ⁡   (   𝜋 8 x )  x  (  4 − x ) d x


  =  ∫ 1 3        cos 2 ⁡   (   𝜋 8 x ) +     sin 2 ⁡   (   𝜋 8 x )  x  (  4 − x ) d x


  =  ∫ 1 3   1  x  (  4 − x ) d x


  =  1 4  ∫ 1 3   (   1 x +  1  4 − x ) d x


  ∴ I =  1 8    [    ln ⁡ x −   ln ⁡   |  4 − x |     2 2 ] 1 3


  =  1 8  (    ln ⁡ 3 −   ln ⁡ 1 −   ln ⁡ 1 +   ln ⁡ 3 )


  =     ln ⁡ 3 4  


  ∫      sin ⁡ x    sin ⁡ x +   cos ⁡ x +  e x d x


  = − ∫      cos ⁡ x −   sin ⁡ x +  e x −   cos ⁡ x −  e x    sin ⁡ x +   cos ⁡ x +  e x d x


  = − ∫      cos ⁡ x −   sin ⁡ x +  e x    sin ⁡ x +   cos ⁡ x +  e x d x + ∫      sin ⁡ x +   cos ⁡ x +  e x −   sin ⁡ x    sin ⁡ x +   cos ⁡ x +  e x d x


  = −   ln ⁡   |    sin ⁡ x +   cos ⁡ x +  e x | + ∫   (  1 −     sin ⁡ x    sin ⁡ x +   cos ⁡ x +  e x ) d x


  = −   ln ⁡   |    sin ⁡ x +   cos ⁡ x +  e x | + x − ∫      sin ⁡ x    sin ⁡ x +   cos ⁡ x +  e x d x


  ∴ 2 ∫      sin ⁡ x    sin ⁡ x +   cos ⁡ x +  e x d x = −   ln ⁡   |    sin ⁡ x +   cos ⁡ x +  e x | + x + c


  ∫      sin ⁡ x    sin ⁡ x +   cos ⁡ x +  e x d x =  x 2 −  1 2   ln ⁡   |    sin ⁡ x +   cos ⁡ x +  e x | + c


      2 x + 1   (  x + 1 )  (  x + 2 ) =  a  x + 1 +  b  x + 2


    2 x + 1   (  x + 1 )  (  x + 2 ) =   a  (  x + 2 ) + b  (  x + 1 )   (  x + 1 )  (  x + 2 )


  2 x + 1 =  (  a + b ) x + 2 a + b


   


                                                ∴ 2 = a + b                              ( 1 )


                                                1 = 2 a + b                        ( 2 )


   


           ( 2 ) −  ( 1 )         − 1 = a                         →               a = − 1


          sub in   ( 1 )       2 = − 1 + b     →             b = 3


  ∴   2 x + 1   (  x + 1 )  (  x + 2 ) = −  1  x + 1 +  3  x + 2


    ∫    2 x + 1   (  x + 1 )  (  x + 2 ) d x


  = ∫   (  −  1  x + 1 +  3  x + 2 ) d x


  = −   ln ⁡   |  x + 1     2 2 | + 3   ln ⁡   |  x + 2     2 2 | + c


    2 x + 3   x 2  (  x + 1 ) =  a x +  b   x 2 +  c  x + 1


  2 x + 3 = a x  (  x + 1 ) + b  (  x + 1 ) + c  x 2


  Let   x = 0   ∴ 2  ( 0 ) + 3 = a  ( 0 ) + b  (  0 + 1 ) + c  ( 0 )   →     3 = b     →     b = 3


  Let   x = − 1   ∴ 2  (  − 1 ) + 3 = a  ( 0 ) + b  ( 0 ) + c  ( 1 )   →     1 = c     → c = 1


  equating coefficients of      x 2 :    


  0 = a + c     →     0 = a + 1     →     a = − 1


  ∴   2 x + 3   x 2  (  x + 1 ) = −  1 x +  3   x 2 +  1  x + 1


   ∫ 2 3    2 x + 3   x 2  (  x + 1 ) d x


  =  ∫ 2 3   (  −  1 x +  3   x 2 +  1  x + 1 ) d x


  =    [  −   ln ⁡   |  x     2 2 | −  3 x +   ln ⁡   |  x + 1     2 2 |     2 2 ] 2 3


  =  (  −   ln ⁡ 3 − 1 +   ln ⁡ 4     2 2 ) −  (  −   ln ⁡ 2 −  3 2 −   l n ⁡ 3     2 2 )


  =   ln ⁡ 4 +   ln ⁡ 2 − 2   ln ⁡ 3 +  1 2


  =   ln ⁡   (   8 9 ) +  1 2


  a =   2  (  − 1 ) + 1  − 1 + 2 = − 1


  b =   2  (  − 2 ) + 1  ( − 2 ) + 1 = 3


  ∴   2 x + 1   (  x + 1 )  (  x + 2 ) = −  1  x + 1 +  3  x + 2


  b =   2  ( 0 ) + 3  0 + 1 = 3


  c =   2  (  − 1 ) + 3    ( − 1 ) 2 = 1


  equating coefficients of    x 2 :    


  0 = a + c       →     0 = a + 1     →     a = − 1


  ∴   2 x + 3   x 2  (  x + 1 ) = −  1 x +  3   x 2 +  1  x + 1


    a =   1 − ( − 1 )   (  − 1 ) + 2 = 2


          b =   1 − ( − 2 )   (  − 2 ) + 1 = − 3


  b   ∫    1 − x   (  x + 1 )  (  x + 2 ) d x


  = ∫   (   2  x + 1 −  3  x + 2 ) d x


  = 2   ln ⁡   |  x + 1     2 2 | − 3   ln ⁡   |  x + 2     2 2 | + c


    x + 1  x    (  x − 1 ) 2 ≡  a x +  b  x − 1 +  c     (  x − 1 ) 2


  a =    ( 0 ) + 1     (   ( 0 ) − 1 ) 2 = 1


  c =    ( 1 ) + 1 1 = 2


   x 2 :


  a + b = 0   → b = − 1


  ∴   x + 1  x    (  x − 1 ) 2 ≡  1 x −  1  x − 1 +  2     (  x − 1 ) 2


    x + 2   x 2 + 7 x + 12 =   x + 2   (  x + 3 )  (  x + 4 ) =  a  x + 3 +  b  x + 4


  a =    (  − 3 ) + 2   (  − 3 ) + 4 = − 1


  b =    (  − 4 ) + 2   (  − 4 ) + 3 = 2


   ∫ 0 1    x + 2   x 2 + 7 x + 12 d x


  =  ∫ 0 1   (  −  1  x + 3 +  2  x + 4 ) d x


  =    [  −   ln ⁡   |  x + 3     2 2 | + 2   ln ⁡   |  x + 4     2 2 |       2 2 ] 0 1


  =  (  −   ln ⁡ 4 + 2   ln ⁡ 5 ) −  (  −   ln ⁡ 3 + 2   ln ⁡ 4 )


  = −   ln ⁡ 4 +   ln ⁡  25 +   ln ⁡ 3 −   ln ⁡  16


  =   ln ⁡    75  64


  a =   5  (  − 2 ) − 5    ( − 2 ) 2 + 1 = − 3


  Let   x = i         b i + c =   5 i − 5  i + 2 ×   i − 2  i − 2


                                                                    =   − 5 − 10 i − 5 i + 10   i 2 −  2 2


  b i + c = − 1 + 3 i


  ∴ c = − 1 , b = 3


  ∴   5 x − 5  ( x + 2 )  (   x 2 + 1 ) = −  3  x + 2 +   3 x − 1   x 2 + 1


  ∴  ∫ 3 4    5 x − 5  ( x + 2 )  (   x 2 + 1 ) d x


  =  ∫ 3 4   (  −  3  x + 2 +   3 x − 1   x 2 + 1 ) d x


  =  ∫ 3 4   (  −  3  x + 2 +  3 2 ×   2 x   x 2 + 1 −  1  1 +  x 2 ) d x


  =    [  − 3   ln ⁡   |  x + 2 | +  3 2   ln ⁡   |   x 2 + 1 | −     tan  − 1 ⁡ x     2 2 ] 3 4


  =  (  − 3   ln ⁡ 6 +  3 2   ln ⁡  17 −     tan  − 1 ⁡ 4 )


                                              −  (  − 3   ln ⁡ 5 +  3 2   ln ⁡  10 −     tan  − 1 ⁡ 3 )


  =  3 2   ln ⁡    17  10 + 3   ln ⁡   5 6 +     tan  − 1 ⁡ 3 −     tan  − 1 ⁡ 4


   ∫   1 2 2   2   x 3 +  x 2 + x + 1   d x


  =  ∫   1 2 2   (   1  x + 1 −  x   x 2 + 1 +  1   x 2 + 1 ) d x


  =    [    ln ⁡   |  x + 1     2 2 | −  1 2   ln ⁡   |   x 2 + 1     2 2 | +     tan  − 1 ⁡ x ]   1 2 2


  =  (    ln ⁡ 3 −  1 2   ln ⁡ 5 +     tan  − 1 ⁡ 2 )


                                  −  (    ln ⁡   3 2 −  1 2   ln ⁡   5 4 +     tan  − 1 ⁡   (   1 2 ) )


  =   ln ⁡ 3 −   ln ⁡   3 2 −  1 2   ln ⁡ 5 +  1 2   ln ⁡   5 4


                                      +     tan  − 1 ⁡ 2 −     tan  − 1 ⁡   1 2


  =   ln ⁡ 2 −  1 2   ln ⁡ 4 +     tan  − 1 ⁡ 2 −     tan  − 1 ⁡   1 2


  =     tan  − 1 ⁡ 2 −     tan  − 1 ⁡   1 2


   ∫ 0 1    8  (  1 − x )   (  2 −  x 2 )  (  2 − 2 x +  x 2 ) d x


  =  ∫ 0 1   (    4 − 2 x  2 − 2 x +  x 2 −   2 x  2 −  x 2 ) d x


  =  ∫ 0 1   (  −   2 x − 2   x 2 − 2 x + 2 +  2     (  x − 1 ) 2 +  1 2 −   2 x  2 −  x 2 ) d x


  =    [  −   ln ⁡   |   x 2 − 2 x + 2 | + 2     tan  − 1 ⁡   (  x − 1 ) +   ln ⁡   |  2 −  x 2 |     2 2 ] 0 1


  =  (  0 + 0 + 0 ) −  (  −   ln ⁡ 2 + 2  (  −  𝜋 4 ) +   ln ⁡ 2 )


  =  𝜋 2


    x − 6   x 2 + 3 x − 4 =   x − 6   (  x + 4 )  (  x − 1 ) =  a  x + 4 +  b  x − 1


  a =    (  − 4 ) − 6   (  − 4 ) − 1 = 2


  b =    ( 1 ) − 6   ( 1 ) + 4 = − 1


  ∴  ∫ 2 5    x − 6   x 2 + 3 x − 4 d x


  =  ∫ 2 5   (   2  x + 4 −  1  x − 1 ) d x


  =    [  2   ln ⁡   |  x + 4     2 2 | −   ln ⁡   |  x − 1     2 2 |         2 2 ] 2 5


  =  (  2   ln ⁡ 9 −   ln ⁡ 4 ) −  (  2   ln ⁡ 6 − 0 )


  =   ln ⁡  81 −   ln ⁡ 4 −   ln ⁡  36


  =   ln ⁡    81  144


  =   ln ⁡   9  16


    b =   − 5  ( 0 ) + 2   ( 0 ) − 1 = − 2


      c =   − 5  ( 1 ) + 2     ( 1 ) 2 = − 3


   x 2 :


  a + c = 0   → a = 3


     ∫ 2 3    − 5 x + 2   x 2  (  x − 1 ) d x


  =  ∫ 2 3   (   3 x −  2   x 2 −  3  x − 1 ) d x


  =    [  3   ln ⁡   | x | +  2 x − 3   ln ⁡   |  x − 1 | ] 2 3


  =  (  3   ln ⁡ 3 +  2 3 − 3   ln ⁡ 2 ) −  (  3   ln ⁡ 2 + 1 + 0 )


  = 3   ln ⁡   3 4 −  1 3


      16 x − 43     (  x − 3 ) 2  (  x + 2 ) =  a     (  x − 3 ) 2 +  b  x − 3 +  c  x + 2


  a =   16  ( 3 ) − 43   ( 3 ) + 2 = 1


  c =   16  (  − 2 ) − 43     (   (  − 2 ) − 3 ) 2 = − 3


  equating coefficients of    x 2 :     b + c = 0     →     b = 3


  ∫    16 x − 43     (  x − 3 ) 2  (  x + 2 ) d x


  = ∫   (   1     (  x − 3 ) 2 +  3  x − 3 −  3  x + 2 ) d x


  = −  1  x − 3 + 3   ln ⁡   |  x − 3     2 2 | − 3   ln ⁡   |  x + 2     2 2 | + c


  = 3   ln ⁡   |    x − 3  x + 2 | −  1  x − 3 + c


  a =   2  (  − 1 ) + 3     (  − 1 ) 2 + 4 =  1 5


   x 2 :  


    a + b = 0     →     b = −  1 5


  4 a + c = 3     →    4 5 + c = 3   → c =   11 5


   ∫ 0 2    2 x + 3  ( x + 1 )  (   x 2 + 4 ) d x


  =  1 5  ∫ 0 2   (   1  x + 1 −   x − 11   x 2 + 4 ) d x


  =  1 5  ∫ 0 2   (   1  x + 1 −  1 2 ×   2 x   x 2 + 4 +   11   x 2 + 4 ) d x


  =  1 5    [    ln ⁡   |  x + 1 | −  1 2   ln ⁡   |   x 2 + 4 | +   11 2     tan  − 1 ⁡   (   x 2 ) ] 0 2


  =  1 5  (   (    ln ⁡ 3 −  1 2   ln ⁡ 8 +   11 2 ×  (   𝜋 4 ) ) −  (  0 −  1 2   ln ⁡ 4 − 0 ) )


  =  1 5  (    ln ⁡ 3 +  1 2   ln ⁡   4 8 +   11 𝜋 8 )


  =  1 5  (    ln ⁡   3   2 +   11 𝜋 8 )


  =  1 5  (    ln ⁡    3  2 2 +   11 𝜋 8 )


    3  x 2 + 8  x  (   x 2 + 4 ) =  a x +   b x + c   x 2 + 4


  a =   3  ( 0 ) + 8     ( 0 ) 2 + 4 = 2


  b  (  2 i ) + c =   3    (  2 i ) 2 + 8  2 i


          c + 2 b i   = −  4  2 i ×  i i


                                          = 2 i


  ∴ b = 1 ,   c = 0


  ∫    3  x 2 + 8  x  (   x 2 + 4 ) d x = ∫   (   2 x +  x   x 2 + 4 ) d x


  = 2   ln ⁡   |  x     2 2 | +  1 2   ln ⁡   |   x 2 + 4     2 2 | + c


  ∫    2  x 3 −  x 2 − 8 x − 2  x  (  x − 2 ) d x


  = ∫    2 x  (   x 2 − 2 x ) + 3  (   x 2 − 2 x ) − 2 x − 2  x  (  x − 2 ) d x


  = ∫   (  2 x + 3 −   2 x + 2  x  (  x − 2 ) ) d x             ( ∗ )


  Let     2 x + 2  x  (  x − 2 ) =  a x +  b  x − 2


  a =   2  ( 0 ) + 2   ( 0 ) − 2 = − 1


  b =   2  ( 2 ) + 2   ( 2 ) = 3


   ( ∗ )


  ∫    2  x 3 −  x 2 − 8 x − 2  x  (  x − 2 ) d x


  = ∫   (  2 x + 3 +  1 x −  3  x − 2 ) d x


  =  x 2 + 3 x +   ln ⁡   |  x     2 2 | − 3   ln ⁡   |  x − 2     2 2 | + c


     e x + 1   e  2 x − 5  e x + 6 =    e x + 1  (  e x − 3 ) (  e x − 2 ) =  a   e x − 3 +  b   e x − 2


  a =    e    ln ⁡ 3 + 1   e    ln ⁡ 3 − 2 =   3 + 1  3 − 2 = 4


  b =    e    ln ⁡ 2 + 1   e    ln ⁡ 2 − 3 =   2 + 1  2 − 3 = − 3


  ∫     e x + 1   e  2 x − 5  e x + 6 d x


  = ∫   (   4   e x − 3 −  3   e x − 2 ) d x


  = ∫   (    4  e  − x  1 − 3  e  − x −   3  e  − x  1 − 2  e  − x ) d x


  =  4 3   ln ⁡   |  1 − 3  e  − x     2 2 | −  3 2   ln ⁡   |  1 − 2  e  − x     2 2 | + c


   ∫ 0 1    3  x 3 +  x 2 + 12 x − 12   (   x 2 + 4 )  (   x 2 + 2 x + 4 ) d x


  =  ∫ 0 1   (    x − 3   x 2 + 2 x + 4 +   2 x   x 2 + 4 ) d x


  =  ∫ 0 1   (     1 2  (  2 x + 2 ) − 4   x 2 + 2 x + 4 +   2 x   x 2 + 4 ) d x


  =  ∫ 0 1   (   1 2 ×   2 x + 2   x 2 + 2 x + 4 −  4     (  x + 1 ) 2 +    (   3 ) 2 +   2 x   x 2 + 4 ) d x


  =    [   1 2   ln ⁡   |   x 2 + 2 x + 4 | −  4   3     tan  − 1 ⁡   (    x + 1   3 ) +   ln ⁡   |   x 2 + 4 | ] 0 1


  =  (   1 2   ln ⁡ 7 −  4   3     tan  − 1 ⁡   2   3 +   ln ⁡ 5 ) −  (   1 2   ln ⁡ 4 −  4   3     tan  − 1 ⁡   1   3 +   ln ⁡ 4 )


  =   ln ⁡   7 −  4   3     tan  − 1 ⁡   2   3 +   ln ⁡ 5 −   ln ⁡ 2 −   ln ⁡ 4 +  4   3  (   𝜋 6 )


  =   ln ⁡    5  7 8 +  4   3  (   𝜋 6 −     tan  − 1 ⁡   2   3 )


  Let     3 !  x  (  x + 1 )  (  x + 2 )  (  x + 3 ) =  a x +  b  x + 1 +  c  x + 2 +  d  x + 3


  a =   3 !   (  0 + 1 )  (  0 + 2 )  (  0 + 3 ) = 1


  b =   3 !   (  − 1 )  (  − 1 + 2 )  (  − 1 + 3 ) = − 3


  c =   3 !   (  − 2 )  (  − 2 + 1 )  (  − 2 + 3 ) = 3


  d =   3 !   (  − 3 )  (  − 3 + 1 )  (  − 3 + 2 ) = − 1


  ∴   3 !  x  (  x + 1 )  (  x + 2 )  (  x + 3 ) =  1 x −  3  x + 1 +  3  x + 2 −  1  x + 3


  RHS =    (  A + 2 t )  (   t 2 − 2 t + 2 ) +  (  B − 2 t )  (   t 2 + 2 t + 2 )   (   t 4 + 4 )


  t     − 2 A + 4 t + 2 B − 4 t = 0     ∴ A = B


  2 A + 2 B = 16       ∴ A = B = 4


  x =  ∫ 0 t    16   t 4 + 4 d t


  =  ∫ 0 t   (    4 + 2 t   t 2 + 2 t + 2 +   4 − 2 t   t 2 − 2 t + 2 ) d t


  =  ∫ 0 t   (    2 t + 2   t 2 + 2 t + 2 +  2     (  t + 1 ) 2 + 1 −   2 t − 2   t 2 − 2 t + 2 +  2     (  t − 1 ) 2 + 1 )   d t  


  =    [    ln ⁡   (   t 2 + 2 t + 2 ) + 2     tan  − 1 ⁡   (  t + 1 ) −   ln ⁡   (   t 2 − 2 t + 2 ) + 2     tan  − 1 ⁡   (  t − 1 )     2 2 ] 0 t


  =  (    ln ⁡   (   t 2 + 2 t + 2 ) + 2     tan  − 1 ⁡   (  t + 1 ) −   ln ⁡   (   t 2 − 2 t + 2 ) + 2     tan  − 1 ⁡   (  t − 1 ) )


                                                                    −  (    ln ⁡ 2 + 2     tan  − 1 ⁡ 1 −   ln ⁡ 2 + 2     tan  − 1 ⁡ 1 )


  =   ln ⁡   (     t 2 + 2 t + 2   t 2 − 2 t + 2 ) + 2     tan  − 1 ⁡   (  t + 1 ) + 2     tan  − 1 ⁡   (  t − 1 )


  x =   ln ⁡   (    1 +  2 t +  2   t 2  1 −  2 t +  2   t 2 ) + 2     tan  − 1 ⁡   (  t + 1 ) + 2     tan  − 1 ⁡   (  t − 1 )


  As  t → ∞ ,   x →   ln ⁡   ( 1 ) + 2     tan  − 1 ⁡  ( ∞ ) + 2     tan  − 1 ⁡  ( ∞ )


  →   ln ⁡  ( 1 ) + 2  (   𝜋 2 ) + 2  (   𝜋 2 )


  = 2 𝜋   metres


  Since   16   t 4 + 4 > 0   for all   t   the particle is always moving to the right, so the particle approaches but never 


  reaches a displacement of  x = 2 π   metres .


   ∫ 0 a  f  (  a − x ) d x                                      u = a − x   d u = − d x   d x = − d u     


  =  ∫ a 0  f  ( u ) × ( − d u )


  =  ∫ 0 a  f ( u ) d u


  =  ∫ 0 a  f  ( x ) d x  


   ∫ 0  2 𝜋  x   cos ⁡ x d x


  =  ∫ 0  2 𝜋   (  2 𝜋 − x ) cos ⁡ ( 2 𝜋 − x ) d x


  = 2 𝜋  ∫ 0  2 𝜋    cos ⁡  ( 2 𝜋 − x ) d x −  ∫ 0  2 𝜋  x   cos ⁡  ( 2 𝜋 − x ) d x


  = 2 𝜋  ∫ 0  2 𝜋    cos ⁡ x d x −  ∫ 0  2 𝜋  x   cos ⁡ x d x


  ∴ 2  ∫ 0  2 𝜋  x   cos ⁡ x d x = 2 𝜋  ∫ 0  2 𝜋    cos ⁡ x d x


                 ∫ 0  2 𝜋  x   cos ⁡ x d x = 𝜋    [    sin ⁡ x     2 2 ] 0  2 𝜋


                                                                        = 𝜋  (  0 − 0 )


                                                                        = 0


   ∫ 0 2  x   2 − x   d x


  =  ∫ 0 2   (  2 − x )  x d x


  =  ∫ 0 2   (  2  x   1 2 −  x   3 2     2 2 ) d x


  =    [   4 3  x   3 2 −  2 5  x   5 2 ] 0 2


  =  4 3 × 2  2 −  2 5 × 4  2


  =   16  2  15


   ∫  − 2 2   (  x +  x 3 +  x 5 )  (  1 +  x 2 +  x 4 ) d x = 0


  ×


   ∫  − 𝜋 0    sin ⁡   (  x +  𝜋 2 )   cos ⁡   (  x +  𝜋 2 ) d x


  =  ∫  −  𝜋 2   𝜋 2    sin ⁡ x   cos ⁡ x d x


  =  ∫  −  𝜋 2   𝜋 2  f ( x ) d x       where     f  ( x )  is odd


  = 0


   x 3 >  x 2


  x > 1


  1 ≤ a < b


   ∫ 0 a  f ( x ) d x =  ∫ 0 a  f  (  a − x ) d x


  ∴ 2  ∫ 0 a  f ( x ) d x =  ∫ 0 a  f  ( x ) d x +  ∫ 0 a  f  (  a − x ) d x


   ∫ 0 a  f ( x ) d x =  1 2  ∫ 0 a   (  f  ( x ) + f  (  a − x ) ) d x


  =  1 2  ∫ 0 a  f  ( a ) d x


  =   f  ( a ) 2    [  x     2 2 ] 0 a


  =   f  ( a ) 2  (  a − 0 )


  =  a 2 f  ( a )


  A :      e   x 2 > 0   and   cos ⁡ x ≥ 0


  B :  x 3   cos ⁡ x


   x 3


    cos ⁡ x


  C :     sin 2 ⁡ x −     cos 2 ⁡ x = −   cos ⁡  2 x


  D ;     sin  − 1 ⁡   (   x 3 )


   ∫  − a a  f ( x ) d x


  =  ∫  − a 0  f ( x ) d x +  ∫ 0 a  f ( x ) d x


  =  ∫ 0 a  f ( − x ) d x +  ∫ 0 a  f ( x ) d x


  =  ∫ 0 a   (  f  ( x ) + f  (  − x ) ) d x


   ∫ a  3 a  f ( x − a ) d x                      u = 2 a − x     d u = − d x                     d x = − d u                 


  =  ∫ a  − a  f ( a − u ) d u


  =  ∫  − a a  f ( a − x ) d x


  0 ≤ x ≤  𝜋 6         sin 2 ⁡ x <   sin ⁡ x < 1 −   sin ⁡ x < 1 −     sin 2 ⁡ x


  ∴  ∫ 0   𝜋 6      sin 2 ⁡ x d x   is the smallest integral


   ∫ 0   𝜋 2      sin ⁡ x    sin ⁡ x +   cos ⁡ x d x                   ( 1 )


  =  ∫ 0   𝜋 2      sin ⁡   (   𝜋 2 − x )    sin ⁡   (   𝜋 2 − x ) +   cos ⁡   (   𝜋 2 − x )


  =  ∫ 0   𝜋 2      cos ⁡ x    cos ⁡ x +   sin ⁡ x d x           ( 2 )


  From    ( 1 )  and    ( 2 ) :


  2  ∫ 0   𝜋 2      sin ⁡ x    sin ⁡ x +   cos ⁡ x d x =  ∫ 0   𝜋 2      sin ⁡ x +   cos ⁡ x    sin ⁡ x +   cos ⁡ x d x


         ∫ 0   𝜋 2      sin ⁡ x    sin ⁡ x +   cos ⁡ x d x =  1 2  ∫ 0   𝜋 2  d x


         ∫ 0   𝜋 2      sin ⁡ x    sin ⁡ x +   cos ⁡ x d x =  1 2    [  x     2 2     2 2 ] 0   𝜋 2


                                                                                  =  𝜋 4


   ∫ 0 2   (  1 +   sin ⁡   (  𝜋    (  1 − x ) 3 ) ) d x


  =  ∫ 0 2   (  1 −   sin ⁡   (  𝜋    (  x − 1 ) 3 ) ) d x         sine is odd


  =  ∫  − 1 1   (  1 −   sin ⁡  𝜋  x 3 ) d x                         translating   1   unit left


  =  ∫  − 1 1  1 d x −  ∫  − 1 1    sin ⁡  𝜋  x 3 d x


  =    [  x     2 2 ]  − 1 1 − 0                                                 since sine and   x 3   are odd


  =  (  1 −  (  − 1 ) )


  = 2


  x − a ≥ 0   for all  x ∈  [  0 , 2 ]


  ∴ a ≤ 0                                                   ( 1 )


  1 −   x − a ≠ 0


    x − a ≠ 1    


  x − a ≠ 1  for all  x ∈ [ 0 , 2 ]


  ∴ a < − 1 ,   a > 1                             ( 2 )


  a < − 1


  ( 1 )


  ( 2 )


   ∫ 0   𝜋 2    d x      cos 2 ⁡   (  x −  𝜋 4 )


  =  ∫ 0   𝜋 2      sec 2 ⁡   (  x −  𝜋 4 ) d x


  =  ∫  −  𝜋 4   𝜋 4      sec 2 ⁡ x d x


  =    [    tan ⁡ x     2 2 ]  −  𝜋 4   𝜋 4


  = 1 −  (  − 1 )


  = 2


  x y − x = 1


  x  (  y − 1 ) = 1


  x =  1  y − 1


   ∫ 3 5  x d y =  ∫ 3 5    d y  y − 1


  =    [    ln ⁡   (  y − 1 )     2 2 ] 3 5


  =   ln ⁡ 4 −   ln ⁡ 2


  =   ln ⁡ 2


      tan  − 1 ⁡ x


  1 +     sin 2 ⁡ x


        tan  − 1 ⁡ x  1 +     sin 2 ⁡ x


   ∫  − a a  f ( x ) d x = 0


  f ( x )


  ∴  ∫  − 1 1        tan  − 1 ⁡ x  1 +     sin 2 ⁡ x d x = 0


   ∫ 0 1     (   x 2 − a ) 2 d x


  =  ∫ 0 1   (   x 4 − 2 a  x 2 +  a 2 ) d x


  =    [     x 5 5 −   2 a 3  x 3 +  a 2 x ] 0 1


  =  (   1 5 −   2 a 3 +  a 2 ) −  ( 0 )


  =  a 2 −   2 a 3 +  1 5


  a = −   −  2 3  2  ( 1 ) =  1 3


  min =    (   1 3 ) 2 −  2 3  (   1 3 ) +  1 5 =  4  45


  f  (  a + x ) = f ( a − x )


  f ( x )


  x = a       ( 1 )


     ∫ 0  2 a  f ( x ) d x


  =  ∫ 0 a  f  ( x ) d x +  ∫ a  2 a  f  ( x ) d x     splitting the integral


  =  ∫ 0 a  f  ( x ) d x +  ∫ 0 a  f  ( x ) d x     from (1)


  = 2  ∫ 0 a  f  ( x ) d x    


   ∫ 0 a  f ( 2 x ) d x


  =  1 2  ∫ 0  2 a  f  ( x ) d x     using a horizontal dilation of  f  ( x )   by a factor of   2


  =  ∫ 0 a  f  ( x ) d x     from part (a)


   ∫ 0 a  f ( x + a ) d x


  =  ∫ 0 a  f  (  a − x ) d x     since   f  (  x + a ) = f ( a − x )


  =  ∫ 0 a  f  ( x ) d x   reflecting about   x =  a 2


   ∫ 0 a  f ( x − a ) d x


  =  ∫  − a 0  f  ( x ) d x     translating  a  units to the left


  =  ∫  2 a  3 a  f  ( x ) d x   since   f  ( x )   is symmetrical on   x = a


   ∫ 0   𝜋 2      cos ⁡ x  2 −   sin ⁡  2 x d x


  =  ∫ 0   𝜋 2      cos ⁡ x  1 +     sin 2 ⁡ x +     cos 2 ⁡ x − 2   sin ⁡ x   cos ⁡ x d x


  =  ∫ 0   𝜋 2      cos ⁡ x  1 +    (    sin ⁡ x −   cos ⁡ x ) 2 d x                            ( 1 )


  =  ∫ 0   𝜋 2      cos ⁡   (   𝜋 2 − x )  1 +    (    sin ⁡   (   𝜋 2 − x ) −   cos ⁡   (   𝜋 2 − x ) ) 2 d x


  =  ∫ 0   𝜋 2      sin ⁡ x  1 +    (    cos ⁡ x −   sin ⁡ x ) 2 d x                            ( 2 )


   ( 1 ) + ( 2 )


  2  ∫ 0   𝜋 2      cos ⁡ x  2 −   sin ⁡  2 x d x =  ∫ 0   𝜋 2      cos ⁡ x +   sin ⁡ x  1 +    (    sin ⁡ x −   cos ⁡ x ) 2 d x


   ∫ 0   𝜋 2      cos ⁡ x  2 −   sin ⁡  2 x d x =  1 2    [      tan  − 1 ⁡   (    sin ⁡ x −   cos ⁡ x )     2 2 ] 0   𝜋 2


  =  1 2  (      tan  − 1 ⁡   ( 1 ) −     tan  − 1 ⁡   (  − 1 )     2 2 )


  =  1 2  (   𝜋 4 −  (  −  𝜋 4 ) )


  =  𝜋 4


   ∫ 0 a  [ f ( a − x ) + f ( a + x ) ] d x


  =  ∫ 0 a  f  (  a − x ) d x +  ∫ 0 a  f  (  x + a ) d x


  =  ∫ 0 a  f  ( x ) d x +  ∫ a  2 a  f  ( x ) d x


    =  ∫ 0  2 a  f  ( x ) d x


   ∫ 0 𝜋    x   sin ⁡ x  1 +     cos 2 ⁡ x d x =  ∫ 0 𝜋     (  𝜋 − x )   sin ⁡   (  𝜋 − x )  1 +     cos 2 ⁡   (  𝜋 − x ) d x


  =  ∫ 0 𝜋     (  𝜋 − x )   sin ⁡ x  1 +     cos 2 ⁡ x d x


  = 𝜋  ∫ 0 𝜋      sin ⁡ x  1 +     cos 2 ⁡ x d x −  ∫ 0 𝜋    x   sin ⁡ x  1 +     cos 2 ⁡ x d x


  2  ∫ 0 𝜋    x   sin ⁡ x  1 +     cos 2 ⁡ x d x = 𝜋  ∫ 0 𝜋      sin ⁡ x  1 +     cos 2 ⁡ x d x


   ∫ 0 𝜋    x   sin ⁡ x  1 +     cos 2 ⁡ x d x = −  𝜋 2    [      tan  − 1 ⁡   (    cos ⁡ x )     2 2 ] 0 𝜋


  = −  𝜋 2  (      tan  − 1 ⁡   (  − 1 ) −     tan  − 1 ⁡   ( 1 ) )


  = −  𝜋 2  (  −  𝜋 4 −  𝜋 4 )


  =    𝜋 2 4


   ∫   1 a a    f  ( x )  x  (  f  ( x ) + f  (   1 x ) ) d x                                u =  1 x =  x  − 1                   d u  d x = −  x  − 2 = −  1   x 2   d x = −   d u   u 2                                 


  =  ∫ a   1 a    f  (   1 u )   (   1 u )  (  f  (   1 u ) + f  ( u ) )  (  −   d u   u 2 )


  =  ∫   1 a a    f  (   1 u )  u  (  f  ( u ) + f  (   1 u ) ) d u


  =  ∫   1 a a    f  (   1 x )  x  (  f  ( x ) + f  (   1 x ) ) d x


  I =  ∫   1 2 2      sin ⁡ x  x  (    sin ⁡ x +   sin ⁡   1 x ) d x


  =  ∫   1 2 2      sin ⁡   1 x  x  (    sin ⁡ x +   sin ⁡   1 x ) d x


  ∴ 2 I =  ∫   1 2 2      sin ⁡ x +   sin ⁡   1 x  x  (    sin ⁡ x +   sin ⁡   1 x ) d x


  I =  1 2  ∫   1 2 2    d x x


  =  1 2    [    ln ⁡ x     2 2 ]   1 2 2


  =  1 2  (    ln ⁡ 2 −   ln ⁡   (   1 2 ) )


  =  1 2  (    ln ⁡ 2 −  (  −   ln ⁡ 2 ) )


  =   ln ⁡ 2


   ∫  −  𝜋 2   𝜋 2     e x     sin 2 ⁡ x  1 +  e x d x


  =  ∫ 0   𝜋 2   (     e x     sin 2 ⁡ x  1 +  e x +    e  − x     sin 2 ⁡  ( − x )  1 +  e  − x ) d x       given result


  =  ∫ 0   𝜋 2   (     e x     sin 2 ⁡ x  1 +  e x +    e  − x     sin 2 ⁡ x  1 +  e  − x ×    e x   e x ) d x     sin 2 ⁡ x even


  =  ∫ 0   𝜋 2   (     e x     sin 2 ⁡ x  1 +  e x +       sin 2 ⁡ x  1 +  e x ) d x


  =  ∫ 0   𝜋 2   (    ( 1 +  e x )     sin 2 ⁡ x  1 +  e x ) d x


  =  ∫ 0   𝜋 2      sin 2 ⁡ x d x


  =  1 2  ∫ 0   𝜋 2  ( 1 −   cos ⁡  2 x ) d x


  =  1 2    [  x −  1 2   sin ⁡  2 x ] 0   𝜋 2


  =  1 2  (   (   𝜋 2 − 0 ) −  (  0 − 0 ) )


  =  𝜋 4


  I =  ∫ a b    f  ( x )  f  (  a + b − x ) + f  ( x ) d x


  =  ∫ a b    f  (  a + b − x )  f  ( x ) + f  (  a + b − x ) d x


  2 I =  ∫ a b    f  ( x ) + f  (  a + b − x )  f  ( x ) + f  (  a + b − x ) d x


  =    [  x     2 2 ] a b


  = b − a


  ∴ I =   b − a 2


   ∫ 2 5     x 2    29 −  x 2 + x d x                                          u =  x 2         d u = 2 x   d x   d x =   d u  2  u       


  =  ∫ 4  25   u    29 − u +  u ×   d u  2  u


  =  1 2  ∫ 4  25     u    4 + 25 − u +  u d u


  =  1 2  ∫ 4  25     x    4 + 25 − x +  x d u               change of variable


  =  1 2  ∫ a b    f  ( x )  f  (  a + b − x ) + f  ( x ) d x   where  f  ( x ) =  x ,   a = 4 ,   b = 25


  =  1 2 ×   25 − 4 2   from   ( a )


  =   21 4


   ∫ 3 7      ln ⁡   (  x + 2 )    ln ⁡   (  24 + 10 x −  x 2 ) d x


  =  1 2  ∫ 3 7   (      ln ⁡   (  x + 2 )    ln ⁡   (  24 + 10 x −  x 2 ) +     ln ⁡   (   (  10 − x ) + 2 )    ln ⁡   (  24 + 10  (  10 − x ) −    (  10 − x ) 2 ) ) d x


  =  1 2  ∫ 3 7   (      ln ⁡   (  x + 2 )    ln ⁡   (  24 + 10 x −  x 2 ) +     ln ⁡   (  12 − x )    ln ⁡   (  24 + 100 − 10 x − 100 + 20 x −  x 2 ) ) d x


  =  1 2  ∫ 3 7   (      ln ⁡   (  x + 2 )    ln ⁡   (  24 + 10 x −  x 2 ) +     ln ⁡   (  12 − x )    ln ⁡   (  24 + 10 x −  x 2 ) ) d x


  =  1 2  ∫ 3 7   (      ln ⁡   (  x + 2 ) +   ln ⁡   (  12 − x )    ln ⁡   (  24 + 10 x −  x 2 ) ) d x


  =  1 2  ∫ 3 7   (      ln ⁡   (   (  x + 2 ) ( 12 − x ) )    ln ⁡   (  24 + 10 x −  x 2 ) ) d x


  =  1 2  ∫ 3 7   (      ln ⁡   (  12 x −  x 2 + 24 − 2 x )    ln ⁡   (  24 + 10 x −  x 2 ) ) d x


  =  1 2  ∫ 3 7   (      ln ⁡   (  24 + 10 x −  x 2 )    ln ⁡   (  24 + 10 x −  x 2 ) ) d x


  =  1 2  ∫ 3 7  d x


  =  1 2    [  x     2 2 ] 3 7


  =  1 2  (  7 − 3 )


  = 2


    sin ⁡  4 x   cos ⁡  3 x


  =  1 2  [    sin ⁡  ( 4 x + 3 x ) +   sin ⁡   (  4 x − 3 x )     2 2 ]


  =  1 2  (    sin ⁡  7 x +   sin ⁡ x )


    cos ⁡  75 °   cos ⁡  15 °


  =  1 2  (    cos ⁡   (  75 ° − 15 ° ) +   cos ⁡   (  75 ° + 15 ° )     2 2 )


  =  1 2  (    cos ⁡  60 ° +   cos ⁡  90 °     2 2 )


  =  1 2  (   1 2 + 0 )


  =  1 4


      sin ⁡  ( A + B ) +   sin ⁡  ( A − B )    cos ⁡  ( A − B ) +   cos ⁡  ( A + B )


  =     sin ⁡ A   cos ⁡ B    cos ⁡ A   cos ⁡ B


  =   tan ⁡ A


    cos ⁡  130 ° +   cos ⁡  10 °


  = 2   cos ⁡   (    130 + 10 2 )   cos ⁡   (    130 − 10 2 )


  = 2   cos ⁡  70 °   cos ⁡  60 °


  = 2   cos ⁡  70 ° ×  1 2


  =   cos ⁡  70 °


    cos ⁡   𝜋  12 −   cos ⁡    5 𝜋  12


  =   cos ⁡   (    3 𝜋  12 −   2 𝜋  12 ) −   cos ⁡   (    3 𝜋  12 +   2 𝜋  12 )


  =   cos ⁡   (   𝜋 4 −  𝜋 6 ) −   cos ⁡   (   𝜋 4 +  𝜋 6 )


  = 2   sin ⁡   𝜋 4   sin ⁡   𝜋 6


  = 2 ×  1   2 ×  1 2


  =  1   2


  =   cos ⁡   𝜋 4  


    cos ⁡   (  A − B ) −   cos ⁡   (  A + B )


  =   cos ⁡ A   cos ⁡ B +   sin ⁡ A   sin ⁡ B −  (    cos ⁡ A   cos ⁡ B −   sin ⁡ A   sin ⁡ B )


  = 2   sin ⁡ A   sin ⁡ B


  ∴   sin ⁡ A   sin ⁡ B =  1 2  [    cos ⁡   (  A − B ) −   cos ⁡   (  A + B )     2 2 ]


  ∫    cos ⁡  3 x   cos ⁡  2 x d x


  =  1 2 ∫   (    cos ⁡   (  3 x − 2 x ) +   cos ⁡   (  3 x + 2 x )     2 2 ) d x


  =  1 2 ∫   (    cos ⁡ x +   cos ⁡  5 x ) d x


  =  1 2   sin ⁡ x +  1  10   sin ⁡  5 x + c


  ∫    sin ⁡  8 x   cos ⁡  5 x d x


  =  1 2 ∫   (    sin ⁡   (  8 x + 5 x ) +   sin ⁡   (  8 x − 5 x ) ) d x


  =  1 2 ∫  (   sin ⁡  13 x +   sin ⁡  3 x ) d x


  = −  1  26   cos ⁡  13 x −  1 6   cos ⁡  3 x + c


   ∫ 0   𝜋 4    sin ⁡  4 x   sin ⁡  3 x d x   (note the changed order)


  =  1 2  ∫ 0   𝜋 4   (    cos ⁡   (  4 x − 3 x ) −   cos ⁡   (  4 x + 3 x ) ) d x


  =  1 2  ∫ 0   𝜋 4   (    cos ⁡ x −   cos ⁡  7 x ) d x


  =  1 2    [    sin ⁡ x −  1 7   sin ⁡  7 x ] 0   𝜋 4


  =  1 2  (   (   1   2 −  1 7  (  −  1   2 ) ) −  (  0 − 0 ) )


  =  1 2 ×  8 7 ×  1   2


  =   2  2 7


   ∫   𝜋 2 𝜋    cos ⁡  5 x   sin ⁡  3 x d x


  =  1 2  ∫   𝜋 2 𝜋  (   sin ⁡   (  5 x + 3 x ) −   sin ⁡   (  5 x − 3 x ) ) d x


  =  1 2  ∫   𝜋 2 𝜋  (   sin ⁡  8 x −   sin ⁡  2 x ) d x


  =  1 2    [  −  1 8   cos ⁡  8 x +  1 2   cos ⁡  2 x ]   𝜋 2 𝜋


  =  1 2  (   (  −  1 8   cos ⁡  8 𝜋 +  1 2   cos ⁡  2 𝜋 ) −  (  −  1 8   cos ⁡  4 𝜋 +  1 2   cos ⁡ 𝜋 ) )


  =  1 2  (   (  −  1 8 +  1 2 ) −  (  −  1 8 −  1 2 ) )


  =  1 2


    sin ⁡  4 x −   sin ⁡  2 x = 0


  2   sin ⁡  2 x   cos ⁡  2 x −   sin ⁡  2 x = 0


    sin ⁡  2 x  (  2   cos ⁡  2 x − 1 ) = 0


    sin ⁡  2 x = 0                     cos ⁡  2 x =  1 2


  2 x = 0 ,   𝜋 ,   2 𝜋           2 x =  𝜋 3 ,   5 𝜋 3


  x = 0 ,  𝜋 2 , 𝜋                   x =  𝜋 6 ,   5 𝜋 6


          ∴ x = 0 ,  𝜋 6 ,  𝜋 2 ,   5 𝜋 6 ,   𝜋


    sin ⁡  4 x −   sin ⁡  2 x = 0


    sin ⁡  ( 3 x + x ) −   sin ⁡   (  3 x − x ) = 0


  2   cos ⁡  3 x   sin ⁡ x = 0


    cos ⁡  3 x = 0                                 sin ⁡ x = 0


  3 x =  𝜋 2 ,   3 𝜋 2 ,   5 𝜋 2             x = 0 ,   𝜋


                              x =  𝜋 6 ,  𝜋 2 ,   5 𝜋 6          


                      ∴ x = 0 ,  𝜋 6 ,  𝜋 2 ,   5 𝜋 6 ,   𝜋


  ∫    sin ⁡ x   sin ⁡  2 x d x


  = ∫  2     sin 2 ⁡ x   cos ⁡ x d x


  = 2 ∫     (    sin ⁡ x ) 2 ×  d  d x (   sin ⁡ x ) d x


  =   2     sin 3 ⁡ x 3 + c


  ∫    sin ⁡ x   sin ⁡  2 x d x


  = ∫   1 2  [    cos ⁡  ( 2 x − x ) −   cos ⁡   (  2 x + x )     2 2 ] d x


  =  1 2 ∫   [    cos ⁡ x −   cos ⁡  3 x     2 2 ] d x


  =  1 2   sin ⁡ x −  1 6   sin ⁡  3 x + c


  =  1 2   sin ⁡ x −  1 6  (    sin ⁡  2 x   cos ⁡ x +   cos ⁡  2 x   sin ⁡ x ) + c


  =  1 2   sin ⁡ x −  1 6  (  2   sin ⁡ x     cos 2 ⁡ x +   sin ⁡ x − 2     sin 3 ⁡ x ) + c


  =  1 2   sin ⁡ x −  1 3   sin ⁡ x  (  1 −     sin 2 ⁡ x ) −  1 6   sin ⁡ x +  1 3     sin 3 ⁡ x + c


  =  1 2   sin ⁡ x −  1 3   sin ⁡ x +  1 3     sin 3 ⁡ x −  1 6   sin ⁡ x +  1 3     sin 3 ⁡ x + c


  =   2     sin 3 ⁡ x 3 + c


  LHS =  1 2  [    cos ⁡   (  6 x − 3 x ) +   cos ⁡   (  6 x + 3 x )     2 2 ]


                                  −  1 2  [    cos ⁡   (  7 x − 4 x ) −   cos ⁡   (  7 x + 4 x )     2 2 ]


  =  1 2  [    cos ⁡  3 x +   cos ⁡  9 x −   cos ⁡  3 x +   cos ⁡  11 x     2 2 ]


  =  1 2  [    cos ⁡  9 x +   cos ⁡  11 x     2 2 ]


  =  1 2  [    cos ⁡   (  10 x − x ) +   cos ⁡   (  10 x + x )     2 2 ]


  =  1 2  [  2   cos ⁡  10 x   cos ⁡ x     2 2 ]


  =   cos ⁡  10 x   cos ⁡ x


  ∴ A = 10   and   B = 1    (  or vice versa )


    cos ⁡ x   sin ⁡ y =  1 2  [    sin ⁡   (  x + y ) −   sin ⁡   (  x − y )     2 2 ]


  =  1 2  (  N − M )


  =   N − M 2


      cos ⁡  ( A − B ) +   cos ⁡  ( A + B )    cos ⁡  ( A − B ) −   cos ⁡  ( A + B )


  =   2   cos ⁡ A   cos ⁡ B  2   sin ⁡ A   sin ⁡ B


  =   cot ⁡ A   cot ⁡ B  


    sin ⁡  3 x +   sin ⁡ x


  = 2   sin ⁡   (    3 x + x 2 )   cos ⁡   (    3 x − x 2 )


  = 2   sin ⁡  2 x   cos ⁡ x


  = 2  (  2   sin ⁡ x   cos ⁡ x )   cos ⁡ x


  = 4   sin ⁡ x     cos 2 ⁡ x


  = 4   sin ⁡ x  (  1 −     sin 2 ⁡ x )


  = 4   sin ⁡ x − 4     sin 3 ⁡ x


      sin ⁡ A +   sin ⁡ B    cos ⁡ A +   cos ⁡ B =   2   sin ⁡   (    A + B 2 )   cos ⁡   (    A − B 2 )  2   cos ⁡   (    A + B 2 )   cos ⁡   (    A − B 2 )


  =     sin ⁡   (    A + B 2 )    cos ⁡   (    A + B 2 )


  =   tan ⁡   (    A + B 2 )


    sin ⁡  3 x +   cos ⁡  2 x −   sin ⁡ x = 0


    sin ⁡  ( 2 x + x ) −   sin ⁡   (  2 x − x ) +   cos ⁡  2 x = 0


  2   cos ⁡  2 x   sin ⁡ x +   cos ⁡  2 x = 0


    cos ⁡  2 x  (  2   sin ⁡ x + 1 ) = 0


    cos ⁡  2 x = 0           sin ⁡ x = −  1 2


  2 x =  𝜋 2 ,   3 𝜋 2 ,   5 𝜋 2 ,   7 𝜋 2               x =   7 𝜋 6 ,   11 𝜋 6


  x =  𝜋 4 ,   3 𝜋 4 ,   5 𝜋 4 ,   7 𝜋 4  


  x =  𝜋 4 ,   3 𝜋 4 ,   7 𝜋 6 ,   5 𝜋 4 ,   7 𝜋 4 ,   11 𝜋 6


   ∫ 0 𝜋    sin ⁡  ( m x )   cos ⁡  ( n x ) d x


  =  1 2  ∫ 0 𝜋  (   sin ⁡   (  m x + n x ) +   sin ⁡  ( m x − n x ) ) d x


  =  1 2  ∫ 0 𝜋  (   sin ⁡   (  m + n ) x +   sin ⁡   (  m − n ) x ) d x


  =  1 2    [  −     cos ⁡   (  m + n ) x  m + n −     cos ⁡   (  m − n ) x  m − n ] 0 𝜋


  =  1 2  (   (  −     cos ⁡   (  m + n ) 𝜋  m + n −     cos ⁡   (  m − n ) 𝜋  m − n ) −  (  −     cos ⁡ 0  m + n −     cos ⁡ 0  m − n ) )


  =  1 2  (   (  −  1  m + n −  1  m − n ) −  (  −  1  m + n −  1  m − n ) )   since   cos ⁡  2 k 𝜋 = 1


  = 0


    sin ⁡  2 𝜃 +   sin ⁡  4 𝜃 −   sin ⁡  6 𝜃


  =   sin ⁡  ( 3 𝜃 + 𝜃 ) +   sin ⁡  ( 3 𝜃 − 𝜃 ) −   sin ⁡  2  (  3 𝜃 )


  = 2   sin ⁡  3 𝜃   cos ⁡ 𝜃 − 2   sin ⁡  3 𝜃   cos ⁡  3 𝜃


  = 2   sin ⁡  3 𝜃  (    cos ⁡ 𝜃 −   cos ⁡  3 𝜃 )


  = 2   sin ⁡  3 𝜃  (    cos ⁡   (  2 𝜃 − 𝜃 ) −   cos ⁡   (  2 𝜃 + 𝜃 ) )


  = 2   sin ⁡  3 𝜃  (  2   sin ⁡  2 𝜃   sin ⁡ 𝜃 )


  = 4   sin ⁡ 𝜃   sin ⁡  2 𝜃   sin ⁡  3 𝜃


    sin ⁡  6 𝜃 =   sin ⁡  2 𝜃 +   sin ⁡  4 𝜃


    sin ⁡  2 𝜃 +   sin ⁡  4 𝜃 −   sin ⁡  6 𝜃 = 0


  4   sin ⁡ 𝜃   sin ⁡  2 𝜃   sin ⁡  3 𝜃 = 0


    sin ⁡ 𝜃 = 0           sin ⁡  2 𝜃 = 0                     sin ⁡  3 𝜃 = 0


  𝜃 = 0 ,   𝜋               2 𝜃 = 0 ,   𝜋 ,   2 𝜋           3 𝜃 = 0 ,   𝜋 ,   2 𝜋 ,   3 𝜋


  𝜃 = 0 ,  𝜋 2 , 𝜋                   𝜃 = 0 ,  𝜋 3 ,   2 𝜋 3 ,   𝜋


  𝜃 = 0 ,  𝜋 3 ,  𝜋 2 ,   2 𝜋 3 , 𝜋


    sin ⁡  2 x +   sin ⁡  3 x +   cos ⁡  2 x +   cos ⁡  3 x = 0


    sin ⁡   (    5 x 2 +  x 2 ) +   sin ⁡   (    5 x 2 −  x 2 ) +   cos ⁡   (    5 x 2 +  x 2 ) +   cos ⁡   (    5 x 2 −  x 2 ) = 0


  2   sin ⁡    5 x 2   cos ⁡   x 2 + 2   cos ⁡    5 x 2   cos ⁡   x 2 = 0


  2   cos ⁡   x 2  (    sin ⁡    5 x 2 +   cos ⁡    5 x 2 ) = 0


    cos ⁡   x 2 = 0                 sin ⁡    5 x 2 +   cos ⁡    5 x 2 = 0


   x 2 =  𝜋 2                       sin ⁡    5 x 2 = −   cos ⁡    5 x 2


  x = 𝜋                     tan ⁡    5 x 2 = − 1


                                                                                        5 x 2 =   3 𝜋 4 ,   7 𝜋 4 ,   11 𝜋 4 ,   15 𝜋 4 ,   19 𝜋 4


  x =   3 𝜋  10 ,   7 𝜋  10 ,   11 𝜋  10 ,   3 𝜋 2 ,   19 𝜋  10


  ∴ x =   3 𝜋  10 ,   7 𝜋  10 , 𝜋 ,     11 𝜋  10 ,   3 𝜋 2 ,   19 𝜋  10


      sin ⁡ x +   sin ⁡  3 x +   sin ⁡  5 x    cos ⁡ x +   cos ⁡  3 x +   cos ⁡  5 x


  =     sin ⁡  ( 3 x + 2 x ) +   sin ⁡  ( 3 x − 2 x ) +   sin ⁡  3 x    cos ⁡  ( 3 x + 2 x ) +   cos ⁡  ( 3 x − 2 x ) +   cos ⁡  3 x


  =   2   sin ⁡  3 x   cos ⁡  2 x +   sin ⁡  3 x  2   cos ⁡  3 x   cos ⁡  2 x +   cos ⁡  3 x


  =     sin ⁡  3 x  (  2   cos ⁡  2 x + 1 )    cos ⁡  3 x  (  2   cos ⁡  2 x + 1 )


  =     sin ⁡  3 x    cos ⁡  3 x     since     cos ⁡  2 x ≠ −  1 2


  =   tan ⁡  3 x     since   cos ⁡  3 x ≠ 0


    cos ⁡   (  x +  𝜋 6 )   sin ⁡   (  x −  𝜋 6 ) =  1 2  [    sin ⁡   (  x +  𝜋 6 + x −  𝜋 6 ) −   sin ⁡   (  x +  𝜋 6 − x +  𝜋 6 ) ]


  =  1 2  [    sin ⁡  2 x −   sin ⁡   𝜋 3 ]


  =  1 2  [    sin ⁡  2 x −    3 2 ]


  ∴  1 2  [    sin ⁡  2 x −    3 2 ] = −    3 4


    sin ⁡  2 x −    3 2 = −    3 2


    sin ⁡  2 x = 0


  2 x = 0 ,   𝜋 ,   2 𝜋 ,   3 𝜋 ,   4 𝜋


  x = 0 ,  𝜋 2 , 𝜋 ,   3 𝜋 2 ,   2 𝜋


  a   LHS =  1 2  [    cos ⁡   [   (  a + b ) −  (  a − b )     2 2 ] −   cos ⁡   [   (  a + b ) +  (  a − b )     2 2 ]     2 2 ]


  =  1 2  [    cos ⁡  2 b −   cos ⁡  2 a     2 2 ]


  =  1 2  [   (  1 − 2     sin 2 ⁡ b ) −  (  1 − 2     sin 2 ⁡ a )     2 2 ]


  =  1 2  [  2     sin 2 ⁡ a − 2     sin 2 ⁡ b     2 2 ]


  =     sin 2 ⁡ a −     sin 2 ⁡ b


  b                      sin ⁡  ( 4 x + 2 x )   sin ⁡   (  4 x − 2 x ) =   sin ⁡  6 x         from   ( a )


    sin ⁡  6 x   sin ⁡  2 x =   sin ⁡  6 x


    sin ⁡  6 x  (    sin ⁡  2 x − 1 ) = 0


    sin ⁡  6 x = 0                   or                     sin ⁡  2 x − 1 = 0


  6 x = 0 ,   𝜋 ,   2 𝜋 ,   3 𝜋                           sin ⁡  2 x = 1


  x = 0 ,  𝜋 6 ,  𝜋 3 ,  𝜋 2                                             2 x =  𝜋 2


  x =  𝜋 4


  ∴ x = 0 ,  𝜋 6 ,  𝜋 4 ,  𝜋 3 ,  𝜋 2


  4   cos ⁡  2 x   sin ⁡ x +   cos ⁡  3 x − 2   sin ⁡ x + 1 = 2  (    sin ⁡  3 x −   sin ⁡ x ) +   cos ⁡  3 x − 2   sin ⁡ x + 1


  = 2   sin ⁡  3 x +   cos ⁡  3 x + 1


  R =    2 2 +  1 2 =  5


  𝛼 =     tan  − 1 ⁡   (   1 2 ) = 0 . 464


  ∴ 4   cos ⁡  2 x   sin ⁡ x +   cos ⁡  3 x − 2   sin ⁡ x + 1 =  5   sin ⁡   (  3 x + 0 . 464     2 2 ) + 1


    sin ⁡ x +   sin ⁡  3 x +   sin ⁡  5 x =   cos ⁡ x +   cos ⁡  3 x +   cos ⁡  5 x


      sin ⁡ x +   sin ⁡  3 x +   sin ⁡  5 x    cos ⁡ x +   cos ⁡  3 x +   cos ⁡  5 x = 1


    tan ⁡  3 x = 1


  3 x =  𝜋 4 ,   5 𝜋 4 ,   9 𝜋 4


  x =  𝜋  12 ,   5 𝜋  12 ,   3 𝜋 4


  a   LHS =  1 2  (    sin ⁡ A +   sin ⁡ B ) +  1 2  (    sin ⁡ A −   sin ⁡ B )


  =  1 2  (    sin ⁡ A +   sin ⁡ B +   sin ⁡ A −   sin ⁡ B )


  =  1 2 × 2   sin ⁡ A


  =   sin ⁡ A


  b   LHS =   sin ⁡   (    2 x +  𝜋 3 2 )   cos ⁡   (    2 x −  𝜋 3 2 ) +   cos ⁡   (    2 x +  𝜋 3 2 )   sin ⁡   (    2 x −  𝜋 3 2 )


  =   sin ⁡  2 x


  ∴   sin ⁡  2 x = −    3 2


  2 x = −   2 𝜋 3 , −  𝜋 3 ,   4 𝜋 3 ,   5 𝜋 3


  x = −  𝜋 3 , −  𝜋 6 ,   2 𝜋 3 ,   5 𝜋 6


  ∫  x   cos ⁡  4  x 2   cos ⁡  2  x 2 d x


  = ∫  x ×  1 2 (   cos ⁡  2  x 2 +   cos ⁡  6  x 2 ) d x


  =  1 2 ∫  x   cos ⁡  2  x 2 d x +  1 2 ∫  x   cos ⁡  6  x 2 d x


  =  1 8 ∫  4 x   cos ⁡  2  x 2 d x +  1  24 ∫  12 x   cos ⁡  6  x 2 d x


  =     sin ⁡  2  x 2 8 +     sin ⁡  6  x 2  24 + c


  ∫    sin ⁡ x     cos 3 ⁡ x   d x


  = − ∫   (  −   sin ⁡ x )    (    cos ⁡ x ) 3 d x


  = −       cos 4 ⁡ x 4 + c


   ∫   𝜋 4   𝜋 2      cos 3 ⁡ x d x


  =  ∫   𝜋 4   𝜋 2    cos ⁡ x     cos 2 ⁡ x d x


  =  ∫   𝜋 4   𝜋 2    cos ⁡ x ( 1 −     sin 2 ⁡ x ) d x


  =  ∫   𝜋 4   𝜋 2   (    cos ⁡ x −   cos ⁡ x    (    sin ⁡ x ) 2 ) d x


  =    [    sin ⁡ x −       sin 3 ⁡ x 3 ]   𝜋 4   𝜋 2


  =  (  1 −  1 3 ) −  (   1   2 −  1  6  2 )


  =  2 3 −  5  6  2


  =   8 − 5  2  12


  ∫      sec 4 ⁡ x     tan 2 ⁡ x d x


  = ∫      sec 2 ⁡ x     sec 2 ⁡ x     tan 2 ⁡ x d x


  = ∫      sec 2 ⁡ x ( 1 +     tan 2 ⁡ x )     tan 2 ⁡ x d x


  = ∫      sec 2 ⁡ x (     tan 2 ⁡ x +     tan 4 ⁡ x )   d x


  =       tan 3 ⁡ x 3 +       tan 5 ⁡ x 5 + c


  ∫      sec 4 ⁡ x d x


  = ∫      sec 2 ⁡ x     sec 2 ⁡ x d x


  = ∫      sec 2 ⁡ x (     tan 2 ⁡ x + 1 ) d x  


  = ∫      sec 2 ⁡ x    (    tan ⁡ x ) 2 d x + ∫      sec 2 ⁡ x d x


  =       tan 3 ⁡ x 3 +   tan ⁡ x + c


  ∫    cosec ⁡ x d x


  = ∫    cosec ⁡ x ×     cot ⁡ x +   cosec ⁡ x    cosec ⁡ x +   cot ⁡ x d x


  = ∫      cosec ⁡ x   cot ⁡ x +     cosec 2 ⁡ x    cosec ⁡ x +   cot ⁡ x d x


  = − ∫    −   cosec ⁡ x   cot ⁡ x −     cosec 2 ⁡ x    cosec ⁡ x +   cot ⁡ x d x


  = −   ln ⁡   |    cot ⁡ x +   cosec ⁡ x | + c


  ∫    tan ⁡ x     sec 3 ⁡ x d x


  = ∫    tan ⁡ x   sec ⁡ x    (    sec ⁡ x ) 2 d x


  =       sec 3 ⁡ x 3 + c


  ∫      cos 4 ⁡ x d x


  = ∫     (      cos 2 ⁡ x ) 2


  = ∫     (   1 2  (  1 +   cos ⁡  2 x ) ) 2 d x


  =  1 4 ∫  ( 1 + 2   cos ⁡  2 x +     cos 2 ⁡  2 x ) d x


  =  1 4 ∫   (  1 + 2   cos ⁡  2 x +  1 2  (  1 +   cos ⁡  4 x ) ) d x


  =  1 4  (  x +   sin ⁡  2 x +  1 2  (   1 4   sin ⁡  4 x + x ) ) + c


  =  x 4 +     sin ⁡  2 x 4 +     sin ⁡  4 x  32 +  x 2 + c


  =     sin ⁡  4 x  32 +     sin ⁡  2 x 4 +   3 x 8 + c


  ∫      tan 3 ⁡ x d x


  = ∫      tan 2 ⁡ x   tan ⁡ x d x


  = ∫   (      sec 2 ⁡ x − 1 )   tan ⁡ x d x


  = ∫  (     sec 2 ⁡ x   tan ⁡ x −   tan ⁡ x ) d x


  =       tan 2 ⁡ x 2 +   ln ⁡   |    cos ⁡ x | + c


   ∫   𝜋 6   𝜋 3      cot 3 ⁡ x     cosec 2 ⁡ x d x


  = −  ∫   𝜋 6   𝜋 3  ( −   co   sec 2 ⁡ x   )  (    cot ⁡ x ) 3 d x


  = −    [        cot 4 ⁡ x 4 ]   𝜋 6   𝜋 3


  = −  1 4  (     (   1   3 ) 4 −    (   3 ) 4 )


  = −  1 4  (   1 9 − 9 )


  =   20 9


  ∫      cosec 4 ⁡ x d x


  = ∫      cosec 2 ⁡ x ×     cosec 2 ⁡ x d x


  = ∫      cosec 2 ⁡ x ( 1 +     cot 2 ⁡ x ) d x


  = ∫  (     cosec 2 ⁡ x +     cosec 2 ⁡ x     cot 2 ⁡ x ) d x


  = −   cot ⁡ x −       cot 3 ⁡ x 3 + c


  ∫      cos ⁡ x     sin 3 ⁡ x d x


  = ∫    sin ⁡ x    (    cos ⁡ x )   1 2  (  1 −     cos 2 ⁡ x ) d x


  = − ∫  ( −   sin ⁡ x )  (     (    cos ⁡ x )   1 2 −    (    cos ⁡ x )   5 2     2 2 ) d x


  = −  2 3    (    cos ⁡ x )   3 2 +  2 7    (    cos ⁡ x )   7 2 + c


  =   2       cos 7 ⁡ x 7 −   2       cos 3 ⁡ x 3 + c


  ∫      sin 2 ⁡ x     cos 4 ⁡ x   d x


  = ∫   1 2  (  1 −   cos ⁡  2 x )    (   1 2  (  1 +   cos ⁡  2 x ) ) 2   d x


  =  1 8 ∫   (  1 −   cos ⁡  2 x )    (   (  1 +   cos ⁡  2 x ) ) 2   d x


  =  1 8 ∫   (  1 −   cos ⁡  2 x )  (  1 + 2   cos ⁡  2 x +     cos 2 ⁡  2 x )   d x


  =  1 8 ∫  ( 1 + 2   cos ⁡  2 x +     cos 2 ⁡  2 x −   cos ⁡  2 x − 2     cos 2 ⁡  2 x −     cos 3 ⁡  2 x ) d x


  =  1 8 ∫  ( 1 +   cos ⁡  2 x −     cos 2 ⁡  2 x −     cos 3 ⁡  2 x ) d x


  =  1 8 ∫   (  1 +   cos ⁡  2 x −  1 2  (  1 +   cos ⁡  4 x ) −   cos ⁡  2 x  (  1 −     sin 2 ⁡  2 x ) ) d x


  =  1 8 ∫   (   1 2 −  1 2   cos ⁡  4 x +   cos ⁡  2 x     sin 2 ⁡  2 x ) d x


  =  x  16 −     sin ⁡  4 x  64 +       sin 3 ⁡  2 x  48 + c


  ∫      cos ⁡  2 x    cos ⁡  x   d x


  = ∫    2     cos 2 ⁡ x − 1    cos ⁡ x d x


  = ∫  ( 2   cos ⁡ x −   sec ⁡ x ) d x


  = 2   sin ⁡ x −   ln ⁡   |    tan ⁡ x +   sec ⁡ x | + c


   ∫  −  𝜋 4   𝜋 4      tan ⁡ x      cos 2 ⁡ x d x


  =  ∫  −  𝜋 4   𝜋 4    tan ⁡ x     sec 2 ⁡ x d x


  =    [        tan 2 ⁡ x 2 ]  −  𝜋 4   𝜋 4


  =  1 2  (   1 2 −    (  − 1 ) 2 )


  = 0


    tan ⁡ x


      cos 2 ⁡ x


      tan ⁡ x      cos 2 ⁡ x


  ∴  ∫  −  𝜋 4   𝜋 4      tan ⁡ x      cos 2 ⁡ x d x = 0


  ∫  (     cos 4 ⁡ x −     sin 4 ⁡ x ) d x


  = ∫  (     cos 2 ⁡ x −     sin 2 ⁡ x ) (     cos 2 ⁡ x +     sin 2 ⁡ x ) d x


  = ∫  (     cos 2 ⁡ x −     sin 2 ⁡ x ) d x


  = ∫    cos ⁡  2 x d x


  =  1 2   sin ⁡  2 x + c


  ∫  (     tan 4 ⁡ x −     sec 4 ⁡ x ) d x


  = ∫  (     tan 2 ⁡ x −     sec 2 ⁡ x ) (     tan 2 ⁡ x +     sec 2 ⁡ x ) d x


  = ∫   (  − 1 )  (  2     sec 2 ⁡ x − 1 ) d x


  = − 2   tan ⁡ x + x + c


  ∫      sec 6 ⁡ x d x


  = ∫      sec 2 ⁡ x     sec 4 ⁡ x d x


  = ∫      sec 2 ⁡ x    (      tan 2 ⁡ x + 1 ) 2 d x


  = ∫      sec 2 ⁡ x (     tan 4 ⁡ x + 2     tan 2 ⁡ x + 1 ) d x


  =       tan 5 ⁡ x 5 +   2     tan 3 ⁡ x 3 +   tan ⁡ x + c


  V = 𝜋  ∫ 0   𝜋 4     (      sec 2 ⁡ x     tan 3 ⁡ x ) 2 d x


  = 𝜋  ∫ 0   𝜋 4      sec 4 ⁡ x     tan 6 ⁡ x d x


  = 𝜋  ∫ 0   𝜋 4      sec 2 ⁡ x     sec 2 ⁡ x     tan 6 ⁡ x d x


  = 𝜋  ∫ 0   𝜋 4      sec 2 ⁡ x  (      tan 2 ⁡ x + 1 )     tan 6 ⁡ x d x


  = 𝜋  ∫ 0   𝜋 4      sec 2 ⁡ x  (      tan 8 ⁡ x +     tan 6 ⁡ x ) d x


  = 𝜋    [        tan 9 ⁡ x 9 +       tan 7 ⁡ x 7 ] 0   𝜋 4


  = 𝜋  (   (   1 9 +  1 7 ) −  (  0 + 0 ) )


  =   16 𝜋  63   unit  s 3


  ∫       (    cos ⁡ x +   sin ⁡ x ) 3    sin ⁡  2 x + 1 d x


  = ∫       (    cos ⁡ x +   sin ⁡ x ) 3  2   sin ⁡ x   cos ⁡ x +     cos 2 ⁡ x +     sin 2 ⁡ x d x


  = ∫       (    cos ⁡ x +   sin ⁡ x ) 3     (    cos ⁡ x +   sin ⁡ x ) 2 d x


  = ∫  (   cos ⁡ x +   sin ⁡ x ) d x


  =   sin ⁡ x −   cos ⁡ x + c


  ∫      1 +   sin ⁡ x    sec ⁡ x d x


  = ∫    cos ⁡ x    (  1 +   sin ⁡ x )   1 2 d x


  =  2 3    (  1 +   sin ⁡ x )   3 2 + c


  =  2 3      (  1 +   sin ⁡ x ) 3 + c


  ∫      cot 2 ⁡ x d x


  = ∫  (     cosec 2 ⁡ x − 1 ) d x


  = −   cot ⁡ x − x + c


  ∫        sin 5 ⁡ x      cos 4 ⁡ x d x


  = ∫    sin ⁡ x       sin 4 ⁡ x      cos 4 ⁡ x d x


  = ∫    sin ⁡ x ×      (  1 −     cos 2 ⁡ x ) 2      cos 4 ⁡ x d x


  = ∫    sin ⁡ x ×   1 − 2   cos ⁡ x +     cos 2 ⁡ x        cos 4 ⁡ x d x


  = ∫    sin ⁡ x ×  (     (    cos ⁡ x )  − 4 − 2    (    cos ⁡ x )  − 3 +    (    cos ⁡ x )  − 2 ) d x


  =      (    cos ⁡ x )  − 3  − 3 −   2    (    cos ⁡ x )  − 2  − 2 +      (    cos ⁡ x )  − 1  − 1 + c


  = −       sec 3 ⁡ x 3 +     sec 2 ⁡ x +   sec ⁡ x + c  


  ∫      cot 3 ⁡ x d x


  = ∫      cot 2 ⁡ x   cot ⁡ x d x


  = ∫   (      cosec 2 ⁡ x − 1 )   cot ⁡ x d x


  = ∫   (    cot ⁡ x     cosec 2 ⁡ x −   cot ⁡ x ) d x


  = ∫   (  − ( −   cot ⁡ x )     cosec 2 ⁡ x −     cos ⁡ x    sin ⁡ x ) d x


  = −       cosec 3 ⁡ x 3 −   ln ⁡   |    sin ⁡ x | + c


  ∫      cot 3 ⁡ x     cosec 3 ⁡ x d x


  = ∫    cot ⁡ x   cosec ⁡ x     cot 2 ⁡ x     cosec 2 ⁡ x d x


  = ∫    cot ⁡ x   cosec ⁡ x (     cosec 2 ⁡ x − 1 )     cosec 2 ⁡ x d x


  = − ∫  −   cot ⁡ x   cosec ⁡ x  (      cosec 4 ⁡ x −     cosec 2 ⁡ x ) d x


  = −       cosec 5 ⁡ x 5 +       cosec 3 ⁡ x 3 + c


  ∫    1 +   sin ⁡ x d x


  = ∫        cos 2 ⁡   x 2 +     sin 2 ⁡   x 2 +   sin ⁡  2  (   x 2 ) d x


  = ∫        cos 2 ⁡   x 2 + 2   cos ⁡   x 2   sin ⁡   x 2 +     sin 2 ⁡   x 2 d x


  = ∫       (    cos ⁡   x 2 +   sin ⁡   x 2 ) 2 d x


  = ∫   (    cos ⁡   x 2 +   sin ⁡   x 2 ) d x


  = 2   sin ⁡   x 2 − 2   cos ⁡   x 2 + c


    cos ⁡ A =   cos ⁡   [  2  (   A 2 ) ]


  =     cos 2 ⁡   A 2 −     sin 2 ⁡   A 2                        


                                                                                using the double angle result


  =       cos 2 ⁡   A 2 −     sin 2 ⁡   A 2      cos 2 ⁡   A 2 +     sin 2 ⁡   A 2            


                                                                              since     cos 2 ⁡ 𝜃 +     sin 2 ⁡ 𝜃 = 1


  =   1 −     tan 2 ⁡   A 2  1 +     tan 2 ⁡   A 2                         


                                                            dividing the numerator and 


                                                                            denominator by      cos 2 ⁡   A 2


  =   1 −  t 2  1 +  t 2


    1 +   cos ⁡ A    sin ⁡ A


  =   1 +   1 −  t 2  1 +  t 2    2 t  1 +  t 2


  =   1 +  t 2 + 1 −  t 2  2 t


  =  2  2 t


  =  1 t


  =   cot ⁡   A 2


    cot ⁡  15 ° =   cot ⁡   (    30 ° 2 )


  =   1 +   cos ⁡  30 °    sin ⁡  30 °                 from (a)


  =   1 +    3 2   1 2


  = 2  ( 1 ) + 2  (     3 2 )


  = 2 +  3


  2   tan ⁡   x 2 =  3  (  1 −     tan 2 ⁡   x 2 )


    2   tan ⁡   x 2  1 −     tan 2 ⁡   x 2 =  3


    tan ⁡ x =  3


  x =  𝜋 3 ,   4 𝜋 3


    tan ⁡ 𝜃   sin ⁡ 𝜃


  =   2 t  1 −  t 2 ×   2 t  1 +  t 2


  =   4  t 2  1 −  t 4  


    cos ⁡  2 𝜃


  = 2     cos 2 ⁡ 𝜃 − 1


  =   2    (  1 −  t 2 ) 2     (  1 +  t 2 ) 2 − 1


  =   2  (  1 − 2  t 2 +  t 4 ) −  (  1 + 2  t 2 +  t 4 )     (  1 +  t 2 ) 2


  =   1 − 6  t 2 +  t 4     (  1 +  t 2 ) 2  


   2  1 −   cos ⁡ x


  =  2  1 −   1 −  t 2  1 +  t 2


  =   2 + 2  t 2  1 +  t 2 − 1 +  t 2


  =   2  (  1 +  t 2 )  2  t 2


  =   1 +  t 2   t 2


  =   1 +     tan 2 ⁡   (   x 2 )      tan 2 ⁡   (   x 2 )


  =       sec 2 ⁡   (   x 2 )      tan 2 ⁡   (   x 2 )


  =  1      cos 2 ⁡   (   x 2 ) ×       cos 2 ⁡   (   x 2 )      sin 2 ⁡   (   x 2 )


  =  1      sin 2 ⁡   (   x 2 )


  =     cosec 2 ⁡   (   x 2 )


    1 +   cos ⁡ x +   sin ⁡ x  1 −   cos ⁡ x +   sin ⁡ x


  =   1 +   1 −  t 2  1 +  t 2 +   2 t  1 +  t 2  1 −   1 −  t 2  1 +  t 2 +   2 t  1 +  t 2


  =   1 +  t 2 + 1 −  t 2 + 2 t  1 +  t 2 − 1 +  t 2 + 2 t


  =   2 + 2 t  2 t + 2  t 2


  =   2  (  1 + t )  2 t  (  1 + t )


  =  1 t


  =  1    tan ⁡   (   x 2 )


  =   cot ⁡   (   x 2 )


  t =   tan ⁡   𝜋 8


    tan ⁡   𝜋 4 =   2 t  1 −  t 2


  1 =   2 t  1 −  t 2              


  1 −  t 2 = 2 t


   t 2 + 2 t − 1 = 0


  t =   − 2 +      ( 2 ) 2 − 4  ( 1 )  (  − 1 )  2 × 1


                                  only use the positive since   tan ⁡   𝜋 8 > 0    


  =   − 2 +  8 2


  =   − 2 + 2  2 2


  = − 1 +  2


  =  2 − 1  


  t =   tan ⁡   𝜋 8


    sin ⁡   𝜋 4 =   2 t  1 +  t 2


   1   2 =   2 t  1 +  t 2              


  1 +  t 2 = 2  2 t


   t 2 − 2  2 t + 1 = 0


  t =   2  2 −      (  − 2  2 ) 2 − 4  ( 1 )  ( 1 )  2 × 1


                                  only use the negative since   sin ⁡    3 𝜋 4 =  1   2    


                                  giving   t =   tan ⁡    3 𝜋 8   which is larger


  =   2  2 −  4 2


  =   2  2 − 2 2


  =  2 − 1


  t =   tan ⁡ 𝜃


    1 +   cos ⁡  2 𝜃  1 −   cos ⁡  2 𝜃 =    (  1 +   1 −  t 2  1 +  t 2 )   (  1 −   1 −  t 2  1 +  t 2 )


  =   1 +  t 2 + 1 −  t 2  1 +  t 2 − 1 +  t 2


  =  2  2  t 2


  =  1   t 2


  =     cot 2 ⁡ 𝜃  


    sin ⁡ x − 2   cos ⁡ x = R  (    sin ⁡ x   cos ⁡ 𝛼 −   cos ⁡ x   sin ⁡ 𝛼 )


  R   cos ⁡ 𝛼 = 1                        ( 1 )               (   cos ⁡ 𝛼 > 0 )


  − R   sin ⁡ 𝛼 = − 2                  ( 2 )                (    sin ⁡ 𝛼 > 0 )


  ∴ 𝛼


     ( 1 ) 2 +    ( 2 ) 2 :      R 2  (      cos 2 ⁡ 𝛼 +     sin 2 ⁡ 𝛼 ) =  1 2 +  2 2


   R 2 = 5


  R =  5


   ( 2 ) ÷  ( 1 ) :         − R   sin ⁡ 𝛼  R   cos ⁡ 𝛼 =   − 2 1


    tan ⁡ 𝛼 = 2


  𝛼 = 1 . 107149


  ∴   sin ⁡ x − 2   cos ⁡ x =  5   sin ⁡   (  x − 1 . 107149 )


  ∴  5   sin ⁡   (  x − 1 . 107149 ) = 2


    sin ⁡   (  x − 1 . 107149 ) =  2   5


  x − 1 . 107149 = 1 . 107149 ,   𝜋 − 1 . 107149


  x = 2 . 214297 ,   𝜋


  = 2 . 21    (  2   dp ) ,   𝜋


    2 t  1 +  t 2 − 2   1 −  t 2  1 +  t 2 = 2


  2 t − 2 + 2  t 2 = 2 + 2  t 2


  2 t − 2 = 2


  t = 2


    tan ⁡   A 2 = 2


   A 2 = 1 . 107149


  A = 2 . 214297


  Check  x = 𝜋 :  


      sin ⁡ 𝜋 − 2   cos ⁡ 𝜋 = 0 − 2  (  − 1 ) = 2   ✔


  ∴ x = 2 . 214297 ,   𝜋


    cos ⁡ x − 2   sin ⁡ x = 1


    1 −  t 2  1 +  t 2 − 2  (    2 t  1 +  t 2 ) = 1


  1 −  t 2 − 4 t = 1 +  t 2


  2  t 2 + 4 t = 0


  2 t  (  t + 2 ) = 0


  t = 0             t + 2 = 0


    tan ⁡   x 2 = 0           tan ⁡   x 2 = − 2


   x 2 = 0        x 2 = −     tan  − 1 ⁡   ( 2 )


  x = 0             x = − 2     tan  − 1 ⁡   ( 2 )


  = − 2 . 214297


  Check  𝜃 = − 𝜋 :


      cos ⁡   (  − 𝜋 ) − 2   sin ⁡   (  − 𝜋 ) = − 1 − 2  ( 0 ) = − 1 ≠ 1   ✘


  Check  𝜃 = 𝜋 :


      cos ⁡   ( 𝜋 ) − 2   sin ⁡   ( 𝜋 ) = − 1 − 2  ( 0 ) = − 1 ≠ 1   ✘


  ∴ x = 0 ,   − 2 . 21    (  2   dp )


   𝜃 2


  t


  1


     t 2 + 1


  𝒕


    sin ⁡ x +   cos ⁡ x =  1 2


    2 t  1 +  t 2 +   1 −  t 2  1 +  t 2 =  1 2


  4 t + 2 − 2  t 2 = 1 +  t 2


  3  t 2 − 4 t − 1 = 0


  t =   4 ±      (  − 4 ) 2 − 4  ( 3 )  (  − 1 )  2 × 3


    tan ⁡   x 2 =   4 ±   28 6


   x 2 =     tan  − 1 ⁡   (    4 +   28 6 ) , 𝜋 −     tan  − 1 ⁡   |    4 −   28 6 |


  x = 2     tan  − 1 ⁡   (    4 +   28 6 ) , 2 𝜋 − 2     tan  − 1 ⁡   |    4 −   28 6 |


  = 1 . 994827 .   .   . , 5 . 859154 .   .   .


  Check  x = 𝜋 :    


    sin ⁡ 𝜋 +   cos ⁡ 𝜋 = 0 +  (  − 1 ) = − 1 ≠ 0 . 5   ✘


  The only solutions in the domain   [  0 ,   2 𝜋 ]  are   x = 2 . 00   and   x = 5 . 86 ,   correct to  2   decimal places.


    2 t  1 +  t 2 −  t    1 +  t 2 = 0                        


    2 t  1 +  t 2 =  t    1 +  t 2


  2 t = t   1 +  t 2


  4  t 2 =  t 2 +  t 4


   t 4 − 3  t 2 = 0


   t 2  (   t 2 − 3 ) = 0


  t = 0         t = ±  3


    tan ⁡   𝜃 2 = 0               tan ⁡   𝜃 2 = ±  3


   𝜃 2 = 0                            𝜃 2 = ±  𝜋 3


  𝜃 = 0                             𝜃 = ±   2 𝜋 3


  Check  𝜃 = − 𝜋 :          


    sin ⁡   (  − 𝜋 ) −   sin ⁡   (  −  𝜋 2 ) = 0 −  (  − 1 ) = 1 ≠ 0   ✘


  Check  𝜃 = 𝜋 :                  


    sin ⁡   ( 𝜋 ) −   sin ⁡   (   𝜋 2 ) = 0 −  ( 1 ) = − 1 ≠ 0   ✘


  The solutions are  𝜃 = −   2 𝜋 3 ,   0 ,   2 𝜋 3 .


       (   3 ) 2 +  1 2 = 2


   3   sin ⁡ x −   cos ⁡ x


  = 2  (    sin ⁡ x ×    3 2 −   cos ⁡ x ×  1 2 )


  = 2  (    sin ⁡ x   cos ⁡   𝜋 6 −   cos ⁡ x   sin ⁡   𝜋 6 )


  = 2   sin ⁡   (  x −  𝜋 6 )


  ∴ 2   sin ⁡   (  x −  𝜋 6 ) = 1


    sin ⁡   (  x −  𝜋 6 ) =  1 2


  x −  𝜋 6 =  𝜋 6 ,   5 𝜋 6


  x =  𝜋 3 , 𝜋


   [  0 ,   2 𝜋 ]


  are   x =  𝜋 3   and   x = 𝜋


  𝒕  


   3   sin ⁡ x −   cos ⁡ x = 1


   3   2 t  1 +  t 2 −   1 −  t 2  1 +  t 2 = 1


  2  3 t − 1 +  t 2 = 1 +  t 2


  2  3 t = 2


  t =  1   3


    tan ⁡   x 2 =  1   3


   x 2 =  𝜋 6


  x =  𝜋 3


  Check  x = 𝜋 :    


   3   sin ⁡ 𝜋 −   cos ⁡ 𝜋 = 0 −  (  − 1 ) = 1   ✔


  The only solutions in the domain   [  0 ,   2 𝜋 ]   are  


  x =  𝜋 3   and   x = 𝜋 .


     1 2 +  1 2 =  2


    sin ⁡ x +   cos ⁡ x


  =  2  (    sin ⁡ x ×  1   2 +   cos ⁡ x ×  1   2 )


  =  2  (    sin ⁡ x   cos ⁡   𝜋 4 +   cos ⁡ x   sin ⁡   𝜋 4 )


  =  2   sin ⁡   (  x +  𝜋 4 )


  ∴  2   sin ⁡   (  x +  𝜋 4 ) =  1 2


    sin ⁡   (  x +  𝜋 4 ) =  1  2  2


  x +  𝜋 4 = 𝜋 −     sin  − 1 ⁡   (   1  2  2 ) , 2 𝜋 +     sin  − 1 ⁡   (   1  2  2 )


  x + 0 . 785398 = 2 . 780226 ,   6 . 644552


  x = 1 . 994827 .   .   . ,   5 . 859154


  x = 2 . 00 ,   5 . 86    (  2   dp )


   [  0 ,   2 𝜋 ]


  are   x = 2 . 00   and   x = 5 . 86 ,   correct to  2   decimal places


    sec ⁡ x +   tan ⁡ x


  =   1 +  t 2  1 −  t 2 +   2 t  1 −  t 2


  =   (  t 2 + 2 t + 1 )  1 −  t 2


  =      (  t + 1 ) 2   (  1 + t )  (  1 − t )


  =   1 + t  1 − t       since   t ≠ − 1


  =     tan ⁡   𝜋 4 +   tan ⁡   x 2  1 −   tan ⁡   𝜋 4   tan ⁡   x 2


  =   tan ⁡   (   x 2 +  𝜋 4 )


  ∴ a =  1 2 ,   b =  𝜋 4 .


  3   cos ⁡   (   x 2 ) −   sin ⁡   (   x 2 ) = 3


  3  (    1 −  t 2  1 +  t 2 ) −   2 t  1 +  t 2 = 3     where  t =   tan ⁡   (   x 4 )


  3 − 3  t 2 − 2 t = 3 + 3  t 2


  6  t 2 + 2 t = 0


  2 t  (  3 t + 1 ) = 0


  t = 0           or         3 t + 1 = 0


    tan ⁡   (   x 4 ) = 0             tan ⁡   (   x 4 ) = −  1 3


   x 4 = 0               no solution for  0 ≤  x 4 ≤  𝜋 2


  x = 0


  Check  𝜃 = 𝜋 :


  3   cos ⁡   (   𝜋 2 ) −   sin ⁡   (   𝜋 2 ) = 3 ( 0 ) −  ( 1 ) = − 1 ≠ 3   ✘


  ∴ x = 0


  m   cos ⁡ x −   sin ⁡ x = 1


  m  (    1 −  t 2  1 +  t 2 ) −   2 t  1 +  t 2 = 1


  m − m  t 2 − 2 t = 1 +  t 2


  m − m  t 2 =  t 2 + 2 t + 1


  m  (  1 −  t 2 ) =    (  t + 1 ) 2


  m  (  1 − t )  (  1 + t ) =    (  t + 1 ) 2


  m  (  1 − t ) = t + 1             since   t + 1 ≠ 0   for   0 ≤ x ≤  𝜋 4


  m − m t = 1 + t


  t + m t = m − 1


  t  (  m + 1 ) = m − 1


  t =   m − 1  m + 1


    tan ⁡   x 2 =     tan ⁡   (      tan  − 1 ⁡ m ) −   tan ⁡   𝜋 4  1 +   tan ⁡   (      tan  − 1 ⁡ m ) ×   tan ⁡   𝜋 4


  =   tan ⁡   (      tan  − 1 ⁡ m −  𝜋 4 )


   x 2 =     tan  − 1 ⁡ m −  𝜋 4


  x = 2     tan  − 1 ⁡ m −  𝜋 2  


  2   sin ⁡ x −   cos ⁡ x = 0


  2  (    2 t  1 +  t 2 ) −   1 −  t 2  1 +  t 2 = 0


  4 t − 1 +  t 2 = 0


   t 2 + 4 t − 1 = 0


  ∴   tan ⁡   𝛼 2 ×   tan ⁡   𝛽 2 =  c a


  =   − 1 1


  ∴   tan ⁡   𝛼 2 = −  1    tan ⁡   𝛽 2


      1 −   cos ⁡ x  1 +   sin ⁡ x


  =     1 −   1 −  t 2  1 +  t 2  1 +   2 t  1 +  t 2


  =     1 +  t 2 − 1 +  t 2  1 +  t 2 + 2 t


  =     2  t 2     (  t + 1 ) 2


  =      (     2 t  t + 1 ) 2


  =  |     2 t  t + 1 |


      1 −   cos ⁡ x  1 +   sin ⁡ x =  1   2


   |     2 t  t + 1 | =  1   2


   |   t  t + 1 | =  1 2


   t  t + 1 = ±  1 2


    t + 1 − 1  t + 1 = ±  1 2


  1 −  1  t + 1 = ±  1 2


   1  t + 1 = 1 ±  1 2


  =  1 2 ,  3 2


  t + 1 =  2 3 , 2


  t = −  1 3 ,   1


    tan ⁡   x 2 = −  1 3                                                       tan ⁡   x 2 = 1


   x 2 = 𝜋 −     tan  − 1 ⁡   (   1 3 )                          x 2 =  𝜋 4


  x = 2 𝜋 − 2     tan  − 1 ⁡   (   1 3 )             x =  𝜋 2


                        = 5 . 639684


  ∴ x =  𝜋 2 , 5 . 64   ( 2   dp )


  ∫    d x  1 +   sin ⁡ x                                      t =   tan ⁡   x 2   d x =   2 d t  1 +  t 2 


  = ∫   1  1 +   2 t  1 +  t 2 ×   2 d t  1 +  t 2


  = 2 ∫   1  1 +  t 2 + 2 t d t


  = 2 ∫   1     (  t + 1 ) 2 d t


  = 2 ∫     (  t + 1 )  − 2 d t


  = −  2  t + 1 + c


  = −  2    tan ⁡   x 2 + 1 + c


  ∫   5  12 + 13   cos ⁡ x d x                          t =   tan ⁡   x 2   d x =   2 d t  1 +  t 2 


  = ∫   5  12 + 13  (    1 −  t 2  1 +  t 2 ) ×   2 d t  1 +  t 2


  = 10 ∫   1  12 + 12  t 2 + 13 − 13  t 2 d t


  = 10 ∫   1  25 −  t 2 d t


  = ∫   (   1  5 − t +  1  5 + t ) d t


  = −   ln ⁡   |  5 − t | +   ln ⁡   |  5 + t | + c


  =   ln ⁡   |    5 +   tan ⁡   x 2  5 −   tan ⁡   x 2 | + c


  ∫   x 3   1 −  x 2 d x                                         x =   sin ⁡ 𝜃           d x =   cos ⁡ 𝜃 d 𝜃 


  = ∫      sin 3 ⁡ 𝜃   1 −     sin 2 ⁡ 𝜃   cos ⁡ 𝜃 d 𝜃


  = ∫      sin 3 ⁡ 𝜃       cos 2 ⁡ 𝜃   cos ⁡ 𝜃 d 𝜃


  = ∫      sin 3 ⁡ 𝜃     cos 2 ⁡ 𝜃 d 𝜃


  = ∫    sin ⁡ 𝜃     sin 2 ⁡ 𝜃     cos 2 ⁡ 𝜃 d 𝜃


  = ∫    sin ⁡ 𝜃  (  1 −     cos 2 ⁡ 𝜃 )     cos 2 ⁡ 𝜃 d 𝜃


  = − ∫  ( −   sin ⁡ 𝜃 ) (     cos 2 ⁡ 𝜃 −     cos 4 ⁡ 𝜃 ) d 𝜃


  =       cos 5 ⁡ 𝜃 5 −       cos 3 ⁡ 𝜃 3 + c                      cos ⁡ 𝜃 =   1 −     sin 2 ⁡ 𝜃           =   1 −  x 2 


  =        (  1 −  x 2 ) 5 5 −        (  1 −  x 2 ) 3 3 + c


  ∫   1  x    x 2 − 4 d x                                                          x = 2   sec ⁡ u                               d x = 2   sec ⁡ u   tan ⁡ u d u 


  = ∫   1  2   sec ⁡ u   4     sec 2 ⁡ u − 4 × 2   sec ⁡ u   tan ⁡ u d u


  = ∫      tan ⁡ u    4     tan 2 ⁡ u d u


  = ∫      tan ⁡ u  2   tan ⁡ u d u


  =  1 2 ∫  d u


  =  u 2 + c


  =  1 2     tan  − 1 ⁡       x 2 − 4 2 + c


  ∫   1  x    x 2 − 4 d x                                               u 2 =  x 2 − 4   2 u   d u = 2 x   d x           d x =   u   d u x     


  = ∫   1  x u ×  (  u   d u x )


  = ∫   1   x 2 d u


  = ∫   1   u 2 + 4 d u


  =  1 2     tan  − 1 ⁡   u 2 + c


  =  1 2     tan  − 1 ⁡       x 2 − 4 2 + c


  t =   tan ⁡   𝜃 2


    d t  d 𝜃 =  1 2     sec 2 ⁡   𝜃 2


  =  1 2  (  1 +     tan 2 ⁡   𝜃 2 )


  =  1 2  (  1 +  t 2 )


    tan ⁡   𝜃 2 =  t 1


    cos ⁡   𝜃 2 =  1    1 +  t 2


    sin ⁡   𝜃 2 =  t    1 +  t 2


    sin ⁡ 𝜃 = 2   sin ⁡   𝜃 2   cos ⁡   𝜃 2


  = 2 ×  t    1 +  t 2 ×  1    1 +  t 2


  =   2 t  1 +  t 2


  t


  1


    1 +  t 2


   𝜃 2


  x


     x 2 − 4


  u


   1  x    x 2 − c


   u 2


  ∫  cosec   𝜃   d 𝜃


  = ∫    1 +  t 2  2 t ×   2 d t  1 +  t 2     from   ( a )


  = ∫    d t t


  =   ln ⁡   | t | + c


  =   ln ⁡   |    tan ⁡   𝜃 2 | + c


  ∫   1  1 −   cos ⁡ x d x


  = ∫   1  1 −   1 −  t 2  1 +  t 2 ×   2 d t  1 +  t 2


  = 2 ∫   1  1 +  t 2 − 1 +  t 2 d t


  = 2 ∫    d t  2  t 2


  = ∫   t  − 2 d t


  = −  1 t + c


  = −   cot ⁡   x 2 + c


   ∫ 0   𝜋 2    d 𝜃  2 −   cos ⁡ 𝜃                                                        t =   tan ⁡   𝜃 2   d x =   2 d t  1 +  t 2 


  =  ∫ 0 1   1  2 −   1 −  t 2  1 +  t 2 ×   2 d t  1 +  t 2


  = 2  ∫ 0 1   1  2 + 2  t 2 − 1 +  t 2 d t


  = 2  ∫ 0 1   1  1 + 3  t 2 d t


  =  2   3  ∫ 0 1     3  1 + 3  t 2 d t


  =  2   3    [      tan  − 1 ⁡   (   3 t )     2 2 ] 0 1


  =  2   3  (      tan  − 1 ⁡   3 −     tan  − 1 ⁡ 0 )


  =  2   3  (   𝜋 3 )


  =   2  3 𝜋 9


  ∫    x + 4 d x                                                                      x = 4     tan 2 ⁡ u                               d x = 8   tan ⁡ u     sec 2 ⁡ u d u 


  = ∫    4     tan 2 ⁡ u + 4 × 8   tan ⁡ u     sec 2 ⁡ u d u


  = 8 ∫    tan ⁡ u     sec 2 ⁡ u   4     sec 2 ⁡ u d u


  = 16 ∫    tan ⁡ u     sec 3 ⁡ u d u


  = 16 ∫    tan ⁡ u   sec ⁡ u    (    sec ⁡ u ) 2 d u


  =   16     sec 3 ⁡ u 3 + c


  =   2      (  x + 4 ) 3 3 + c


   ∫   𝜋 3   𝜋 2   1  3   sin ⁡ x − 4   cos ⁡ x + 5   d x                                    t =   tan ⁡   x 2   d x =   2 d t  1 +  t 2 


  =  ∫   1   3 1   1  3  (    2 t  1 +  t 2 ) − 4  (    1 −  t 2  1 +  t 2 ) + 5 ×   2 d t  1 +  t 2


  =  ∫   1   3 1   2  6 t − 4 + 4  t 2 + 5 + 5  t 2   d t


  =  ∫   1   3 1   2  9  t 2 + 6 t + 1   d t


  =  ∫   1   3 1   2     (  3 t + 1 ) 2   d t


  = 2    [       (  3 t + 1 )  − 1  − 1 × 3 ]   1   3 1


  = −  2 3    [   1  3 t + 1 ]   1   3 1


  = −  2 3  (   1 4 −  1   3 + 1 )


  = −  2 3  (   1 4 −  1   3 + 1 ×    3 − 1   3 − 1 )


  = −  2 3  (   1 4 −    3 − 1 2 )


  = −  2 3    (  3 − 2  3 ) 4


  =   2  3 − 3 6


    x + 4


   x


  u


   ∫ 0   1 2     x  1 − x d x                                        x =     sin 2 ⁡ 𝜃                                 d x = 2   sin ⁡ 𝜃   cos ⁡ 𝜃 d 𝜃 


  =  ∫ 0   𝜋 4          sin 2 ⁡ 𝜃  1 −     sin 2 ⁡ 𝜃 × 2   sin ⁡ 𝜃   cos ⁡ 𝜃 d 𝜃


  =  ∫ 0   𝜋 4      sin ⁡ 𝜃    cos ⁡ 𝜃 × 2   sin ⁡ 𝜃   cos ⁡ 𝜃 d 𝜃


  = 2  ∫ 0   𝜋 4      sin 2 ⁡ 𝜃 d 𝜃


  =  ∫ 0   𝜋 4  ( 1 −   cos ⁡  2 𝜃 ) d 𝜃


  =    [  𝜃 −  1 2   sin ⁡  2 𝜃     2 2 ] 0   𝜋 4


  =  (   (   𝜋 4 −  1 2 ) −  (  0 − 0 ) )


  =  𝜋 4 −  1 2


   ∫   𝜋 2    2 𝜋 3    d 𝜃    sin ⁡ 𝜃


  =  ∫ 1   3    1 +  t 2  2 t ×   2 d t  1 +  t 2


  =  ∫ 1  √ 3    d t t


  =    [    ln ⁡ t     𝟐 𝟐 ] 1   3


  =   ln ⁡   3 −   ln ⁡ 1


  =   ln ⁡   3   1 2


  =  1 2   ln ⁡ 3


  ∫    cosec ⁡ x d x                                              t =   tan ⁡   x 2   d x =   2 d t  1 +  t 2 


  = ∫    1 +  t 2  2 t ×   2 d t  1 +  t 2


  = ∫    d t t


  =   ln ⁡   | t | + c


  =   ln ⁡   |    tan ⁡   x 2 | + c


  ∫   1    sin ⁡ x +   cos ⁡ x d x                                        t =   tan ⁡   x 2   d x =   2 d t  1 +  t 2 


  = ∫   1    2 t  1 +  t 2 +   1 −  t 2  1 +  t 2 ×   2 d t  1 +  t 2


  = 2 ∫    d t  2 t + 1 −  t 2


  = 2 ∫    d t  2 −    (  t − 1 ) 2


  = 2 ∫    d t  (  2 + t − 1 ) (  2 − t + 1 )


  =  1   2 ∫   (   1  t − 1 +  2 +  1  1 +  2 − t ) d t


  =  1   2  (    ln ⁡   |  t − 1 +  2 | −   ln ⁡   |  1 +  2 − t | ) + c


  =  1   2   ln ⁡   |    t − 1 +  2  1 +  2 − t | + c


  =  1   2   ln ⁡   |      tan ⁡   x 2 − 1 +  2  1 +  2 −   tan ⁡   x 2 | + c


    cosec ⁡ x +   cot ⁡ x


  =   1 +  t 2  2 t +   1 −  t 2  2 t


  =  2  2 t


  =  1 t


  =   cot ⁡   x 2


   ∫   𝜋 3   𝜋 2   (    cosec ⁡ x +   cot ⁡ x ) d x


  =  ∫   𝜋 3   𝜋 2    cot ⁡   x 2 d x


  =  ∫   𝜋 3   𝜋 2      cos ⁡   x 2    sin ⁡   x 2 d x


  = 2    [    ln ⁡   (    sin ⁡   x 2 ) ]   𝜋 3   𝜋 2


  = 2  (    ln ⁡   (    sin ⁡   𝜋 4 ) −   ln ⁡   (    sin ⁡   𝜋 6 ) )


  = 2  (    ln ⁡   (   1   2 ) −   ln ⁡   (   1 2 ) )


  = 2  (  −   ln ⁡   (   2 ) +   ln ⁡   ( 2 ) )


  = 2  (  −  1 2   ln ⁡ 2 +   ln ⁡   ( 2 ) )


  = 2  (   1 2   ln ⁡ 2 )


  =   ln ⁡ 2


  ∫        sec 2 ⁡ x  1 −     tan 2 ⁡ x d x


  = ∫    1 +     tan 2 ⁡ x  1 −     tan 2 ⁡ x d x


  = ∫    sec ⁡  2 x d x


  =  1 2   ln ⁡   |    tan ⁡  2 x +   sec ⁡  2 x     2 2 | + c


  ∫     x 2    4 −  x 2 d x                                            x = 2   sin ⁡ 𝜃           d x = 2   cos ⁡ 𝜃 d 𝜃 


  = ∫    4     sin 2 ⁡ 𝜃    4 − 4     sin 2 ⁡ 𝜃 × 2   cos ⁡ 𝜃 d 𝜃


  = ∫    4     sin 2 ⁡ 𝜃  2   cos ⁡ 𝜃 × 2   cos ⁡ 𝜃 d 𝜃


  = 4 ∫      sin 2 ⁡ 𝜃 d 𝜃


  = 4 ∫   1 2  (  1 −   cos ⁡  2 𝜃 ) d 𝜃


  = 2  (  𝜃 −  1 2   sin ⁡  2 𝜃 ) + c


  = 2 𝜃 − 2   sin ⁡ 𝜃   cos ⁡ 𝜃 + c  


  = 2     sin  − 1 ⁡   (   x 2 ) − 2  (   x 2 )  (      4 −  x 2 2 ) + c


  = 2     sin  − 1 ⁡   (   x 2 ) −   x   4 −  x 2 2 + c


  ∫    3 +   cos ⁡ x  2 −   cos ⁡ x d x                                    t =   tan ⁡   x 2   d x =   2 d t  1 +  t 2 


  = ∫    3 +   1 −  t 2  1 +  t 2  2 −   1 −  t 2  1 +  t 2 ×   2 d t  1 +  t 2


  = 2 ∫    3 + 3  t 2 + 1 −  t 2  2 + 2  t 2 − 1 +  t 2 ×   d t  1 +  t 2


  = 2 ∫    2  t 2 + 4  ( 3  t 2 + 1 ) ( 1 +  t 2 ) d t


  = 2 ∫   (   5  3  t 2 + 1 −  1  1 +  t 2 ) d t


  =   10   3 ∫     3  3  t 2 + 1 d t − 2 ∫   1  1 +  t 2 d t


  =   10   3     tan  − 1 ⁡   (   3 t ) − 2     tan  − 1 ⁡ t + c


  =   10   3     tan  − 1 ⁡   (   3   tan ⁡   x 2 ) − x + c


  ∫    2 x −  x 2 d x


  = ∫    −  (   x 2 − 2 x + 1 − 1 ) d x


  = ∫    1 −    (  x − 1 ) 2 d x                                x − 1 =   sin ⁡ 𝜃   d x =   cos ⁡ 𝜃 d 𝜃 


  = ∫    1 −     sin 2 ⁡ 𝜃 ×   cos ⁡ 𝜃 d 𝜃


  = ∫      cos 2 ⁡ 𝜃 d 𝜃


  =  1 2 ∫   (  1 +   cos ⁡  2 𝜃 ) d 𝜃


  =  𝜃 2 +     sin ⁡  2 𝜃 4 + c


  =  𝜃 2 +   2   sin ⁡ 𝜃   cos ⁡ 𝜃 4 + c


  =       sin  − 1 ⁡  ( x − 1 ) 2 +   ( x − 1 )   1 −   ( x − 1 ) 2 2 + c


  =       sin  − 1 ⁡   (  x − 1 ) 2 +    (  x − 1 )   2 x −  x 2 2 + c


  ∫      1 − x  1 + x d x                                                     u 2 = 1 + x   → x =  u 2 − 1   2 u   d u = d x                                                                       


  = ∫      1 −  (   u 2 − 1 )   u 2 2 u   d u


  = 2 ∫      2 −  u 2   u 2 u   d u


  = 2 ∫    2 −  u 2 d u                                                              u =  2   sin ⁡ 𝜃           d u =  2   cos ⁡ 𝜃 d 𝜃 


  = 2 ∫    2 − 2     sin 2 ⁡ 𝜃 ×  2   cos ⁡ 𝜃 d 𝜃


  = 2  2 ∫    2     cos 2 ⁡ 𝜃 ×   cos ⁡ 𝜃 d 𝜃


  = 4 ∫      cos 2 ⁡ 𝜃 d 𝜃


  = 2 ∫  ( 1 +   cos ⁡  2 𝜃 ) d 𝜃


  = 2 𝜃 +   sin ⁡  2 𝜃 + c


  = 2 𝜃 + 2   sin ⁡ 𝜃   cos ⁡ 𝜃 + c


  = 2     sin  − 1 ⁡   (   u   2 ) + 2 ×  u   2 ×     2 −  u 2   2 + c


  = 2     sin  − 1 ⁡   (   u   2 ) + u   2 −  u 2 + c


  = 2     sin  − 1 ⁡   (      1 + x   2 ) +   1 + x   1 − x + c


  = 2     sin  − 1 ⁡   (      1 + x   2 ) +   1 + x   1 − x + c


  =


  2     sin  − 1 ⁡   (      1 + x   2 ) +   1 −  x 2 + c


  u


   2


    2 −  u 2


  𝜃


    1 + x


   2


    2 − ( 1 + x ) =   1 − x


  𝜃


   ∫ 0   𝜋 2    d x     (  1 +   sin ⁡ x ) 3


  =  ∫ 0   𝜋 2    d x     (  1 +   sin ⁡   (   𝜋 2 − x ) ) 3


  =  ∫ 0   𝜋 2    d x     (  1 +   cos ⁡ x ) 3


  =  ∫ 0   𝜋 2    d x     (  2     cos 2 ⁡   (   x 2 ) ) 3


  =  1 8  ∫ 0   𝜋 2      sec 6 ⁡   (   x 2 ) d x                      t =   tan ⁡   x 2   d x =   2 d t  1 +  t 2 


  =  1 8  ∫ 0 1     (    1 +  t 2 ) 6 ×   2 d t  1 +  t 2


  =  1 4  ∫ 0 1     (  1 +  t 2 ) 2 d t


  =  1 4  ∫ 0 1  ( 1 + 2  t 2 +  t 4 ) d t


  =  1 4    [  t +   2  t 3 3 +    t 5 5 ] 0 1


  =  1 4  (   (  1 +  2 3 +  1 5 ) −  (  0 + 0 + 0 ) )


  =  7  15


   ∫ 0   𝜋 2    d x  1 +  1 2   sin ⁡ x                                                    t =   tan ⁡   x 2   d x =   2 d t  1 +  t 2 


  =  ∫ 0 1   1  1 +  t  1 +  t 2 ×   2 d t  1 +  t 2


  = 2  ∫ 0 1    d t  1 +  t 2 + t


  = 2  ∫ 0 1    d t   t 2 + t +  1 4 +  3 4


  = 2  ∫ 0 1    d t     (  t +  1 2 ) 2 +    (     3 2 ) 2


  =  4   3    [      tan  − 1 ⁡   (    2 t + 1   3 ) ] 0 1


  =  4   3  (      tan  − 1 ⁡   3 −     tan  − 1 ⁡   (   1   3 ) )


  =  4   3  (   𝜋 3 −  𝜋 6 )


  =   2 𝜋  3  3


   ∫ 0 a  f ( 2 a − x ) d x                    u = 2 a − x   d u = − d x                 d x = − d u             


  =  ∫  2 a a  f  ( u )  (  − d u )


  =  ∫ a  2 a  f ( u ) d u


  =  ∫ a  2 a  f ( x ) d x  


   ∫ 0  2 a  f ( x ) d x


  =  ∫ 0 a    f  ( x ) d x +  ∫ a  2 a    f  ( x ) d x


  =  ∫ 0 a    f  ( x ) d x +  ∫ 0 a  f ( 2 a − x ) d x


  =  ∫ 0 a   [  f  ( x ) + f  (  2 a − x ) ] d x


   ∫ 0 𝜋    x   d x  1 +  1 2   sin ⁡ x


  =  ∫ 0   𝜋 2   (   x  1 +  1 2   sin ⁡ x +   𝜋 − x  1 +  1 2   sin ⁡   (  𝜋 − x ) ) d x


  =  ∫ 0   𝜋 2   (   x  1 +  1 2   sin ⁡ x +   𝜋 − x  1 +  1 2   sin ⁡ x ) d x


  =  ∫ 0   𝜋 2   (   𝜋  1 +  1 2   sin ⁡ x ) d x


  = 𝜋  ∫ 0   𝜋 2    d x  1 +  1 2   sin ⁡ x


  = 𝜋  (    2 𝜋  3  3 )     from    ( i )


  =   2  𝜋 2  3  3


  t


  1


    1 +  t 2


   𝜃 2


  ∫   x 2   ln ⁡ x d x                                        u =   ln ⁡ x    d v  d x =  x 2     d u  d x =  1 x                v =    x 3 3 


  =    x 3   ln ⁡ x 3 − ∫     x 3 3 ×  1 x d x


  =    x 3   ln ⁡ x 3 −  1 3 ∫   x 2   d x


  =    x 3   ln ⁡ x 3 −  1 3  (     x 3 3 ) + c


  =    x 3   ln ⁡ x 3 −    x 3 9 + c


   ∫ 0   𝜋 2   e x   cos ⁡ x d x                                                                        u =   cos ⁡ x      d v  d x =  e x     d u  d x = −   sin ⁡ x      v =  e x 


  =    [   e x   cos ⁡ x     2 2 ] 0   𝜋 2 +  ∫ 0   𝜋 2   e x   sin ⁡ x d x                u =   sin ⁡ x      d v  d x =  e x     d u  d x =   cos ⁡ x      v =  e x 


  =    [   e x   cos ⁡ x     2 2 ] 0   𝜋 2 +  (     [   e x   sin ⁡ x     2 2 ] 0   𝜋 2 −  ∫ 0   𝜋 2   e x   cos ⁡ x d x )


  ∴ 2  ∫ 0   𝜋 2   e x   cos ⁡ x d x =    [   e x   cos ⁡ x     2 2 ] 0   𝜋 2 +    [   e x   sin ⁡ x     2 2 ] 0   𝜋 2


   ∫ 0   𝜋 2   e x   sin ⁡ x d x =  1 2  (   (  0 − 1     2 2 ) +  (   e   𝜋 2 − 0     2 2 ) )


                                                            =    e   𝜋 2 − 1 2


   ∫ 0   𝜋 2   e x   cos ⁡ x d x =    [   e x   cos ⁡ x +  e x   s in ⁡ x     2 2 ] 0   𝜋 2 −  ∫ 0   𝜋 2   e x   cos ⁡ x d x


  ∴ 2  ∫ 0   𝜋 2   e x   cos ⁡ x d x =  e   𝜋 2  (  0 + 1 ) − 1 ( 1 + 0 )


  ∴  ∫ 0   𝜋 2   e x   sin ⁡ x d x =    e   𝜋 2 − 1 2


  ∫   x 3   sin ⁡   x 2 d x                                                      u =    x 2 2    d v  d x = 2 x   sin ⁡   x 2     d u  d x = x  v = −   cos ⁡   x 2 


  = −    x 2   cos ⁡   x 2 2 + ∫  x   cos ⁡   x 2 d x


  = −    x 2   cos ⁡   x 2 2 +  1 2 ∫  2 x     cos ⁡   x 2 d x


  = −    x 2   cos ⁡   x 2 2 +     sin ⁡   x 2 2 + c


  ∫    ln ⁡ x d x                                                                                u =   ln ⁡ x    d v  d x = 1     d u  d x =  1 x                v = x 


  = x   ln ⁡ x − ∫  x ×  1 x d x


  = x   ln ⁡ x − ∫  d x


  = x   ln ⁡ x − x + c


  ∫  x  e  2 x d x                                            u = x    d v  d x =  e  2 x           d u  d x = 1            v =  1 2  e  2 x 


  =   x  e  2 x 2 −  1 2 ∫   e  2 x d x


  =   x  e  2 x 2 −    e  2 x 4 + c


   ∫ 0 𝜋  x   cos ⁡ x d x                                        u = x    d v  d x =   cos ⁡ x     d u  d x = 1      v =   sin ⁡ x 


  =    [  x   sin ⁡ x     2 2 ] 0 𝜋 −  ∫ 0 𝜋    sin ⁡ x d x


  = 0 − 0 +    [    cos ⁡ x     2 2 ] 0 𝜋


  = − 1 − 1


  = − 2


   ∫ 0 2  t  e  − t d t                                                u = t    d v  d t =  e  − t             d u  d t = 1      v = −  e  − t 


  = −    [  t  e  − t     2 2 ] 0 2 +  ∫ 0 2   e  − t d t


  = −  2   e 2 −    [   e  − t     2 2 ] 0 2


  = −  2   e 2 −  1   e 2 + 1


  = 1 −  3   e 2


  +


    cos ⁡ x


   e x


  −


  −   sin ⁡ x


   e x


  +


  −   cos ⁡ x


   e x


   ∫ 0 1      tan  − 1 ⁡ x d x                                              u =     tan  − 1 ⁡ x    d v  d x = 1     d u  d x =  1  1 +  x 2        v = x 


  =    [  x     tan  − 1 ⁡ x     2 2 ] 0 1 −  ∫ 0 1   x  1 +  x 2 d x


  =  𝜋 4 − 0 −  1 2    [    ln ⁡   |  1 +  x 2 |     2 2 ] 0 1


  =  𝜋 4 −  1 2  (    ln ⁡ 2 − 0 )


  =  𝜋 4 −     ln ⁡ 2 2


  ∫    ln ⁡   (  1 + x ) d x                                          u =   ln ⁡   (  1 + x )    d v  d x = 1     d u  d x =  1  1 + x                v = x 


  = x   ln ⁡   (  1 + x ) − ∫   x  1 + x d x


  = x   ln ⁡   (  1 + x ) − ∫    1 + x − 1  1 + x d x


  = x   ln ⁡   (  1 + x ) − ∫   (  1 −  1  1 + x ) d x


  = x   ln ⁡   (  1 + x ) − x +   ln ⁡   |  1 + x | + c


  =  (  x + 1 )   ln ⁡   (  1 + x ) − x + c


  ∫  x  2 x d x                                                            u = x    d v  d x =  2 x         d u  d x = 1      v =    2 x    ln ⁡ 2 


  =   x  2 x    ln ⁡ 2 −  1    ln ⁡ 2 ∫   2 x d x


  =   x  2 x    ln ⁡ 2 −  1    ln ⁡ 2  (     2 x    ln ⁡ 2 ) + c


  =   x  2 x    ln ⁡ 2 −    2 x      ln 2 ⁡ 2 + c


  ∫      sin  − 1 ⁡ x d x                                            u =     sin  − 1 ⁡ x    d v  d x = 1     d u  d x =  1    1 −  x 2  v = x 


  = x     sin  − 1 ⁡ x − ∫   x    1 −  x 2 d x


  = x     sin  − 1 ⁡ x +  1 2 ∫   (  − 2 x )    (  1 −  x 2 )  −  1 2 d x


  = x     sin  − 1 ⁡ x +  1 2 × 2    (  1 −  x 2 )   1 2 + c


  = x     sin  − 1 ⁡ x +   1 −  x 2 + c


   ∫ 4  e + 3    ln ⁡   |  x − 3 | d x                                        u =   ln ⁡   |  x − 3 |    d v  d x = 1     d u  d x =  1  x − 3                  v = x 


    =    [  x   ln ⁡   |  x − 3 |     2 2 ] 4  e + 3 −  ∫ 4  e + 3   x  x − 3 d x


  =  (   (  e + 3 ) − 0 ) −  ∫ 4  e + 3    x − 3 + 3  x − 3 d x


  = e + 3 −  ∫ 4  e + 3   (  1 +  3  x − 3 ) d x


  = e + 3 −    [  x + 3   ln ⁡   |  x − 3 |     2 2 ] 4  e + 3


  = e + 3 −  (   (   (  e + 3 ) + 3 ) −  (  4 + 0 ) )


  = 1


  ∫      tan  − 1 ⁡ x d x                                          u =     tan  − 1 ⁡ x    d v  d x = 1     d u  d x =  1  1 +  x 2        v = x 


  = x     tan  − 1 ⁡ x − ∫   x  1 +  x 2 d x


  = x     tan  − 1 ⁡ x −  1 2   ln ⁡   |  1 +  x 2 | + c


  ∫    ln ⁡   |    cos ⁡ x |     cosec 2 ⁡ x d x    


                                                                                 u =   ln ⁡   |    cos ⁡ x |    d v  d x =     cosec 2 ⁡ x     d u  d x = −   tan ⁡ x    v = −   cot ⁡ x 


  = −   ln ⁡   |    cos ⁡ x |   cot ⁡ x − ∫    tan ⁡ x   cot ⁡ x d x


  = −   ln ⁡   |    cos ⁡ x |   cot ⁡ x − ∫  d x


  = −   ln ⁡   |    cos ⁡ x |   cot ⁡ x − x + c


  I = ∫   2 x   sin ⁡ x d x                                      u =   sin ⁡ x    d v  d x =  2 x         d u  d x =   cos ⁡ x      v =    2 x    ln ⁡ 2 


  =    2 x   sin ⁡ x    ln ⁡ 2 −  1    ln ⁡ 2 ∫   2 x   cos ⁡ x d x  


                                                                                             u =   cos ⁡ x        d v  d x =  2 x         d u  d x = −   sin ⁡ x      v =    2 x    ln ⁡ 2 


  =    2 x   sin ⁡ x    ln ⁡ 2 −  1    ln ⁡ 2  [     2 x   cos ⁡ x    ln ⁡ 2 +  1    ln ⁡ 2 ∫   2 x   sin ⁡ x d x ]


  =    2 x   sin ⁡ x    ln ⁡ 2 −    2 x   cos ⁡ x      ln 2 ⁡ 2 −  1      ln 2 ⁡ 2 ∫   2 x   sin ⁡ x d x


  ∴  (  1 +  1      ln 2 ⁡ 2 ) I =    2 x   sin ⁡ x    ln ⁡ 2 −    2 x   cos ⁡ x      ln 2 ⁡ 2 + c


  I =       ln 2 ⁡ 2      ln 2 ⁡ 2 + 1  (     2 x   sin ⁡ x    ln ⁡ 2 −    2 x   cos ⁡ x      ln 2 ⁡ 2 ) + c


  =    2 x  (    ln ⁡ 2   sin ⁡ x −   cos ⁡ x )      ln 2 ⁡ 2 + 1 + c


  ∫   2 x   sin ⁡ x d x =    2 x   sin ⁡ x    ln ⁡ 2 −    2 x   cos ⁡ x      ln 2 ⁡ 2 −  1      ln 2 ⁡ 2 ∫   2 x   sin ⁡ x d x


  ∴  (  1 +  1      ln 2 ⁡ 2 ) I =    2 x   sin ⁡ x    ln ⁡ 2 −    2 x   cos ⁡ x      ln 2 ⁡ 2 + c


  I =       ln 2 ⁡ 2      ln 2 ⁡ 2 + 1  (     2 x   sin ⁡ x    ln ⁡ 2 −    2 x   cos ⁡ x      ln 2 ⁡ 2 ) + c


  =    2 x  (    ln ⁡ 2   sin ⁡ x −   cos ⁡ x )      ln 2 ⁡ 2 + 1 + c


  a   ∫   x 2   x − 1 d x                              u =  x 2    d v  d x =    (  x − 1 )   1 2           d u  d x = 2 x        v =  2 3    (  x − 1 )   3 2 


  =  2 3  x 2    (  x − 1 )   3 2 −  4 3 ∫  x    (  x − 1 )   3 2 d x


  =  2 3  x 2    (  x − 1 )   3 2 −  4 3  [    2 x    (  x − 1 )   5 2 5 −  2 5 ∫     (  x − 1 )   5 2 d x ]


  =  2 3  x 2    (  x − 1 )   3 2 −   8 x    (  x − 1 )   5 2  15 +   16  105    (  x − 1 )   7 2 + c


  =   2  x 2      (  x − 1 ) 3 3 −   8 x      (  x − 1 ) 5  15 +   16      (  x − 1 ) 7  105 + c  


  b   ∫   x 2   x − 1 d x                                                     u 2 = x − 1   2 u   d u = d x           


  = ∫   x 2 u × 2 u   d u


  = 2 ∫     (   u 2 + 1 ) 2  u 2 d u


  = 2 ∫   (   u 6 + 2  u 4 +  u 2 ) d u


  =   2  u 7 7 +   4  u 5 5 +   2  u 3 3 + c


  =   2      (  x − 1 ) 7 7 +   4      (  x − 1 ) 5 5 +   2      (  x − 1 ) 3 3 + c


  +


    sin ⁡ x


   2 x


  −


    cos ⁡ x


     2 x    ln ⁡ 2


  +


  −   sin ⁡ x


     2 x     (    ln ⁡ 2 ) 2


  a   ∫      ln ⁡ x − 2     (    ln ⁡ x − 1 ) 2   d x                        u = x  (    ln ⁡ x − 2 )                                    d v  d x =  1 x    (    ln ⁡ x − 1 )  − 2     d u  d x = x  (   1 x ) +  (    ln ⁡ x − 2 )  ( 1 )        v = −    (    ln ⁡ x − 1 )  − 1   =   ln ⁡ x − 1                                          = −  1    ln ⁡ x − 1 


  = −   x (   ln ⁡ x − 2 )    ln ⁡ x − 1 + ∫      ln ⁡ x − 1    ln ⁡ x − 1   d x


  = −   x  (    ln ⁡ x − 2 )    ln ⁡ x − 1 + ∫  d x


  =   2 x − x   ln ⁡ x    ln ⁡ x − 1 + x + c


  =   2 x − x   ln ⁡ x    ln ⁡ x − 1 +   x   ln ⁡ x − x    ln ⁡ x − 1 + c


  =  x    ln ⁡ x − 1 + c


  b   ∴ ∫      ln ⁡ x − 2     (    ln ⁡ x − 1 ) 2   d x = ∫      ln ⁡ x − 1 − 1     (    ln ⁡ x − 1 ) 2 d x


  = ∫     (    ln ⁡ x − 1 )  ( 1 ) −  ( x )  (   1 x )     (    ln ⁡ x − 1 ) 2 d x


  = ∫   d  d x  (   x    ln ⁡ x − 1 ) d x


  =  x    ln ⁡ x − 1 + c  


  ∫   x 2   ln ⁡ x d x                                      u =  x 2    d v  d x =   ln ⁡ x                           d u  d x = 2 x        v = x   ln ⁡ x − x 


  =  x 2  (  x   ln ⁡ x − x ) − 2 ∫  x  (  x   ln ⁡ x − x ) d x


  =  x 3   ln ⁡ x −  x 3 − 2 ∫   (   x 2   ln ⁡ x −  x 2 ) d x


  =  x 3   ln ⁡ x −  x 3 − 2 ∫   x 2   ln ⁡ x d x + 2 ∫   x 2 d x


  ∴ 3 ∫   x 2   ln ⁡ x d x =  x 3   ln ⁡ x −  x 3 +   2  x 3 3 + c


                ∫   x 2   ln ⁡ x d x =    x 3   ln ⁡ x 3 −    x 3 9 + c


  I = ∫  x   sin ⁡ x   cos ⁡ x d x                          u = x   sin ⁡ x                          d v  d x =   cos ⁡ x     d u  d x =   sin ⁡ x + x   cos ⁡ x    v =   sin ⁡ x 


  = x     sin 2 ⁡ x − ∫   (      sin 2 ⁡ x + x   sin ⁡ x   cos ⁡ x ) d x


  = x     sin 2 ⁡ x − ∫      sin 2 ⁡ x d x − ∫  x   sin ⁡ x   cos ⁡ x d x


  ∴ 2 I = x     sin 2 ⁡ x −  1 2 ∫   (  1 −   cos ⁡  2 x ) d x


              I =   x     sin 2 ⁡ x 2 −  1 4  (  x −  1 2   sin ⁡  2 x ) + c


                  =   x     sin 2 ⁡ x 2 −  x 4 +     sin ⁡  2 x 8 + c


  ∫    x  e x     (  1 + x ) 2 d x                            u = x  e x                  d v  d x =  1     (  1 + x ) 2     d u  d x = x  e x +  e x  v = −  1  1 + x                   =  e x  (  x + 1 )  


  = −   x  e x  1 + x + ∫   e x d x


  = −   x  e x  1 + x +  e x + c


  =   − x  e x +  e x + x  e x  1 + x + c


  =    e x  1 + x + c


  ∫    x  e x     (  1 + x ) 2 d x


  = ∫     (  1 + x )  e x −  e x     (  1 + x ) 2 d x


  = ∫   d  d x  (     e x  1 + x ) d x


  =    e x  1 + x + c


   I n = ∫   x n  e  2 x d x                    u =  x n            d v  d x =  e  2 x     d u  d x = n  x  n − 1            v =  1 2  e  2 x 


  =    x n  e  2 x 2 −  n 2 ∫   x  n − 1  e  2 x d x


  =    x n  e  2 x 2 −  n 2  I  n − 1


   I n = ∫      sin n ⁡ x d x                u =     sin  n − 1 ⁡ x                                          d v  d x =   sin ⁡ x                 d u  d x =  (  n − 1 )     sin  n − 2 ⁡ x   cos ⁡ x      v = −   cos ⁡ x 


  = −     sin  n − 1 ⁡ x   cos ⁡ x +  (  n − 1 ) ∫      sin  n − 2 ⁡ x   cos ⁡ x   cos ⁡ x d x


  = −     sin  n − 1 ⁡ x   cos ⁡ x +  (  n − 1 ) ∫      sin  n − 2 ⁡ x ( 1 −     sin 2 ⁡ x ) d x


  = −     sin  n − 1 ⁡ x   cos ⁡ x +  (  n − 1 ) ∫      sin  n − 2 ⁡ x d x −  (  n − 1 ) ∫      sin n ⁡ x d x


  ∴  I n = −     sin  n − 1 ⁡ x   cos ⁡ x +  (  n − 1 )  I  n − 2 −  (  n − 1 )  I n


  n  I n = −     sin  n − 1 ⁡ x   cos ⁡ x +  (  n − 1 )  I  n − 2


   I n = −       sin  n − 1 ⁡ x   cos ⁡ x n +   n − 1 n  I  n − 2


   I n +  I  n − 2


  = ∫  (     cot n ⁡ x +     cot  n − 2 ⁡ x )   d x


  = ∫      cot  n − 2 ⁡ x (     cot 2 ⁡ x + 1 ) d x


  = ∫      cosec 2 ⁡ x     cot  n − 2 ⁡ x   d x


  = −  1  n − 1     cot  n − 1 ⁡ x


  ∴  I n = −  1  n − 1     cot  n − 1 ⁡ x −  I  n − 2


   I 0 = ∫   x 0  e  2 x d x


            = ∫   e  2 x d x


            =  1 2  e  2 x + c


  ∫   x 2  e  2 x d x =  I 2


                                                =    x 2  e  2 x 2 −  2 2  I  2 − 1


  =    x 2  e  2 x 2 −  (    x  e  2 x 2 −  1 2  I 0 )


  =    x 2  e  2 x 2 −   x  e  2 x 2 +  1 4  e  2 x + c


   ∫ 0 1   x 3    (   x 2 − 1 ) 5 d x


  =  I 3


  =   3 − 1  3 + 11  I 1


  =  1 7  ∫ 0 1  x    (   x 2 − 1 ) 5 d x


  =  1  14  ∫ 0 1  2 x    (   x 2 − 1 ) 5 d x


  =  1  14    [       (   x 2 − 1 ) 6 6 ] 0 1


  =  1  14  (  0 −  1 6 )


  = −  1  84


   I n +  I  n − 1


  =  ∫ 0   𝜋 4      tan  2 n ⁡ 𝜃 d 𝜃 +  ∫ 0   𝜋 4      tan  2 n − 2 ⁡ 𝜃 d 𝜃


  =  ∫ 0   𝜋 4      tan  2 n − 2 ⁡ 𝜃 ( 1 +     tan 2 ⁡ 𝜃 ) d 𝜃


  =  ∫ 0   𝜋 4      sec 2 ⁡ 𝜃    (    tan ⁡ 𝜃 )  2 n − 2 d 𝜃


  =    [        tan  2 n − 1 ⁡ 𝜃  2 n − 1 ] 0   𝜋 4


  =  1  2 n − 1 − 0


  ∴  I n =  1  2 n − 1 −  I  n − 1


   I 3 =  1  2  ( 3 ) − 1 −  I 2


  =  1 5 −  (   1  2  ( 2 ) − 1 −  I 1 )


  =  1 5 −  1 3 +  I 1


  = −  2  15 +  ∫ 0   𝜋 4      tan 2 ⁡ 𝜃 d 𝜃


  = −  2  15 +  ∫ 0   𝜋 4   (      sec 2 ⁡ 𝜃 − 1 ) d 𝜃


  = −  2  15 +    [    tan ⁡ 𝜃 − 𝜃     2 2 ] 0   𝜋 4


  = −  2  15 +  (   (  1 −  𝜋 4 ) −  (  0 − 0 ) )


  =   13 5 −  𝜋 4


   I n =  ∫ 1   e 2     (    ln ⁡ x ) n d x                        u =    (    ln ⁡ x ) n                            d v  d x = 1     d u  d x = n    (    ln ⁡ x )  n − 1 ×  1 x      v = x 


    =    [  x    (    ln ⁡ x ) n     2 2 ] 1   e 2 − n  ∫ 1   e 2     (    ln ⁡ x )  n − 1 d x


  ∴  I n =  e 2 ×    ( 2 ) n − 0 − n  I  n − 1


   I n =  e 2  2 n − n  I  n − 1


   I n =  ∫ 0 x  se  c n t d t                          u =     sec  n − 2 ⁡ t                                                                  d v  d t =     sec 2 ⁡ t     d u  d t =  (  n − 2 )     sec  n − 3 ⁡ t   sec ⁡ t   tan ⁡ t    v =   tan ⁡ t   =  (  n − 2 )     sec  n − 2 ⁡ t   tan ⁡ t          


  =    [      sec  n − 2 ⁡ t   tan ⁡ t     2 2 ] 0 x −  (  n − 2 ) ∫      sec  n − 2 ⁡ t     tan 2 ⁡ t d t


  =     sec  n − 2 ⁡ x   tan ⁡ x − 0 −  (  n − 2 ) ∫      sec  n − 2 ⁡ t  (      sec 2 ⁡ t − 1 ) d t


  =     sec  n − 2 ⁡ x   tan ⁡ x −  (  n − 2 ) ∫      sec n ⁡ t d t +  (  n − 2 ) ∫      sec  n − 2 ⁡ t d t


  ∴  I n =     sec  n − 2 ⁡ x   tan ⁡ x −  (  n − 2 )  I n +  (  n − 2 )  I  n − 2


   (  n − 1 )  I n =     sec  n − 2 ⁡ x   tan ⁡ x +  (  n − 2 )  I  n − 2


   I n =       sec  n − 2 ⁡ x   tan ⁡ x  n − 1 +   n − 2  n − 1  I  n − 2


     ∫ 0   𝜋 3      sec 4 ⁡ t d t


  =  I 4


  =       sec 2 ⁡   𝜋 3   tan ⁡   𝜋 3 3 +  2 3  I 2


  =  2 2 ×    3 3 +  2 3  (    1 ×   tan ⁡   𝜋 3 1 + 0 )


  =   4  3 3 +  2 3  (   3 )


  = 2  3


   I n = ∫  x     ln n ⁡ x d x                                  u =    (    ln ⁡ x ) n              d v  d x = x         d u  d x =   n    (    ln ⁡ x )  n − 1 x        v =    x 2 2 


            =    x 2    (    ln ⁡ x ) n 2 −  n 2 ∫  x    (    ln ⁡ x )  n − 1 d x


  ∴  I n =    x 2    (    ln ⁡ x ) n 2 −  n 2  I  n − 1


   I 0 = ∫  x d x =    x 2 2 + c


   I 2 =    x 2    (    ln ⁡ x ) 2 2 −  2 2  I 1


  =    x 2    (    ln ⁡ x ) 2 2 −  (     x 2   ln ⁡ x 2 −  1 2  I 0 )


  =    x 2    (    ln ⁡ x ) 2 2 −    x 2   ln ⁡ x 2 +  1 2  (     x 2 2 + c )


  =    x 2    (    ln ⁡ x ) 2 2 −    x 2   ln ⁡ x 2 +    x 2 4 + c


   I n =  ∫ 0   𝜋 2   x n cos   x d x                                                                                        u =  x n            d v  d x =   cos ⁡ x     d u  d x = n  x  n − 1    v =   sin ⁡ x 


  =    [   x n   sin ⁡ x     2 2 ] 0   𝜋 2 − n  ∫ 0   𝜋 2   x  n − 1   sin ⁡ x d x                  u =  x  n − 1                            d v  d x =   sin ⁡ x                 d u  d x = ( n − 1 )  x  n − 2    v = −   cos ⁡ x 


  =    (   𝜋 2 ) n + n  {     [   x  n − 1   cos ⁡ x     2 2 ] 0   𝜋 2 −  (  n − 1 )  ∫ 0   𝜋 2   x  n − 2   cos ⁡ x d x }


  =    (   𝜋 2 ) n + n  (  0 − 0 ) − n  (  n − 1 )  I  n − 2


  ∴  I n =    (   𝜋 2 ) n − n  (  n − 1 )  I  n − 2


   I n =    [   x n   sin ⁡ x + n  x  n − 1   cos ⁡ x     2 2 ] 0   𝜋 2 − n  (  n − 1 )  ∫ 0   𝜋 2   x  n − 2   cos ⁡ x d x


  =  (   (     (   𝜋 2 ) n  ( 1 ) + 0 ) −  (  0 + 0 ) ) − n  (  n − 1 )  I  n − 2


  =    (   𝜋 2 ) n − n  (  n − 1 )  I  n − 2


   I n = ∫   x n   2 x + 1 d x                        u =  x n            d v  d x =    (  2 x + 1 )   1 2                 d u  d x = n  x  n − 1  v =  1 3    (  2 x + 1 )   3 2 


  =    x n    (  2 x + 1 )   3 2 3 −  n 3 ∫   x  n − 1    (  2 x + 1 )   3 2 d x


  =    x n      (  2 x + 1 ) 3 3 −  n 3 ∫   (  2 x + 1 )  x  n − 1    (  2 x + 1 )   1 2 d x


  =    x n      (  2 x + 1 ) 3 3 −  n 3 ∫  2 x ×  x  n − 1    (  2 x + 1 )   1 2 d x −  n 3 ∫   x  n − 1    (  2 x + 1 )   1 2 d x


  =    x n      (  2 x + 1 ) 3 3 −   2 n 3 ∫   x n   2 x + 1 d x −  n 3 ∫   x  n − 1   2 x + 1 d x


  ∴  I n =    x n      (  2 x + 1 ) 3 3 −   2 n 3  I n −  n 3  I  n − 1


    2 n + 3 3  I n =    x n      (  2 x + 1 ) 3 3 −  n 3  I  n − 1


  ∴  I n =    x n      (  2 x + 1 ) 3  2 n + 3 −  n  2 n + 3  I  n − 1


  +


   x n


    cos ⁡ x


  −


  n  x  n − 1


    sin ⁡ x


  n  (  n − 1 )  x  n − 2


  −   cos ⁡ x


   I  n − 1 = ∫   x  −  (  n − 1 )  e  2 x d x                        u =  x  −  (  n − 1 )                    d v  d x =  e  2 x             d u  d x = −  (  n − 1 )  x  − n    v =  1 2  e  2 x 


  =    e  2 x  2  x  n − 1 +   n − 1 2 ∫   x  − n  e  2 x d x


   I  n − 1 =    e  2 x  2  x  n − 1 +   n − 1 2  I n


    n − 1 2  I n = −    e  2 x  2  x  n − 1 +  I  n − 1


   I n = −    e  2 x   (  n − 1 )  x  n − 1 +  2  n − 1  I  n − 1


     I  m , n = ∫   x m    (    ln ⁡ x ) n d x                          u =    (    ln ⁡ x ) n                          d v  d x =  x m                   d u  d x = n    (    ln ⁡ x )  n − 1 ×  1 x  v =    x  m + 1  m + 1 


  =    x  m + 1    (    ln ⁡ x ) n  m + 1 −  n  m + 1 ∫   x m    (    ln ⁡ x )  n − 1 d x


  ∴  I  m , n =    x  m + 1    (    ln ⁡ x ) n  m + 1 −  n  m + 1  I  m , n − 1


  ∫   x 2    (    ln ⁡ x ) 2


  =  I  2 , 2


  =    x 3    (    ln ⁡ x ) 2 3 −  2 3  I  2 , 1


  =    x 3    (    ln ⁡ x ) 2 3 −  2 3  (     x 3   ln ⁡ x 3 −  1 3  I  2 , 0 )


  =    x 3    (    ln ⁡ x ) 2 3 −   2  x 3   ln ⁡ x 9 +  2 9 ∫   x 2 d x


  =    x 3    (    ln ⁡ x ) 2 3 −   2  x 3   ln ⁡ x 9 +  2 9  (     x 3 3 ) + c


  =    x 3    (    ln ⁡ x ) 2 3 −   2  x 3   ln ⁡ x 9 +   2  x 3  27 + c


   I n = ∫      sin ⁡  3 x   x n d x                                          u =   sin ⁡  3 x        d v  d x =  x  − n                                                 d u  d x = 3   cos ⁡  3 x  v =    x  − n + 1  − n + 1                                    = −  1   (  n − 1 )  x  n − 1 


  = −     sin ⁡  3 x   (  n − 1 )  x  n − 1 +  3  n − 1 ∫      cos ⁡  3 x   x  n − 1 d x


  = −     sin ⁡  3 x   (  n − 1 )  x  n − 1 +  3  n − 1  J  n − 1


   I n =  ∫ 0 1     x n     (   x 2 + 1 ) 2 d x                        u =  1 2  x  n − 1                            d v  d x = 2 x    (   x 2 + 1 )  − 2     d u  d x =  1 2  (  n − 1 )  x  n − 2    v = −    (   x 2 + 1 )  − 1 


  = −  1 2    [     x  n − 1   x 2 + 1 ] 0 1 +   n − 1 2  ∫ 0 1     x  n − 2   x 2 + 1 d x


  = −  1 4 − 0 +   n − 1 2  ∫ 0 1     x  n − 2  (   x 2 + 1 )     (   x 2 + 1 ) 2 d x


  = −  1 4 +   n − 1 2  ∫ 0 1     x n     (   x 2 + 1 ) 2 d x +   n − 1 2  ∫ 0 1     x  n − 2     (   x 2 + 1 ) 2 d x


  = −  1 4 +   n − 1 2  I n +   n − 1 2  I  n − 2


  ∴   3 − n 2  I n = −  1 4 +   n − 1 2  I  n − 2


   I n =  1  2  (  n − 3 ) −   n − 1  n − 3  I  n − 2


   I m =  ∫ 0 1   x m    (   x 2 − 1 ) 5 d x                          u =  1 2  x  m − 1                d v  d x = 2 x    (   x 2 − 1 ) 5     d u  d x =   m − 1 2  x  m − 2  v =  1 6    (   x 2 − 1 ) 6 


  =  1  12    [   x  m − 1    (   x 2 − 1 ) 6     2 2 ] 0 1 −    (  m − 1 )  12  ∫ 0 1   x  m − 2    (   x 2 − 1 ) 6 d x


  = 0 −   m − 1  12  ∫ 0 1   x  m − 2  (   x 2 − 1 )    (   x 2 − 1 ) 5 d x


  = −   m − 1  12  ∫ 0 1   x m    (   x 2 − 1 ) 5 d x +   m − 1  12  ∫ 0 1   x  m − 2    (   x 2 − 1 ) 5 d x


  ∴   m + 11  12  I m =   m − 1  12  I  m − 2


  ∴  I m =   m − 1  m + 11  I  m − 2


   I n =  ∫  − 3 0   x n   x + 3 d x                                        u =  x n            d v  d x =    (  x + 3 )   1 2               d u  d x = n  x  n − 1  v =  2 3    (  x + 3 )   3 2 


  =  2 3    [   x n    (  x + 3 )   3 2     2 2 ]  − 3 0 −   2 n 3  ∫  − 3 0   x  n − 1    (  x + 3 )   3 2 d x


  = 0 −   2 n 3  ∫  − 3 0   x  n − 1  (  x + 3 )    (  x + 3 )   1 2 d x


  = −   2 n 3  ∫  − 3 0   x n   x + 3 d x − 2 n  ∫  − 3 0   x  n − 1   x + 3 d x


  ∴  I n = −   2 n 3  I n − 2 n  I  n − 1


    2 n + 3 3  I n = − 2 n  I  n − 1


   I n = −   6 n  2 n + 3  I  n − 1


   I n = ∫    d x      sin n ⁡ x                          u =     cosec  n − 2 ⁡ x                                                                                            d v  d x =     cosec 2 ⁡ x     d u  d x =  (  n − 2 )     cosec  n − 3 ⁡ x  (  −   cosec ⁡ x   cot ⁡ x )  v = −   cot ⁡ x 


  = ∫      cosec n ⁡ x d x


  = −   cot ⁡ x     cosec  n − 2 ⁡ x −  (  n − 2 ) ∫      cosec  n − 2 ⁡ x     cot 2 ⁡ x d x


  = −     cos ⁡ x    sin ⁡ x ×  1      sin  n − 2 ⁡ x −  (  n − 2 ) ∫      cosec  n − 2 ⁡ x  (      cosec 2 ⁡ x − 1 ) d x


  = −     cos ⁡ x      sin  n − 1 ⁡ x −  (  n − 2 ) ∫      cosec n ⁡ x d x +  (  n − 2 ) ∫      cosec  n − 2 ⁡ x d x


  ∴  I n = −     cos ⁡ x      sin  n − 1 ⁡ x −  (  n − 2 )  I n +  (  n − 2 )  I  n − 2


   (  n − 1 )  I n = −     cos ⁡ x      sin  n − 1 ⁡ x +  (  n − 2 )  I  n − 2


  ∴  I n = −     cos ⁡ x   (  n − 1 )     sin  n − 1 ⁡ x +   n − 2  n − 1  I  n − 2


   I  2 n + 1 =  ∫ 0 1   x  2 n + 1  e   x 2 d x                    u =  1 2  x  2 n        d v  d x = 2 x  e   x 2     d u  d x = n  x  2 n − 1  v =  e   x 2     


  =  1 2    [   x  2 n  e   x 2     2 2 ] 0 1 − n  ∫ 0 1   x  2 n − 1  e   x 2 d x


  =  1 2  (  e − 0 ) − n  I  2 n − 1


  =  e 2 − n  I  2 n − 1


   I 5 =  e 2 − 2  I 3


  =  e 2 − 2  (   e 2 −  I 1 )


  = −  e 2 + 2  ∫ 0 1  x  e   x 2 d x


  = −  e 2 +    [   e   x 2     2 2 ] 0 1


  = −  e 2 + e − 1


  =  e 2 − 1


   I n =  ∫ 0 1   x    (  1 − x ) n d x                    u =    (  1 − x ) n                  d v  d x =  x   1 2               d u  d x = − n    (  1 − x )  n − 1  v =  2 3  x   3 2 


  =  2 3    [   x   3 2    (  1 − x ) n     2 2 ] 0 1 +   2 n 3  ∫ 0 1   x   3 2    (  1 − x )  n − 1 d x


  =  2 3  (  0 − 0 ) +   2 n 3  ∫ 0 1  x  x    (  1 − x )  n − 1 d x


  = −   2 n 3  ∫ 0 1   (  1 − x − 1 )  x    (  1 − x )  n − 1 d x


  = −   2 n 3  ∫ 0 1   x    (  1 − x ) n d x +   2 n 3  ∫ 0 1   x    (  1 − x )  n − 1 d x


  = −   2 n 3  I n +   2 n 3  I  n − 1


    2 n + 3 3  I n =   2 n 3  I  n − 1


   I n =   2 n  2 n + 3  I  n − 1


   I 3 =   2  ( 3 )  2  ( 3 ) + 3  I 2


  =  2 3  (    2  ( 2 )  2  ( 2 ) + 3 )  I 1


  =  8  21  (    2  ( 1 )  2  ( 1 ) + 3 )  I 0


  =   16  105  ∫ 0 1   x   1 2 d x


  =   16  105 ×  2 3    [   x   3 2     2 2 ] 0 1


  =   32  315


     I n =  ∫ 0 1     (  1 −  x 2 ) n d x                    u =    (  1 −  x 2 ) n                                    d v  d x = 1     d u  d x = n    (  1 −  x 2 )  n − 1  (  − 2 x )      v = x 


  =    [  x    (  1 −  x 2 ) n     2 2 ] 0 1 + 2 n  ∫ 0 1   x 2    (  1 −  x 2 )  n − 1 d x


  = 0 − 0 + 2 n  J  n − 1


  = 2 n  J  n − 1


                    ∴  I n = − 2 n  ∫ 0 1   (  1 −  x 2 − 1 )    (  1 −  x 2 )  n − 1 d x


  = − 2 n  ∫ 0 1     (  1 −  x 2 ) n d x + 2 n  ∫ 0 1     (  1 −  x 2 )  n − 1 d x


   I n = − 2 n  I n + 2 n  I  n − 1


   (  2 n + 1 )  I n = 2 n  I  n − 1


   I n =   2 n  2 n + 1  I  n − 1


   I n −  I  n + 1 =  ∫ 0 1     (  1 −  x 2 ) n d x −  ∫ 0 1     (  1 −  x 2 )  n + 1 d x


  =  ∫ 0 1   [     (  1 −  x 2 ) n −    (  1 −  x 2 )  n + 1 ] d x


  =  ∫ 0 1   [     (  1 −  x 2 ) n  (  1 − 1 +  x 2 ) ] d x


  =  ∫ 0 1   x 2    (  1 −  x 2 ) n d x


  =  J n


  ∴  J n =  I n − 2  (  n + 1 )  J n         from    ( a )


   (  2 n + 3 )  J n =  I n


   J n =  1  2 n + 3  I n


     J n =  1  2 n + 3  (  2 n  J  n − 1 )


  =   2 n  2 n + 3  J  n − 1


  ∫    d x  5 − 4   cos ⁡ x                            t =   tan ⁡   x 2   d x =   2 d t  1 +  t 2 


  = ∫   1  5 −   4  (  1 −  t 2 )  1 +  t 2 ×   2 d t  1 +  t 2


  = 2 ∫    d t  5 + 5  t 2 − 4 + 4  t 2


  = 2 ∫    d t  9  t 2 + 1


  =  2 3 ∫   3     (  3 t ) 2 + 1 d t


  =  2 3     tan  − 1 ⁡  3 t + c


  =  2 3     tan  − 1 ⁡   (  3   tan ⁡   x 2 ) + c


     ∫ 0 𝜋      cos ⁡ x  5 − 4   cos ⁡ x d x


  =  ∫ 0 𝜋    −  1 4  (  5 − 4   cos ⁡ x ) +  5 4  5 − 4   cos ⁡ x d x


  = −  1 4  ∫ 0 𝜋  d x +  5 4  ∫ 0 𝜋    d x  5 − 4   cos ⁡ x


  = −  1 4    [  x     2 2 ] 0 𝜋 +  5 4  (   𝜋 3 )


  = −  𝜋 4 +   5 𝜋  12


  =  𝜋 6


   u  n + 1 +  u  n − 1 −  5 2  u n


  =  ∫ 0 𝜋      cos ⁡   (   (  n + 1 ) x ) +   cos ⁡  (  (  n − 1 ) x ) −  5 2   cos ⁡  n x  5 − 4   cos ⁡ x d x


  =  ∫ 0 𝜋      cos ⁡  n x   cos ⁡ x −   sin ⁡  n x   sin ⁡ x +   cos ⁡  n x   cos ⁡ x +   sin ⁡  n x   sin ⁡ x −  5 2   cos ⁡  n x  5 − 4   cos ⁡ x d x


  =  ∫ 0 𝜋    2   cos ⁡  n x   cos ⁡ x −  5 2   cos ⁡  n x  5 − 4   cos ⁡ x d x


  =  1 2  ∫ 0 𝜋      cos ⁡  n x  (  4   cos ⁡ x − 5 )  5 − 4   cos ⁡ x d x


  = −  1 2  ∫ 0 𝜋    cos ⁡  n x d x


  = −  1 2    [   1 n   sin ⁡  n x ] 0 𝜋


  = −  1  2 n  (  0 − 0 )


  = 0


     I 1 =  ∫ 0   1 2    d x  1 + 4  x 2


  =  1 2  ∫ 0   1 2   2  1 +    (  2 x ) 2 d x


  =  1 2    [      tan  − 1 ⁡  2 x     2 2 ] 0   1 2


  =  1 2  (   𝜋 4 − 0 )


  =  𝜋 8


                                 I n =  ∫ 0   1 2    d x     (  1 + 4  x 2 ) n


  =  ∫ 0   1 2     (  1 + 4  x 2 )  − n d x                        u =    (  1 + 4  x 2 )  − n                                      d v  d x = 1     d u  d x = − n    (  1 + 4  x 2 )  −  (  n + 1 )  (  8 x )    v = x 


  =    [   x     (  1 + 4  x 2 ) n ] 0   1 2 + 2 n  ∫ 0   1 2    4  x 2     (  1 + 4  x 2 )  n + 1 d x


  =  1   2  n + 1 − 0 + 2 n  ∫ 0   1 2    1 + 4  x 2 − 1     (  1 + 4  x 2 )  n + 1 d x


  =  1   2  n + 1 + 2 n  ∫ 0   1 2   1     (  1 + 4  x 2 ) n d x − 2 n  ∫ 0   1 2   1     (  1 + 4  x 2 )  n + 1 d x


   I n =  1   2  n + 1 + 2 n  I n − 2 n  I  n + 1


   (  1 − 2 n )  I n = − 2 n  I  n + 1 +  1   2  n + 1


   I n =   2 n  I  n + 1  2 n − 1 +  1   2  n + 1  (  1 − 2 n )


                                                                 I n =   2 n  I  n + 1  2 n − 1 +  1   2  n + 1  (  1 − 2 n )


   I n −  1   2  n + 1  (  1 − 2 n ) =   2 n  I  n + 1  2 n − 1


   I  n + 1 =   2 n − 1  2 n  I n +  1  n  2  n + 2


   I 3 =   2  ( 2 ) − 1  2  ( 2 )  I 2 +  1   ( 2 )  2   ( 2 ) + 2


  =  3 4  I 2 +  1  32


  =  3 4  (    2  ( 1 ) − 1  2  ( 1 )  I 1 +  1   ( 1 )  2   ( 1 ) + 2 ) +  1  32


  =  3 4  (   1 2 ×  𝜋 8 +  1 8 ) +  1  32


  =  3 4  (    𝜋 + 2  16 ) +  1  32


  =   3 𝜋 + 8  64


     (  1 −  t 2 )    n − 3 2 −    (  1 −  t 2 )    n − 1 2


  =    (  1 −  t 2 )    n − 3 2  (  1 −  (  1 −  t 2 ) )


  =  t 2    (  1 −  t 2 )    n − 3 2


     I n =  ∫ 0 1     (  1 −  t 2 )    n − 1 2 d t                            u =    (  1 −  t 2 )    n − 1 2                      d v  d t = 1     d u  d t =   n − 1 2    (  1 −  t 2 )    n − 3 2 ( − 2 t )    v = t 


  =    [  t    (  1 −  t 2 )    n − 1 2     2 2 ] 0 1 +  (  n − 1 )  ∫ 0 1   t 2    (  1 −  t 2 )     (  n − 3 ) 2 d t


  = 0 +  (  n − 1 )  ∫ 0 1   (     (  1 −  t 2 )    n − 3 2 −    (  1 −  t 2 )    n − 1 2     2 2 ) d t


  =  (  n − 1 )  ∫ 0 1     (  1 −  t 2 )    n − 3 2 d t −  (  n − 1 )  ∫ 0 1     (  1 −  t 2 )    n − 1 2 d t


   I n =  (  n − 1 )  I  n − 2 −  (  n − 1 )  I n


  n  I n =  (  n − 1 )  I  n − 2


  P ( n )


  P ( 1 )


   J 1 =  I 1  I 0


  =  ∫ 0 1  d t ×  ∫ 0 1     (  1 −  t 2 )  −  1 2 d t


  =    [  t     2 2 ] 0 1 ×    [      sin  − 1 ⁡ t     2 2 ] 0 1


  =  (  1 − 0 ) ×  (   𝜋 2 − 0 )


  =  𝜋 2


  P ( k )


  k ≥ 1


   J k = k  I k  I  k − 1 =  𝜋 2


  P  (  k + 1 )      J  k + 1 =  (  k + 1 )  I  k + 1  I k =  𝜋 2


   (  k + 1 )  I  k + 1  I k


  = k  I  k − 1  I k       from (ii)


  =  𝜋 2                             from   P  ( k )


  ∴ P  ( k ) ⇒ P  (  k + 1 )


  ∴ P ( n )


  n ≥ 1


            0 ≤ 1 −  t 2 ≤ 1     for   0 ≤ t ≤ 1


  ∴   0 ≤      (  1 −  t 2 )    n − 1 2 ≤      (  1 −  t 2 )    n − 2 2


  ∴ 0 <  ∫ 0 1     (  1 −  t 2 )    n − 1 2 d t <  ∫ 0 1     (  1 −  t 2 )    n − 2 2 d t


  0 <  I n <  I  n − 1


                                 J n = n  I n  I  n − 1 =  𝜋 2


   I n  I  n − 1 =  𝜋  2 n


   I n 2 <  𝜋  2 n     from ( iv )


   I n <    𝜋  2 n


   J  n + 1 = ( n + 1 )  I  n + 1  I n =  𝜋 2


   I  n + 1  I n =  𝜋  2 ( n + 1 )


   I n 2 >  𝜋  2 n   from (iv)


  ∴    𝜋  2  (  n + 1 ) <  I n 2


  ∴    𝜋  2  (  n + 1 ) <  I n <    𝜋  2 n


   (  2 k ) ‼ =  (  2 k )  (  2 k − 2 )  (  2 k − 4 ) .   .   . 2


  = 2  ( k ) 2  (  k − 1 ) 2  (  k − 2 ) .   .   . 2  ( 1 )


  =  2 k k !


   (  2 k + 1 ) ‼  2 k k !


  =  [   (  2 k + 1 )  (  2 k − 1 )  (  2 k − 3 ) .   .   . 1 ]  [  2  ( k ) 2  (  k − 1 ) 2  (  k − 2 ) .   .   . 2  ( 1 ) ]


  =  [   (  2 k + 1 )  (  2 k − 1 )  (  2 k − 3 ) .   .   . 1 ]  [   (  2 k )  (  2 k − 2 )  (  2 k − 4 ) .   .   . 2 ]


  =  (  2 k + 1 )  (  2 k )  (  2 k − 1 )  (  2 k − 2 )  (  2 k − 3 )  (  2 k − 4 ) .   .   . 2 ∙ 1


  =  (  2 k + 1 ) !


  ∴  (  2 k + 1 ) ‼ =    (  2 k + 1 ) !   2 k k !


         I  2 n =  ∫ 0   𝜋 2      sin  2 n ⁡ x d x


  = −    [    cos ⁡ x     sin  2 n − 1 ⁡ x     2 2 ] 0   𝜋 2 +  (  2 n − 1 )  ∫ 0   𝜋 2      sin  2 n − 2 ⁡ x     cos 2 ⁡ x d x


  = −  (  0 − 0 ) +  (  2 n − 1 )  ∫ 0   𝜋 2      sin  2 n − 2 ⁡ x  (  1 −     sin 2 ⁡ x ) d x


  =  (  2 n − 1 )  ∫ 0   𝜋 2      sin  2 n − 2 ⁡ x d x −  (  2 n − 1 )  ∫ 0   𝜋 2      sin  2 n ⁡ x d x


   I  2 n =  (  2 n − 1 )  I  2 n − 2 −  (  2 n − 1 )  I  2 n


  2 n  I  2 n =  (  2 n − 1 )  I  2 n − 2


   I  2 n =   2 n − 1  2 n  I  2 n − 2


  =   2 n − 1  2 n ×   2 n − 3  2 n − 2  I  2 n − 4


  =   2 n − 1  2 n ×   2 n − 3  2 n − 2 ×   2 n − 5  2 n − 4  I  2 n − 6


  =   2 n − 1  2 n ×   2 n − 3  2 n − 2 ×   2 n − 5  2 n − 4 × .   .   .   ×  1 2  I 0


  =    (  2 n − 1 ) ‼   (  2 n ) ‼  ∫ 0   𝜋 2  d x


  =      (  2 n ) !   2 n n !             2 n n !           ×    [  x     2 2 ] 0   𝜋 2


  =    (  2 n ) !   2  2 n    (  n ! ) 2  (   𝜋 2 − 0 )


  =   𝜋  (  2 n ) !   2  2 n + 1    (  n ! ) 2


   I  2 n =  ∫  − 1 1     (  1 −  x 2 ) n d x                            u =    (  1 −  x 2 ) n                                    d v  d x = 1     d u  d x = n    (  1 −  x 2 )  n − 1  (  − 2 x )      v = x 


  =    [  x    (  1 −  x 2 )  n     2 2     2 2 ]  − 1 1 + 2 n  ∫  − 1 1   x 2    (  1 −  x 2 )  n − 1 d x


  = 0 − 2 n  ∫  − 1 1   (  1 −  x 2 − 1 )    (  1 −  x 2 )  n − 1 d x


  = − 2 n    ∫  − 1 1     (  1 −  x 2 ) n d x + 2 n  ∫  − 1 1     (  1 −  x 2 )  n − 1 d x


   I  2 n = − 2 n  I  2 n + 2 n  I  2 n − 2


   (  2 n + 1 )  I  2 n = 2 n  I  2 n − 2


   I  2 n =   2 n  2 n + 1  I  2 n − 2


  =   2 n  2 n + 1 ×   2 n − 2  2 n − 1  I  2 n − 4


  =   2 n  2 n + 1 ×   2 n − 2  2 n − 1 ×   2 n − 4  2 n − 3  I  2 n − 6


  =   2 n  2 n + 1 ×   2 n − 2  2 n − 1 ×   2 n − 4  2 n − 3 × .   .   .   ×  2 3  I 0


  =   2 n  2 n + 1 ×   2 n  2 n ×   2 n − 2  2 n − 1 ×   2 n − 2  2 n − 2 ×   2 n − 4  2 n − 3 ×   2 n − 4  2 n − 4 × .   .   .   ×  2 3 ×  2 2 ×  ∫  − 1 1  d x


  =      (  2  ( n ) 2  (  n − 1 ) 2  (  n − 2 ) .   .   . 2  ( 1 ) ) 2   (  2 n + 1 ) !    [  x     2 2 ]  − 1 1


  =    2  2 n    (  n ! ) 2   (  2 n + 1 ) !  (  1 −  (  − 1 ) )


  =    2  2 n + 1    (  n ! ) 2   (  2 n + 1 ) !


  ∫    d x   x 2 + 6 x + 10


  = ∫    d x     (  x + 3 ) 2 +  1 2


  =     tan  − 1 ⁡  ( x + 3 ) + c


  ∫   1   x 2 + 2 x + 2 d x


  = ∫   1     (  x + 1 ) 2 +  1 2 d x


  =     tan  − 1 ⁡  ( x + 1 ) + c


   I n =  ∫ 1 e     (    ln ⁡ t ) n d t                    u =    (    ln ⁡ t ) n            d v  d t = 1     d u  d t =   n    (    ln ⁡ t )  n − 1 t    v = t 


  =    [  t    (    ln ⁡ t ) n     2 2 ] 1 e − n ∫     (    ln ⁡ t )  n − 1 d t                        


  = e − n ∫     (    ln ⁡ t )  n − 1 d t


  = e − n  I  n − 1


   I 3 = e − 3  I 2


          = e − 3  (  e − 2  I 1 )


  = − 2 e + 6  (  e −  I 0 )


  = 4 e − 6  ∫ 1 e  d t


  = 4 e − 6    [    t       2 2 ] 1 e


                = 4 e − 6  (  e − 1 )


  = − 2 e + 6


  ∫  x     tan  − 1 ⁡ x d x                        u =     tan  − 1 ⁡ x    d v  d x = x         d u  d x =  1  1 +  x 2      v =    x 2 2 


  =    x 2     tan  − 1 ⁡ x 2 −  1 2 ∫     x 2  1 +  x 2 d x


  =    x 2     tan  − 1 ⁡ x 2 −  1 2 ∫    1 +  x 2 − 1  1 +  x 2 d x


  =    x 2     tan  − 1 ⁡ x 2 −  1 2 ∫  d x +  1 2 ∫   1  1 +  x 2 d x


  =    x 2     tan  − 1 ⁡ x 2 −  x 2 +  1 2     tan  − 1 ⁡ x + c


  ∫    sin ⁡ x cos ⁡ (   cos ⁡ x ) d x


  = − ∫  −   sin ⁡ x cos ⁡ (   cos ⁡ x ) d x


  = − sin ⁡ (   cos ⁡ x ) + c


  ∫   1    7 − 6 x −  x 2 d x


  = ∫   1      16 −  (  3 + x ) 2 d x


  =     sin  − 1 ⁡   (    x + 3 4 ) + C


   ∫ 0 1     e x     (  1 +  e x ) 2 d x                                u =  e x + 1   d u =  e x d x     


  =  ∫ 2  e + 1    d u   u 2


  =  ∫ 2  e + 1   u  − 2 d u


  = −    [   1 u ] 2  e + 1


  = −    [   1 u   ] 2  e + 1


  = −  (   1  e + 1 −  1 2 )


  =  1 2 −  1  e + 1


  ∫   1  x   ln ⁡ x d x


  = ∫     1 x    ln ⁡ x d x


  =   ln ⁡   |    ln ⁡ x     2 2 | + c


   ∫ 0 1        cos  − 1 ⁡ x    1 −  x 2 d x


  = −  ∫ 0 1   (  −  1    1 −  x 2 ) ×    (      cos  − 1 ⁡ x ) 1 d x


  = −  1 2    [     (      cos  − 1 ⁡ x ) 2     2 2 ] 0 1


  = −  1 2  (  0 −    (   𝜋 2 ) 2 )


  =    𝜋 2 8


   ∫ 0   𝜋 3      sec 3 ⁡ x   tan ⁡ x d x


  =  ∫ 0   𝜋 3    sec ⁡ x   tan ⁡ x    (    sec ⁡ x   ) 2 d x


  =    [        sec 3 ⁡ x 3 ] 0   𝜋 3


  =  8 3 −  1 3


  =  7 3


  n


   ∫ 0 a  f ( a − x ) d x =  ∫ 0 a  f ( x ) d x


  ∫    d x   (  x − 1 )  (  x + 2 )


  =  1 3 ∫   (   1  x − 1 −  1  x + 2 ) d x


  =  1 3  (    ln ⁡   |  x − 1 | −   ln ⁡   |  x + 2 | ) + c


  =  1 3   ln ⁡   |    x − 1  x + 2 | + c


   ∫ 0 1  x  e  −  x 2 d x


  = −  1 2  ∫ 0 1   (  − 2 x )    e  − x 2 d x


  = −  1 2    [   e  −  x 2     2 2 ] 0 1


  = −  1 2  (   e  − 1 − 1 )


  =  1 2 −  1  2 e


  a =   10     (  − 1 ) 2 + 4 = 2


   x 2 :      


    a + b = 0     ⇒       b = − 2


  x :


  b + c = 0       ⇒       c = 2


  ∫   (   2  x + 1 +   − 2 x + 2   x 2 + 4 ) d x


  = ∫   (   2  x + 1 −   2 x   x 2 + 4 +  2   x 2 + 4 ) d x


  = 2   ln ⁡   |  x + 1 | −   ln ⁡   |   x 2 + 4 | +     tan  − 1 ⁡   x 2 + c


  ∫     t 2 − 1   t 3 d t


  = ∫   (   1 t −  t  − 3 ) d t


  =   ln ⁡  | t | −    t  − 2  − 2 + c


  =   ln ⁡  | t | +  1  2  t 2 + c


  ∫    d x    6 − x −  x 2


  = ∫    d x    −  (   x 2 + x +  1 4 −   25 4 )


  = ∫    d x       (   5 2 ) 2 −    (   1 2 + x ) 2


  =     sin  − 1 ⁡   (    x +  1 2   5 2 ) + c


  =     sin  − 1 ⁡   (    2 x + 1 5 ) + c


  ∫   x 2     log e ⁡  ( 3 x ) d x                                    u =     log e ⁡  3 x    d v  d x =  x 2     d u  d x =  1 x                        v =    x 3 3 


  =    x 3 3     log e ⁡  3 x −  1 3 ∫   x 2 d x                                                                                                


  =    x 3 3     log e ⁡  3 x −    x 3 9 + c


  ∫      cos ⁡ 𝜃      sin 4 ⁡ 𝜃 d 𝜃


  = ∫  cos ⁡ 𝜃    (    sin ⁡ 𝜃 )  − 4 d 𝜃


  =      (    sin ⁡ 𝜃 )  − 3  − 3 + c


  = −  1  3     sin 3 ⁡ 𝜃 + c


  ∫    d x    2 − 4 x − 2  x 2


  = ∫    d x    2  (  1 − 2 x −  x 2 )


  =  1   2 ∫    d x    2 −    (  1 + x ) 2


  =  1   2     sin  − 1 ⁡   (    x + 1   2 ) + c


      cos ⁡  2 x −   cos ⁡  4 x    sin ⁡  4 x +   sin ⁡  2 x


  =   2   sin ⁡  3 x   sin ⁡ x  2   sin ⁡  3 x   cos ⁡ x


  =     sin ⁡ x    cos ⁡ x       since   sin ⁡  3 x ≠ 0


  =   tan ⁡ x


    sin ⁡  3 x +   sin ⁡ x


  = 2   sin ⁡  2 x   cos ⁡ x


  = 2 ( 2   sin ⁡ x   cos ⁡ x )   cos ⁡ x


  = 4   sin ⁡ x     cos 2 ⁡ x


  2   cos ⁡  2 x   cos ⁡ x


  = 2  (  2     cos 2 ⁡ x − 1 )   cos ⁡ x


  = 4     cos 3 ⁡ x − 2   cos ⁡ x


  2   tan ⁡ x   cos ⁡  3 x


  =   2   sin ⁡ x   cos ⁡  3 x    cos ⁡ x


  =     sin ⁡  4 x −   sin ⁡  2 x    cos ⁡ x


  =   sec ⁡ x  (    sin ⁡  4 x −   sin ⁡  2 x )


  ∫  x   cos ⁡ x d x                          u = x    d v  d x =   cos ⁡ x     d u  d x = 1      v =   sin ⁡ x 


  = x   sin ⁡ x − ∫    sin ⁡ x d x


  = x   sin ⁡ x +   cos ⁡ x + c


  ∫    x + 1  x − 2 d x


  = ∫    x − 2 + 3  x − 2 d x


  = ∫   (  1 +  3  x − 2 ) d x


  = x + 3   ln ⁡   |  x − 2 | + c


  ∫   x    16 −  x 2 d x


  = −  1 2 ∫   (  − 2 x )    (  16 −  x 2 )  −  1 2 d x


  = −  1 2 × 2    (  16 −  x 2 )   1 2 + c


  = −   16 −  x 2 + c


   ∫ 0   𝜋 2    d x  1 +   sin ⁡ x                                t =   tan ⁡   x 2   d x =   2 d t  1 +  t 2 


  =  ∫ 0 1   1  1 +   2 t  1 +  t 2 ×   2 d t  1 +  t 2


  = 2  ∫ 0 1   1  1 +  t 2 + 2 t d t


  = 2  ∫ 0 1     (  t + 1 )  − 2 d t


  = − 2    [   1  t + 1 ] 0 1


  = − 2  (   1 2 − 1 )


  = 1


  ∫     e x d x    1 −  e  2 x                      u =  e x       d u =  e x d x 


  = ∫     e x    1 −  u 2 ×   d u   e x


  = ∫   1    1 −  u 2 d u


  =     sin  − 1 ⁡ u + c


  =     sin  − 1 ⁡   e x + c


  ∫    4  x 3 − 2  x 2 + 1  2 x − 1 d x


  = ∫    2  x 2  (  2 x − 1 ) + 1  2 x − 1 d x


  = ∫   (  2  x 2 +  1  2 x − 1 ) d x


  =  2 3  x 3 +  1 2   ln ⁡   |  2 x − 1 | + c


  ∫    d x    3 − 4 x − 4  x 2


  = ∫    d x    − ( 4  x 2 + 4 x + 1 − 4 )


  = ∫    d x     2 2 −    (  2 x + 1 ) 2


  =  1 2 ∫    2   d x     2 2 −    (  2 x + 1 ) 2


  =  1 2     sin  − 1 ⁡   (    2 x + 1 2 ) + c


      cos 4 ⁡ x     sin 5 ⁡ x


   ∫  − a a  f ( x ) d x = 0


  ∴  ∫  −  𝜋 2   𝜋 2      cos 4 ⁡ x     sin 5 ⁡ x d x = 0


   ∫ 0 1      tan  − 1 ⁡ x d x                            u =     tan  − 1 ⁡ x    d v  d x = 1     d u  d x =  1  1 +  x 2        v = x 


  =    [  x     tan  − 1 ⁡ x     2 2 ] 0 1 −  ∫ 0 1   x  1 +  x 2 d x                                                                


  =  𝜋 4 −  1 2    [    ln ⁡   |  1 +  x 2 |     2 2 ] 0 1


  =  𝜋 4 −  1 2  (    ln ⁡ 2 − 0 )


  =  𝜋 4 −  1 2   ln ⁡ 2


  ∫    d x   x 2 − 6 x + 13


  = ∫    d x     (  x − 3 ) 2 +  2 2


  =  1 2     tan  − 1 ⁡   (    x − 3 2 ) + c


    sin ⁡  130 ° +   sin ⁡  10 °


  =   sin ⁡   (  70 ° + 60 ° ) +   sin ⁡   (  70 ° − 60 ° )


  = 2   sin ⁡  70 °   cos ⁡  60 °


  = 2   sin ⁡  70 ° ×  1 2


  =   sin ⁡  70 °


    sin ⁡  130 ° +   sin ⁡  10 °


  = 2   sin ⁡   (    130 + 10 2 )   cos ⁡   (    130 − 10 2 )


  = 2   sin ⁡  70 °   cos ⁡  60 °


  = 2   sin ⁡  70 ° ×  1 2


  =   sin ⁡  70 °  


  f  ( x ) =   sin ⁡  3 x   cos ⁡ x −   cos ⁡  2 x   sin ⁡  2 x


  =  1 2  [    sin ⁡  4 x +   sin ⁡  2 x     2 2 ] −  1 2   sin ⁡  4 x


  =  1 2   sin ⁡  2 x


   1 2


    2 𝜋 2 = 𝜋


    1 −   cos ⁡ 𝜃    sin ⁡ 𝜃


  =    (  1 −   1 −  t 2  1 +  t 2 )    2 t  1 +  t 2


  =   1 +  t 2 − 1 +  t 2  2 t


  =   2  t 2  2 t


  = t


   ∫ 0   3     x 3     (  1 +  x 2 )   3 2 d x


  =  ∫ 1 4     x 3   u   3 2 ×   d u  2 x


  =  1 2  ∫ 1 4   (  u − 1 )  u  −  3 2 d u


  =  1 2  ∫ 1 4   (   u  −  1 2 −  u  −  3 2     2 2 ) d u


  =  1 2    [  2  u   1 2 + 2  u  −  1 2     2 2 ] 1 4


  =  1 2  (   (  4 + 1 ) −  (  2 + 2 ) )


  =  1 2  


  ∫  x  x  (   x   1 2 +  x   3 2     2 2 ) d x


  = ∫   (   x 2 +  x 3 ) d x


  =    x 3 3 +    x 4 4 + c


   ∫ 0      log 3 ⁡ 2   3  x     log 3 ⁡ 2 d x


  =  ∫ 0      log 3 ⁡ 2   3      log 3 ⁡   2 x d x


  =  ∫ 0      log 3 ⁡ 2   2 x d x


  =  1    ln ⁡  2      [   2 x     2 2 ] 0      log 3 ⁡ 2


  =  1    ln ⁡ 2  (   2      log 3 ⁡ 2 − 1 )


      sin ⁡ B −   sin ⁡ A    cos ⁡ A −   cos ⁡ B


  = −     sin ⁡ A −   sin ⁡ B    cos ⁡ A −   cos ⁡ B


  = −   2   cos ⁡   (    A + B 2 )   sin ⁡   (    A − B 2 )  − 2   sin ⁡   (    A + B 2 )   sin ⁡   (    A − B 2 )


  =   cot ⁡   (    A + B 2 )


   ∫ 0   𝜋 6    d 𝜃  9 − 8     cos 2 ⁡ 𝜃                            t =   tan ⁡ 𝜃     d t  d 𝜃 =     sec 2 ⁡ 𝜃                 = 1 +  t 2   d 𝜃 =   d t  1 +  t 2 


  =  ∫ 0   1   3   1  9 −  8      sec 2 ⁡ 𝜃 ×   d t  1 +  t 2


  =  ∫ 0   1   3   1  9 −  8  1 +  t 2 ×   d t  1 +  t 2


  =  ∫ 0   1   3   1  9 + 9  t 2 − 8 d t


  =  ∫ 0   1   3   1  1 + 9  t 2 d t


  =  1 3  ∫ 0   1   3   3  1 +    (  3 t ) 2 d t


  =  1 3    [      tan  − 1 ⁡  3 t     2 2 ] 0   1   3


  =  1 3  (   𝜋 3 − 0 )


  =  𝜋 9


  ∫     e  2 x   e x + 1 d x                                u =  e  x         d u =  e x d x   d x =   d u u           


  = ∫     u 2  u + 1 ×   d u u


  = ∫   u  u + 1 d u


  = ∫   (    u + 1  u + 1 −  1  u + 1 ) d u


  = ∫   (  1 −  1  u + 1 ) d u


  = u −   ln ⁡  ( u + 1 ) + c


  =  e x −   ln ⁡   |   e x + 1 | + c


  a =   8 − 2  (  − 1 )  4 +    (  − 1 ) 2 = 2


   x 2 :


  a + b = 0           ⇒         b = − 2


  4 a + c = 8           ⇒         c = 0


  ∴ a = 2 ,   b = − 2 ,   c = 0


   ∫ 0 4    8 − 2 x   (  1 + x )  (  4 +  x 2 ) d x


  =  ∫ 0 4   (   2  1 + x −   2 x  4 +  x 2 ) d x


  =    [  2   ln ⁡   (  1 + x ) −   ln ⁡   (  4 +  x 2 )     2 2 ] 0 4


  =  (  2   ln ⁡ 5 −   ln ⁡  20 ) −  (  2   ln ⁡ 1 −   ln ⁡ 4 )


  =   ln ⁡  25 −   ln ⁡  20 +   ln ⁡ 4


  =   ln ⁡    25 × 4  20


  =   ln ⁡ 5


  A


  B


     (  x + h ) 2


     (  x + h ) 2


  x + h


   ∫  − 1 1   1  1 +  e  − x ×    e x   e x d x


  =  ∫  − 1 1     e x   e x + 1 d x


  =    [    ln ⁡   (   e x + 1 )     2 2 ]  − 1 1


  =   ln ⁡  ( e + 1 ) −   ln ⁡   (   e  − 1 + 1 )


  =   ln ⁡  ( e + 1 ) −   ln ⁡   (    1 + e e )


  =   ln ⁡   (    e + 1    ( 1 + e ) e )


  =   ln ⁡ e


  = 1


  2   cos ⁡ 𝜃 + 3   sin ⁡ 𝜃 = − 2


  2  (    1 −  t 2  1 +  t 2 ) + 3  (    2 t  1 +  t 2 ) = − 2


  2 − 2  t 2 + 6 t = − 2 − 2  t 2


  6 t = − 4


  t = −  2 3


    tan ⁡   𝜃 2 = −  2 3


   𝜃 2 = 𝜋 −     tan  − 1 ⁡   (   2 3 )


  𝜃 = 2  (  𝜋 −     tan  − 1 ⁡   (   2 3 ) )


  = 5 . 107180


  Check  𝜃 = 𝜋 :  


  2   cos ⁡ 𝜋 + 3   sin ⁡ 𝜋 = − 2 + 0 = − 2       ✔


  ∴ t = 5 . 11    (  2   d p ) ,   𝜋


   I n =  ∫ 0 1   x    (  1 − x ) n d x        u =    (  1 − x ) n                  d v  d x =  x   1 2         d u  d x = − n    (  1 − x )  n − 1        v =  2 3  x   3 2 


                  =  2 3    [   x   3 2    (  1 − x ) n ] 0 1 +   2 n 3  ∫ 0 1   x   3 2    (  1 − x )  n − 1 d x


                  = 0 +   2 n 3  ∫ 0 1   x ∙ x    (  1 − x )  n − 1 d x


                  = −   2 n 3  ∫ 0 1   x ( 1 − x − 1 )    (  1 − x )  n − 1 d x


                  = −   2 n 3  ∫ 0 1   x    (  1 − x ) n d x +   2 n 3  ∫ 0 1   x    (  1 − x )  n − 1 d x


                    ∴    I n = −   2 n 3  I n +   2 n 3  I  n − 1


    2 n + 3 3  I n =   2 n 3  I  n − 1


                               I n =  (    2 n  2 n + 3 )  I  n − 1


   I 3 =  (    2  ( 3 )  2  ( 3 ) + 3 )  I 2


                      =  2 3  (    2  ( 2 )  2  ( 2 ) + 3 )  I 1


                      =  8  21  (    2  ( 1 )  2  ( 1 ) + 3 )  I 0


                      =   16  105  ∫ 0 1   x d x


                      =   16  105    [     x   3 2   3 2 ] 0 1


                      =   32  315


    sin ⁡  3 x +   sin ⁡ x +   sin ⁡  2 x


  =   sin ⁡   (  2 x + x ) +   sin ⁡   (  2 x − x ) +   sin ⁡  2 x


  = 2   sin ⁡  2 x   cos ⁡ x +   sin ⁡  2 x              


  =   sin ⁡  2 x  (  2   cos ⁡ x + 1 )


  c =   16   2 2 + 4 = 2


   x 2 :        


  − a + c = 0     ⇒         a = 2


  2 b + 4 c = 16           ⇒           b = 4


  a = 2 ,   b = 4 ,   c = 2


  ∫    16   (   x 2 + 4 )  (  2 − x ) d x


  = ∫   (    2 x + 4   x 2 + 4 +  2  2 − x ) d x


  = ∫   (    2 x   x 2 + 4 +  4   x 2 + 4 +  2  2 − x ) d x


  =   ln ⁡   |   x 2 + 4 | + 2     tan  − 1 ⁡   (   x 2 ) − 2   ln ⁡   |  2 − x | + c


   ∫ 0 1      sin  − 1 ⁡ x d x                u =     sin  − 1 ⁡ x    d v  d x = 1     d u  d x =  1    1 −  x 2      v = x 


  =    [  x     sin  − 1 ⁡ x     2 2 ] 0 1 −  ∫ 0 1   x    1 −  x 2 d x


  =  𝜋 2 − 0 +  1 2  ∫ 0 1   (  − 2 x )    (  1 −  x 2 )  −  1 2 d x


  =  𝜋 2 +  1 2 × 2    [     (  1 −  x 2 )   1 2       2 2 ] 0 1


  =  𝜋 2 − 1


   ∫ 0 1   x   (  x + 1 )  (  2 x + 1 ) d x


  =  ∫ 0 1   (   1  x + 1 −  1  2 x + 1 ) d x


  =    [    ln ⁡   |  x + 1 | −  1 2   ln ⁡   |  2 x + 1 | ] 0 1


  =  (    ln ⁡ 2 −  1 2   ln ⁡ 3 ) −  (    ln ⁡ 1 −  1 2   ln ⁡ 1 )


  =   ln ⁡   2   3


   ∫ 0   𝜋 4  x     sec 2 ⁡ x d x                  u = x    d v  d x =     sec 2 ⁡ x     d u  d x = 1    v =   tan ⁡ x 


  =    [  x   tan ⁡ x     2 2 ] 0   𝜋 4 −  ∫ 0   𝜋 4    tan ⁡ x d x


  =  𝜋 4 − 0 +    [    ln ⁡   |    cos ⁡ x |     2 2 ] 0   𝜋 4


  =  𝜋 4 +   ln ⁡   |   1   2 |


  =  𝜋 4 +   ln ⁡ 1 −   ln ⁡   2


  =  𝜋 4 −  1 2   ln ⁡ 2


  ∫  (     tan 3 ⁡  2 x +   tan ⁡  2 x ) d x


  = ∫    tan ⁡  2 x (     tan 2 ⁡  2 x + 1 ) d x


  =  1 2 ∫  2     sec 2 ⁡  2 x    (    tan ⁡  2 x ) 1 d x


  =       tan 2 ⁡  2 x  2 × 2 + c


  =  1 4     tan 2 ⁡  2 x + c


    cos ⁡ x − 3   sin ⁡ x + 3 = 0


    1 −  t 2  1 +  t 2 − 3  (    2 t  1 +  t 2 ) + 3 = 0


  1 −  t 2 − 6 t + 3 + 3  t 2 = 0


  2  t 2 − 6 t + 4 = 0


   t 2 − 3 t + 2 = 0


   (  t − 1 )  (  t − 2 ) = 0


  t = 1 ,   2


    tan ⁡   x 2 = 1               tan ⁡   x 2 = 2


   x 2 =  𝜋 4                            x 2 =     tan  − 1 ⁡   ( 2 )


  x =  𝜋 2                           x = 2 . 214297


  Check  𝜃 = 𝜋 :  


    cos ⁡ 𝜋 − 3   sin ⁡ 𝜋 + 3 = − 1 + 0 + 3 = 2 ≠ 0     ✘


  ∴ x =  𝜋 2 ,   2 . 21   ( 2   dp )


   ∫ 0   𝜋 3   1  1 −   sin ⁡ 𝜃 d 𝜃                            t =   tan ⁡   𝜃 2   d 𝜃 =   2 d t  1 +  t 2 


  =  ∫ 0   1   3   1  1 −   2 t  1 +  t 2 ×   2 d t  1 +  t 2


  = 2  ∫ 0   1   3   1  1 +  t 2 − 2 t d t


  = 2  ∫ 0   1   3   1     (  t − 1 ) 2 d t


  = − 2    [   1  t − 1 ] 0   1   3


  = − 2  (   1   1   3 − 1 + 1 )


  = − 2  (     3  1 −  3 +   1 −  3  1 −  3 )


  = − 2  (   1  1 −  3 ) ×   1 +  3  1 +  3


  = −   2  (  1 +  3 )  1 − 3


  =  3 + 1


  ∫      5 − x  5 + x d x


  = ∫      5 − x  5 + x ×     5 − x  5 − x d x


  = ∫    5 − x    25 −  x 2 d x


  = ∫   5    25 −  x 2 d x +  1 2 ∫   (  − 2 x )    (  25 −  x 2 )  −  1 2 d x


  = 5     sin  − 1 ⁡   (   x 5 ) +  1 2 × 2    (  25 −  x 2 )   1 2 + c


  = 5     sin  − 1 ⁡   (   x 5 ) +   25 −  x 2 + c


  A =   10  1 +    (  − 3 ) 2 = 1


   x 2 :            


    A + B = 0             ⇒           B = − 1


  A + 3 C = 10                   ⇒           C = 3


  A = 1 ,   B = − 1 ,   C = 3


  ∫    10  3 +   tan ⁡ 𝜃 d 𝜃                  t =   tan ⁡ 𝜃   d 𝜃 =   d t  1 +  t 2 


  = ∫    10  3 + t ×   d t  1 +  t 2


  = ∫    10   (  3 + t )  (  1 +  t 2 ) d t


  = ∫   (   1  3 + t −   t − 3  1 +  t 2 ) d t


  = ∫   (   1  3 + t −  t  1 +  t 2 +  3  1 +  t 2 ) d t


  =   ln ⁡   |  3 + t | −  1 2   ln ⁡   |  1 +  t 2 | + 3     tan  − 1 ⁡ t + c


  =   ln ⁡   |  3 +   tan ⁡ 𝜃 | −  1 2   ln ⁡   |  1 +     tan 2 ⁡ 𝜃 | + 3     tan  − 1 ⁡   (    tan ⁡ 𝜃 ) + c


  =   ln ⁡   |    tan ⁡ 𝜃 + 3 | −  1 2   ln ⁡   |      sec 2 ⁡ 𝜃 | + 3 𝜃 + c  


   I 0 =  ∫ 0 1   1    1 + x d x


                =  ∫ 0 1     (  1 + x )  −  1 2 d x


                =    [       (  1 + x )   1 2   1 2 ] 0 1


                = 2  (   2 − 1 )


                = 2  2 − 2


   I n =  ∫ 0 1     x n    1 + x d x                    u =  x n            d v  d x =  1    1 + x             d u  d x = n  x  n − 1        v = 2    (  1 + x )   1 2 


  = 2    [   x n    (  1 + x )   1 2     2 2 ] 0 1 − 2 n  ∫ 0 1   x  n − 1    (  1 + x )   1 2 d x                              


  = 2  2 − 0 − 2 n  ∫ 0 1   x  n − 1   1 + x d x


  = 2  2 − 2 n  (   I n +  I  n − 1 )                         given


  ∴  (  2 n + 1 )  I n = 2  2 − 2 n  I  n − 1


                                           I n =   2  2 − 2 n  I  n − 1  2 n + 1


   I 1 =   2  2 − 2  ( 1 )  I 0  2  ( 1 ) + 1


                      =   2  2 − 2  (  2  2 − 2 ) 3


                      =   4 − 2  2 3


   I 2 =   2  2 − 2  ( 2 )  I 1  2  ( 2 ) + 1


            =   2  2 − 4  (    4 − 2  2 3 ) 5


          =   6  2 − 16 + 8  2  15


          =   14  2 − 16  15


   ∫ 1 2    d x  x  (  1 +  x 2 )


  =  ∫ 1 2   (   1 x −  x  1 +  x 2 ) d x


  =    [    ln ⁡   | x | −  1 2   ln ⁡   |  1 +  x 2 | ] 1 2


  =  (    ln ⁡ 2 −  1 2   ln ⁡ 5 ) −  (    ln ⁡ 1 −  1 2   ln ⁡ 2 )


  =  3 2   ln ⁡ 2 −  1 2   ln ⁡ 5


  ∫   x    1 − x d x                                   u 2 = 1 − x   2 u   d u = − d x                           d x = − 2 u   d u 


  = ∫     (  1 −  u 2 ) u )  (  − 2 u   d u )


  = 2 ∫   (   u 2 − 1 ) d u


  =   2  u 3 3 − 2 u + C


  =   2      (  1 − x ) 3 3 − 2   1 − x + c


  I = ∫   e  − 2 x   cos ⁡ x d x                u =   cos ⁡ x        d v  d x =  e  − 2 x                 d u  d x = −   sin ⁡ x        v = −  1 2  e  − 2 x 


  I = −  1 2  e  − 2 x   cos ⁡ x −  1 2 ∫   e  − 2 x   sin ⁡ x d x


                                                                                           u =   sin ⁡ x        d v  d x =  e  − 2 x                 d u  d x =   cos ⁡ x        v = −  1 2  e  − 2 x 


  = −  1 2  e  − 2 x   cos ⁡ x −  1 2  (  −  1 2  e  − 2 x   sin ⁡ x +  1 2 ∫   e  − 2 x   cos ⁡ x d x )


  = −  1 2  e  − 2 x   cos ⁡ x +  1 4  e  − 2 x   sin ⁡ x −  1 4 I + c


   5 4 I = −  1 2  e  − 2 x   cos ⁡ x +  1 4  e  − 2 x   sin ⁡ x + c


  I =    e  − 2 x  (    sin ⁡ x − 2   cos ⁡ x ) 5 + c


  for   0 < x < 1            x n >  x  n + 1    


  ∴  1  1 +  x n <  1  1 +  x  n + 1   ∴ statement I is true


    sin ⁡ x


    cos ⁡ x


   𝜋 4


   ∫ 0   𝜋 2    sin ⁡ x d x =  ∫ 0   𝜋 2    cos ⁡ x d x ∴ statement II is true


   ∫ 0 1      cos  − 1 ⁡ x d x                        u =     cos  − 1 ⁡ x          d v  d x = 1     d u  d x = −  1    1 −  x 2      v = x 


  =    [  x     cos  − 1 ⁡ x     2 2 ] 0 1 +  ∫ 0 1   x    1 −  x 2 d x


  = 0 − 0 −  1 2  ∫ 0 1   (  − 2 x )    (  1 −  x 2 )  −  1 2 d x


  = −  1 2 × 2    [     (  1 −  x 2 )   1 2     2 2 ] 0 1


  = −  (  0 − 1 )


  = 1


   I 1 =  ∫ 0 1   x    1 − x d x                       u 2 = 1 − x   2 u   d u = − d x                           d x = − 2 u   d u 


  =  ∫ 1 0    1 −  u 2 u ×  (  − 2 u   d u )


  = 2  ∫ 0 1  ( 1 −  u 2 ) d u


  = 2    [  u −    u 3 3 ] 0 1


  = 2  (  1 −  1 3 )


  =  4 3


   I  n − 1 −  I n


  =  ∫ 0 1     x  n − 1    1 − x d x −  ∫ 0 1     x n    1 − x d x


  =  ∫ 0 1     x  n − 1  (  1 − x )    1 − x d x


  =  ∫ 0 1   x  n − 1   1 − x d x


   I  n − 1 −  I n


  =  ∫ 0 1   x  n − 1   1 − x d x    


                                                                       u =   1 − x                      d v  d x =  x  n − 1     d u  d x = −  1 2    (  1 − x )  −  1 2  v =    x n n   = −  1  2   1 − x  


  =  1 n    [   x n   1 − x     2 2 ] 0 1 +  1  2 n  ∫ 0 1     x n    1 − x d x


   I  n − 1 −  I n =  1  2 n  I n


  2 n  I  n − 1 − 2 n  I n =  I n


   (  2 n + 1 )  I n = 2 n  I  n − 1


   I n =   2 n  2 n + 1  I  n − 1


  ∫    sec ⁡ x d x                                      t =   tan ⁡   x 2   d x =   2 d t  1 +  t 2 


  = ∫    1 +  t 2  1 −  t 2  (    2 d t  1 +  t 2 )


  = 2 ∫   1  1 −  t 2 d t


  = ∫   (   1  1 + t +  1  1 − t ) d t


  =   ln ⁡   |  1 + t | −   ln ⁡   |  1 − t | + c


  =   ln ⁡   |    1 + t  1 − t | + c


   ∫ 0   𝜋 4  x     tan 2 ⁡ x d x                                              u = x    d v  d x =     tan 2 ⁡ x                              =     sec 2 ⁡ x − 1     d u  d x = 1  v =   tan ⁡ x − x 


  =    [  x  (    tan ⁡ x − x )     2 2 ] 0   𝜋 4 −  ∫ 0   𝜋 4   (    tan ⁡ x − x ) d x


  =  (   𝜋 4  (  1 −  𝜋 4 ) ) − 0 −    [  −   ln ⁡   |    cos ⁡ x | −    x 2 2 ] 0   𝜋 4


  =  𝜋 4  (  1 −  𝜋 4 ) −  (   (  −   ln ⁡   1   2 −    𝜋 2  32 ) −  (  0 − 0 ) )


  =  𝜋 4 −    𝜋 2  16 +    𝜋 2  32 −  1 2   ln ⁡ 2


  =  𝜋 4 −    𝜋 2  32 −  1 2   ln ⁡ 2


  ∫      cos ⁡   (   x )   x d x


  = 2 ∫   (   1 2  x  −  1 2 )   cos ⁡   x d x


  = 2   sin ⁡   x + c


  B =   3    ( 1 ) 2 + 3  ( 1 ) − 2     (  1 + 1 ) 2 = 1


   x 2 :        


  A + B = 3         ⇒       A = 2


  A = 2 ,   B = 1


  ∫    3  x 2 + 3 x − 2   (  x − 1 )    (  x + 1 ) 2 d x


  = ∫   (   2  x + 1 +  1  x − 1 +  1     (  x + 1 ) 2 ) d x


  = 2   ln ⁡   |  x + 1 | +   ln ⁡   |  x − 1 | −  1  x + 1 + c


  =   ln ⁡   |     (  x + 1 ) 2 ( x − 1 )     2 2 | −  1  x + 1 + c


   ∫ 1   3   1   x 2   4 −  x 2 d x                                x = 2   cos ⁡ 𝜃                 d x  d 𝜃 = − 2   sin ⁡ 𝜃               d x = − 2   sin ⁡ 𝜃 d 𝜃 


  =  ∫   𝜋 3   𝜋 6   1  4     cos 2 ⁡ 𝜃   4 − 4     cos 2 ⁡ 𝜃  (  − 2   sin ⁡ 𝜃 d 𝜃 )


  =  1 4  ∫   𝜋 6   𝜋 3   1      cos 2 ⁡ 𝜃   sin ⁡ 𝜃 ×   sin ⁡ 𝜃 d 𝜃


  =  1 4  ∫   𝜋 6   𝜋 3      sec 2 ⁡ 𝜃 d 𝜃


  =  1 4    [    tan ⁡ 𝜃     2 2 ]   𝜋 6   𝜋 3


  =  1 4  (   3 −  1   3 )


  =  1 4  (   3   3 −  1   3 )


  =  1  2  3


  =    3 6


     x 2 − x + 1   x 2 + 2 x + 1 =   1  (   x 2 + 2 x + 1 ) − 3  (  x + 1 ) + 3   x 2 + 2 x + 1


                                                          = 1 −  3  x + 1 +  3     (  x + 1 ) 2


  A = 1 ,   B = − 3 ,   C = 3


  ∫     x 2 − x + 1     (  x + 1 ) 2 d x


  = ∫   (  1 −  3  x + 1 +  3     (  x + 1 ) 2 ) d x


  = x − 3   ln ⁡   |  x + 1 | −  3  x + 1 + c


   ∫ 0   𝜋 3  x     sec 2 ⁡ x d x                          u = x    d v  d x =     sec 2 ⁡ x     d u  d x = 1  v =   tan ⁡ x 


  =    [  x   tan ⁡ x     2 2 ] 0   𝜋 3 −  ∫ 0   𝜋 3    tan ⁡ x d x


  =   𝜋  3 3 +    [    ln ⁡   |    cos ⁡ x |     2 2 ] 0   𝜋 3


  =   𝜋  3 3 +   ln ⁡   1 2 −   ln ⁡ 1


  =   𝜋  3 3 −   ln ⁡ 2


   I n =  ∫ 0 𝜋   x n   sin ⁡ x d x            u =  x n            d v  d x =   sin ⁡ x                 d u  d x = n  x  n − 1    v = −   cos ⁡ x 


                                                                                                                       


  = −    [   x n   cos ⁡ x     2 2 ] 0 𝜋 + n  ∫ 0 𝜋   x  n − 1   cos ⁡ x d x


  = −  (  −  𝜋 n − 0 ) + n  ∫ 0 𝜋   x  n − 1   cos ⁡ x d x


       u =  x  n − 1                          d v  d x =   cos ⁡ x         d u  d x = ( n − 1 )  x  n − 2  v =   sin ⁡ x 


  =  𝜋 n + n  {     [   x  n − 1   sin ⁡ x     2 2 ] 0 𝜋 −  (  n − 1 ) ∫   x  n − 2   sin ⁡ x d x }


   I n =  𝜋 n + n { 0 −  (  n − 1 )  I  n − 2


            =  𝜋 n − n  (  n − 1 )  I  n − 2


   ∫ 0 𝜋   x 4   sin ⁡ x d x


  =  I 4


  =  𝜋 4 − 4  ( 3 )  I 2


  =  𝜋 4 − 12  (   𝜋 2 − 2  ( 1 )  I 0 )


  =  𝜋 4 − 12  𝜋 2 + 24  ∫ 0 𝜋    sin ⁡ x d x


  =  𝜋 4 − 12  𝜋 2 + 24    [  −   cos ⁡ x     2 2 ] 0 𝜋


  =  𝜋 4 − 12  𝜋 2 + 24  (  1 + 1 )


  =  𝜋 4 − 12  𝜋 2 + 48


  I − J


  =  ∫ 0    ln ⁡ 2     e x −  e  − x   e x +  e  − x d x


  =    [    ln ⁡   |   e x +  e  − x |     2 2 ] 0    ln ⁡ 2


  =   ln ⁡   (  2 +  1 2 ) −   ln ⁡   (  1 + 1 )


  =   ln ⁡   (   5 4 )


  f  ( t ) + g  ( t )


  = 3   sin ⁡  4 t + 3   sin ⁡   (  4 t +  𝜋 3 )


  = 3  (    sin ⁡  4 t +   sin ⁡   (  4 t +  𝜋 3 ) )


  = 3  (    sin ⁡   (  4 t +  𝜋 6 −  𝜋 6 ) +   sin ⁡   (  4 t +  𝜋 6 +  𝜋 6 ) )


  = 3  (  2   sin ⁡   (  4 t +  𝜋 6 )   cos ⁡   𝜋 6 )


  = 6   sin ⁡   (  4 t +  𝜋 6 ) ×    3 2


  = 3  3   sin ⁡   (  4 t +  𝜋 6 )


    𝐢   I n =  ∫ 0   𝜋 2      sin n ⁡ x d x


       u =     sin  n − 1 ⁡ x                                            d v  d x =   sin ⁡ x         d u  d x =  (  n − 1 )   sin  n − 2 x   cos ⁡ x ⁡  v = −   cos ⁡ x 


  = −    [      sin  n − 1 ⁡ x   cos ⁡ x     2 2 ] 0   𝜋 2 +  (  n − 1 )  ∫ 0   𝜋 2      sin  n − 2 ⁡ x     cos 2 ⁡ x d x


  = 0 +  (  n − 1 )  ∫ 0   𝜋 2      sin  n − 2 ⁡ x ( 1 −     sin 2 ⁡ x ) d x


  =  (  n − 1 )  ∫ 0   𝜋 2      sin  n − 2 ⁡ x d x −  (  n − 1 )  ∫ 0   𝜋 2      sin n ⁡ x d x


  ∴  I n =  (  n − 1 )  I  n − 2 −  (  n − 1 )  I n


  n  I n =  (  n − 1 )  I  n − 2


         I n =   n − 1 n  I  n − 2


   ∫ 0   𝜋 2      sin 5 ⁡ x d x


  =  I 5


  =  4 5  I 3


  =  4 5 ×  2 3  I 1


  =  8  15  ∫ 0   𝜋 2    sin ⁡ x d x


  =  8  15    [  −   cos ⁡ x     2 2 ] 0   𝜋 2


  =  8  15  (  0 + 1 )


  =  8  15


  ∫      sin 3 ⁡ x d x


  = ∫      sin 2 ⁡ x   sin ⁡ x d x


  = ∫   (  1 −     cos 2 ⁡ x )   sin ⁡ x d x


  = ∫    sin ⁡ x d x − ∫      sin ⁡ x   cos 2 ⁡ x d x


  = −   cos ⁡ x +       cos 3 ⁡ x 3 + c


    sin ⁡  4 x +   sin ⁡  3 x +   sin ⁡  2 x = 0


    sin ⁡  4 x +   sin ⁡  2 x +   sin ⁡  3 x = 0


    sin ⁡  ( 3 x + x ) +   sin ⁡  ( 3 x − x ) +   sin ⁡  3 x = 0


  2   sin ⁡  3 x   cos ⁡ x +   sin ⁡  3 x = 0


    sin ⁡  3 x  (  2   cos ⁡ x + 1 ) = 0


    sin ⁡  3 x = 0       2   cos ⁡ x + 1 = 0


  3 x = 0 ,   𝜋 ,   2 𝜋 ,   3 𝜋           cos ⁡ x = −  1 2


  x = 0 ,  𝜋 3 ,   2 𝜋 3 ,   𝜋                   x = 𝜋 −  𝜋 3


  =   2 𝜋 3


  ∴ x = 0 ,  𝜋 3 ,   2 𝜋 3 ,   𝜋


  ∫  x   x − 1 d x                                     u 2 = x − 1   2 u   d u = d x               


  = ∫   (   u 2 + 1 ) u × 2 u   d u


  = 2 ∫   (   u 4 +  u 2 ) d u


  =   2  u 5 5 +   2  u 3 3 + c


  =  2 5    (  x − 1 )   5 2 +  2 3    (  x − 1 )   3 2 + c


  ∫   x    2 −  x 2 d x                        x =  2   sin ⁡ 𝜃           d x =  2   cos ⁡ 𝜃 d 𝜃 


  = ∫     2   sin ⁡ 𝜃    2 − 2     sin 2 ⁡ 𝜃 ×  2   cos ⁡ 𝜃 d 𝜃


  = ∫     2   sin ⁡ 𝜃   2 ×   1 −     sin 2 ⁡ 𝜃 ×  2   cos ⁡ 𝜃 d 𝜃


  =  2 ∫      sin ⁡ 𝜃    cos ⁡ 𝜃 ×   cos ⁡ 𝜃 d 𝜃


  =  2 ∫    sin ⁡ 𝜃 d 𝜃


  = −  2   cos ⁡ 𝜃 + c


  = −  2   1 −     sin 2 ⁡ 𝜃 + c


  = −  2 ×   1 −    x 2 2 + c


  = −   2 −  x 2 + c


  ∫        cos 3 ⁡ x +     sin 3 ⁡ x    cos ⁡ x +   sin ⁡ x d x


  = ∫     (    cos ⁡ x +   sin ⁡ x )  (      cos 2 ⁡  −   cos ⁡ x   sin ⁡ x +     sin 2 ⁡ x )    cos ⁡ x +   sin ⁡ x d x


  = ∫  ( 1 −   cos ⁡ x   sin ⁡ x ) d x


  = ∫   (  1 −  1 2   sin ⁡  2 x ) d x


  = x +  1 4   cos ⁡  2 x + c


  ∫      sin ⁡  2 x +   sin ⁡ x      cos 2 ⁡ x d x


  = ∫   (    2   sin ⁡ x   cos ⁡ x      cos 2 ⁡ x +     sin ⁡ x      cos 2 ⁡ x ) d x


  = ∫  ( 2   tan ⁡ x +   sin ⁡ x    (    cos ⁡ x )  − 2 ) d x


  = − 2   ln ⁡   |    cos ⁡ x | +  1    cos ⁡ x + c


  = − 2   ln ⁡   |    cos ⁡ x | +   sec ⁡ x + c


  ∫   e x   sin ⁡ x d x                    u =   sin ⁡ x    d v  d x =  e x     d u  d x =   cos ⁡ x    v =  e x 


  =  e x   sin ⁡ x − ∫   e x   cos ⁡ x d x          u =   cos ⁡ x    d v  d x =  e x     d u  d x = −   sin ⁡ x    v =  e x 


  =  e x   sin ⁡ x −  {   e x   cos ⁡ x + ∫   e x   sin ⁡ x d x }


  ∴ 2 ∫   e x   sin ⁡ x d x =  e x   sin ⁡ x −  e x   cos ⁡ x


  ∫   e x   sin ⁡ x d x =    e x  (    sin ⁡ x −   cos ⁡ x ) 2


  ∫    sin ⁡  2 x   sin ⁡  4 x d x


  =  1 2 ∫   [    cos ⁡   (  2 x − 4 x ) −   cos ⁡   (  2 x + 4 x )     2 2 ] d x


  =  1 2 ∫   [    cos ⁡   (  − 2 x ) −   cos ⁡  6 x     2 2 ] d x


  =  1 2 ∫   [    cos ⁡  2 x −   cos ⁡  6 x     2 2 ] d x


  =  1 2  [   1 2   sin ⁡  2 x −  1 6   sin ⁡  6 x ] + c


  =     sin ⁡  2 x 4 −     sin ⁡  6 x  12 + c


  ∫      sin ⁡   (  x +  𝜋 4 ) +   sin ⁡   (  x −  𝜋 4 )    cos ⁡   (  x −  𝜋 4 ) +   cos ⁡   (  x +  𝜋 4 ) d x


  = ∫    2   sin ⁡ x   cos ⁡   𝜋 4  2   cos ⁡ x   cos ⁡   𝜋 4 d x


  = ∫      sin ⁡ x    cos ⁡ x d x


  = −   ln ⁡   |    cos ⁡ x | + c


  ∫   x    x + 5 d x                                                 u 2 = x + 5   2 u   d u = d x           


  = ∫     u 2 − 5 u × 2 u   d u


  = 2 ∫  (  u 2 − 5 ) d u


  =   2  u 3 3 − 10 u + C


  =   2      (  x + 5 ) 3 3 − 10   x + 5 + c


  =   2  (  x + 5 )   x + 5 3 − 10   x + 5 + c


  =  2 3   x + 5  (  x + 5 − 15 ) + c


  =  2 3  (  x − 10 )   x + 5 + c


   ∫ 0   𝜋 2    x   d x  1 +   cos ⁡ x +   sin ⁡ x


  =  ∫ 0   𝜋 2     𝜋 2 − x  1 +   cos ⁡   (   𝜋 2 − x ) +   sin ⁡   (   𝜋 2 − x ) d x


  =  ∫ o   𝜋 2     𝜋 2 − x  1 +   sin ⁡ x +   cos ⁡ x d x


  =  𝜋 2  ∫ 0   𝜋 2    d x  1 +   cos ⁡ x +   sin ⁡ x −  ∫ 0   𝜋 2    x   d x  1 +   cos ⁡ x +   sin ⁡ x


  ∴ 2  ∫ 0   𝜋 2    x   d x  1 +   cos ⁡ x +   sin ⁡ x =  𝜋 2   ln ⁡ 2


                 ∫ 0   𝜋 2    x   d x  1 +   cos ⁡ x +   sin ⁡ x =  𝜋 4   ln ⁡ 2


  ∫    d x   x 3    x 2 − 4                                        x = 2   sec ⁡ 𝜃                             d x = 2   sec ⁡ 𝜃   tan ⁡ 𝜃 d 𝜃 


  = ∫   1  8     sec 3 ⁡ 𝜃   4     sec 2 ⁡ 𝜃 − 4 × 2   sec ⁡ 𝜃   tan ⁡ 𝜃 d 𝜃


  = ∫    2   sec ⁡ 𝜃   tan ⁡ 𝜃  8     sec 3 ⁡ 𝜃 2   tan ⁡ 𝜃 d 𝜃


  =  1 8 ∫      cos 2 ⁡ 𝜃 d 𝜃


  =  1 8 ∫   (   1 2  (  1 +   cos ⁡  2 𝜃 ) ) d 𝜃


  =  1  16 𝜃 +  1  32   sin ⁡  2 𝜃 + c


  =  1  16     sec  − 1 ⁡   x 2 +  1  16 ×      x 2 − 4 x ×  2 x + c


  =  1  16     cos  − 1 ⁡   2 x +      x 2 − 4  8  x 2 + c


   ∫ 0 𝜋    x   sin ⁡ x  1 +     cos 2 ⁡ x d x                            u = 𝜋 − x   d u = − d x       d x = − d u     


  =  ∫ 𝜋 0     (  𝜋 − u )   sin ⁡   (  𝜋 − u )  1 +     cos 2 ⁡   (  𝜋 − u )  (  − d u )


  =  ∫ 0 𝜋     (  𝜋 − u )  (    sin ⁡ u )  1 +    (  −   cos ⁡ u ) 2 d u


  =  ∫ 0 𝜋     (  𝜋 − x )   sin ⁡ x  1 +     cos 2 ⁡ x d x


  ∴  ∫ 0 𝜋    x   sin ⁡ x  1 +     cos 2 ⁡ x d x =  ∫ 0 𝜋   (    𝜋   sin ⁡ x  1 +     cos 2 ⁡ x −   x   sin ⁡ x  1 +     cos 2 ⁡ x ) d u


  2  ∫ 0 𝜋    x   sin ⁡ x  1 +     cos 2 ⁡ x d x = 𝜋  ∫ 0 𝜋      sin ⁡ x  1 +     cos 2 ⁡ x d x


                                                                          = 𝜋  ∫ 0 𝜋      sin ⁡ x  1 +     cos 2 ⁡ x d x          v =   cos ⁡ x       d v  d x = −   sin ⁡ x   d x = −   d v    sin ⁡ x 


                                                                          = 𝜋  ∫ 1  − 1      sin ⁡ x  1 +  v 2 ×  (  −   d v    sin ⁡ x )


                                                                          = 𝜋  ∫  − 1 1   1  1 +  v 2 d v


                                                                          = 𝜋    [      tan  − 1 ⁡ v     2 2 ]  − 1 1


                                                                          = 𝜋  (   𝜋 4 −  (  −  𝜋 4 ) )


                                                                            =    𝜋 2 2


  ∴  ∫ 0 𝜋    x   sin ⁡ x  1 +     cos 2 ⁡ x d x =    𝜋 2 4


   ∫ 0   𝜋 2      cos ⁡ x    sin ⁡ x +   cos ⁡ x d x


   ∫ 0   𝜋 2      cos ⁡   (   𝜋 2 − x )    sin ⁡   (   𝜋 2 − x ) +   cos ⁡   (   𝜋 2 − x ) d x


  =  ∫ 0   𝜋 2      sin ⁡ x    cos ⁡ x +   sin ⁡ x d x


  ∴   2  ∫ 0   𝜋 2      cos ⁡ x    sin ⁡ x +   cos ⁡ x d x =  ∫ 0   𝜋 2      cos ⁡ x    sin ⁡ x +   cos ⁡ x d x +  ∫ 0   𝜋 2      sin ⁡ x    sin ⁡ x +   cos ⁡ x d x


                                                                                            =  ∫ 0   𝜋 2      sin ⁡ x +   cos ⁡ x    sin ⁡ x +   cos ⁡ x d x


                                                                                            =  ∫ 0   𝜋 2  d x


                                                                                            =    [    x       2 2 ] 0   𝜋 2


                                                                                            =  𝜋 2


  ∴  ∫ 0   𝜋 2      cos ⁡ x    sin ⁡ x +   cos ⁡ x d x =  𝜋 4


   ∫ 0   𝜋 4    ln ⁡  ( 1 +   tan ⁡ x ) d x


  =  ∫   𝜋 4 0    ln ⁡   (  1 +   tan ⁡   (   𝜋 4 − u ) )  (  − d u )


  =  ∫ 0   𝜋 4    ln ⁡   (  1 +     tan ⁡   𝜋 4 −   tan ⁡ u  1 +   tan ⁡   𝜋 4   tan ⁡ u ) d u


  =  ∫ 0   𝜋 4    ln ⁡   (  1 +   1 −   tan ⁡ u  1 +   tan ⁡ u ) d u


  =  ∫ 0   𝜋 4    ln ⁡   (    1 +   tan ⁡ u + 1 −   tan ⁡ u  1 +   tan ⁡ u ) d u


  =  ∫ 0   𝜋 4    ln ⁡   (   2  1 +   tan ⁡ u ) d u


  =  ∫ 0   𝜋 4    ln ⁡   (   2  1 +   tan ⁡ x ) d x


  ∴  ∫ 0   𝜋 4    ln ⁡  ( 1 +   tan ⁡ x ) d x =  ∫ 0   𝜋 4   (    ln ⁡ 2 −   ln ⁡   (  1 +   tan ⁡ x )     2 2 )   d x


                  2  ∫ 0   𝜋 4    ln ⁡  ( 1 +   tan ⁡ x ) d x =  ∫ 0   𝜋 4    ln ⁡ 2 d x


                         ∫ 0   𝜋 4    ln ⁡  ( 1 +   tan ⁡ x ) d x =  1 2   ln ⁡ 2    [    x       2 2 ] 0   𝜋 4


                                                                                                  =  1 2   ln ⁡ 2 ×  𝜋 4


                                                                                                  =   𝜋   ln ⁡ 2 8


  ∫     e x −  e  − x     (   e x +  e  − x ) 2 d x


  = ∫  (  e x −  e  − x )    (   e x +  e  − x )  − 2 d x


  = −  1   e x +  e  − x + 𝒄


     I n −  I  n − 1


  =  ∫ 0   𝜋 6  (     sin  2 n ⁡ 𝜃   sec ⁡ 𝜃 −     sin  2  (  n − 1 ) ⁡    sec ⁡ 𝜃 ) d 𝜃


  =  ∫ 0   𝜋 6      sin  2 n − 2   ⁡ 𝜃   sec ⁡ 𝜃 (     sin 2 ⁡  𝜃 − 1 ) d 𝜃


  =  ∫ 0   𝜋 6      sin  2 n − 2   ⁡ 𝜃   sec ⁡ 𝜃 ( −     cos 2 ⁡ 𝜃 ) d 𝜃


  = −  ∫ 0   𝜋 6    cos ⁡ 𝜃     sin  2 n − 2 ⁡ 𝜃 d 𝜃


  = −    [        sin  2 n − 1 ⁡ 𝜃  2 n − 1 ] 0   𝜋 6


  = −      (   1 2 )  2 n − 1  2 n − 1 − 0


  = −  1   2  2 n − 1  (  2 n − 1 )


  ∴  ∑  k = 1 n  (  I k −  I  k − 1 ) =  ∑  k = 1 n    − 1   2  2 k − 1  (  2 k − 1 )


   (   I 1 −  I 0 ) +  (   I 2 −  I 1 ) +  (   I 3 −  I 2 ) + .   .   . +  (   I n −  I  n − 1 )


  = −  ∑  k = 1 n   1   2  2 k − 1  (  2 k − 1 )


   I n −  I 0 = −  ∑  k = 1 n   1   2  2 k − 1  (  2 k − 1 )


   I n =  I 0 −  ∑  k = 1 n   1   2  2 k − 1  (  2 k − 1 )


            =  ∫ 0   𝜋 6    sec ⁡ 𝜃 d 𝜃 −  ∑  k = 1 n   1   2  2 k − 1  (  2 k − 1 )


            =    [    ln ⁡   |    sec ⁡ 𝜃 +   tan ⁡ 𝜃 |     2 2 ] 0   𝜋 6 −  ∑  k = 1 n   1   2  2 k − 1  (  2 k − 1 )


            =   ln ⁡   |   2   3 +  1   3 | −   ln ⁡   |  1 + 0     2 2 | −  ∑  k = 1 n   1   2  2 k − 1  (  2 k − 1 )


            =   ln ⁡   3 −  ∑  k = 1 n   1   2  2 k − 1  (  2 k − 1 )


            =  1 2   ln ⁡ 3 −  ∑  k = 1 n   1   2  2 k − 1  (  2 k − 1 )


   I 1 =  ∫   𝜋 6   𝜋 4    cot ⁡ x d x


  =    [    ln ⁡   |    sin ⁡ x |     2 2 ]   𝜋 6   𝜋 4


  =   ln ⁡   1   2 −   ln ⁡   1 2


  =   ln ⁡ 1 −   ln ⁡   2 −   ln ⁡ 1 +   ln ⁡ 2


  = 0 −  1 2   ln ⁡ 2 − 0 +   ln ⁡ 2


  =  1 2   ln ⁡ 2


     I  n − 2 +  I n


  =  ∫   𝜋 6   𝜋 4  ( co  t  n − 2 x + co  t n x ) d x


  =  ∫   𝜋 6   𝜋 4  co  t  n − 2 x ( 1 + co  t 2 x ) d x


  = −  ∫   𝜋 6   𝜋 4  ( −     cosec 2 ⁡ x ) co  t  n − 2 x d x


  = −    [        cot  n − 1 ⁡ x  n − 1 ]   𝜋 6   𝜋 4


  = −  1  n − 1  (  1 −    (   3 )  n − 1 )


  =      (   3 )  n − 1 − 1  n − 1


  =  1  n − 1  (   3   1 2  (  n − 1 ) − 1     2 2 )  


   I 5 =  1  5 − 1  (   3   1 2  (  5 − 1 ) − 1     2 2 ) −  I 3


                      = 2 −  (   1  3 − 1  (   3   1 2  (  3 − 1 ) − 1     2 2 ) −  I 1 )


                      = 1 +  1 2   ln ⁡ 2


   ∫ 0   𝜋 2    d 𝜃  4   sin ⁡ 𝜃 − 2   cos ⁡ 𝜃 + 6                  t =   tan ⁡   𝜃 2   d 𝜃 =   2 d t  1 +  t 2 


  =  ∫ 0 1   1  4  (    2 t  1 +  t 2 ) − 2  (    1 −  t 2  1 +  t 2 ) + 6 ×   2 d t  1 +  t 2


  = 2  ∫ 0 1   1  8 t − 2 + 2  t 2 + 6 + 6  t 2 d t


  = 2  ∫ 0 1   1  8  t 2 + 8 t + 4 d t


  =  ∫ 0 1   1  4  t 2 + 4 t + 2 d t


  =  1 2  ∫ 0 1   2     (  2 t + 1 ) 2 +  1 2 d t


  =  1 2    [      tan  − 1 ⁡   (  2 t + 1 )     2 2 ] 0 1


  =  1 2  (      tan  − 1 ⁡ 3 −     tan  − 1 ⁡ 1 )


  =  1 2     tan  − 1 ⁡  (   tan ⁡   (      tan  − 1 ⁡ 3 −     tan  − 1 ⁡ 1 ) )


  =  1 2     tan  − 1 ⁡   (    tan ⁡ (     tan  − 1 ⁡ 3 ) − tan ⁡ (     tan  − 1 ⁡ 1 )  1 + tan ⁡ (     tan  − 1 ⁡ 3 ) tan ⁡ (     tan  − 1 ⁡ 1 ) )


  =  1 2     tan  − 1 ⁡   (    3 − 1  1 +  ( 3 )  ( 1 ) )


  =  1 2     tan  − 1 ⁡   1 2


  I =  ∫ 0 1      ln ⁡   (  1 + x )  1 +  x 2 d x    


                                                         x =   1 − u  1 + u                                                                             d x  d u =    (  1 + u )  (  − 1 ) −  (  1 − u )  ( 1 )     (  1 + u ) 2   = −  2     (  1 + u ) 2                                                 d x = −   2 d u     (  1 + u ) 2                                                           


  =  ∫ 1 0      ln ⁡   (  1 +   1 − u  1 + u )  1 +      (  1 − u ) 2     (  1 + u ) 2 ×  (  −   2 d u     (  1 + u ) 2 )


  = 2  ∫ 0 1      ln ⁡   (   2  1 + u )  1 + 2 u +  u 2 + 1 − 2 u +  u 2 d u


  =  ∫ 0 1      ln ⁡   (   2  1 + u )   u 2 + 1 d u


  =  ∫ 0 1   (      ln ⁡ 2   u 2 + 1 −     ln ⁡   (  1 + u )   u 2 + 1 ) d u


              ∴ I =   ln ⁡ 2  ∫ 0 1   1   u 2 + 1 d u − I


                2 I =   ln ⁡ 2    [      tan  − 1 ⁡ u     2 2 ] 0 1


                    I   =     ln ⁡ 2 2  (   𝜋 4 − 0 )


                            =   𝜋   ln ⁡ 2 8


    5 − 5  x 2   (  1 + 2 x )  (  1 +  x 2 ) =  a  1 + 2 x +   b x + c  1 +  x 2


  a =   5 − 5    (  −  1 2 ) 2  1 +    (  −  1 2 ) 2 = 3


   x 2 :     a + 2 b = − 5         ⇒         b = − 4


  a + c = 5     ⇒         c = 2


     ∫ 0 1    5 − 5  x 2   (  1 + 2 x )  (  1 +  x 2 ) d x


  =  ∫ 0 1   (   3  1 + 2 x −   4 x − 2  1 +  x 2 ) d x


  =  ∫ 0 1   (   3  1 + 2 x −   4 x  1 +  x 2 +  2  1 +  x 2 ) d x


  =    [   3 2   ln ⁡   |  1 + 2 x | − 2   ln ⁡   |  1 +  x 2 | + 2     tan  − 1 ⁡ x ] 0 1


  =  (   3 2   ln ⁡ 3 − 2   ln ⁡ 2 +  𝜋 2 ) −  (   3 2   ln ⁡ 1 − 2   ln ⁡ 1 + 0 )


  =  1 2 (   ln ⁡   3 3 −   ln ⁡   2 4 + 𝜋 )


  =  1 2  (  𝜋 +   ln ⁡    27  16 )


   ∫ 0   𝜋 4      cos ⁡  2 x  1 + 2   sin ⁡  2 x +   cos ⁡  2 x d x                          t =   tan ⁡ x                 d t  d x =     sec 2 ⁡ x                 d x =   d t      sec 2 ⁡ x                               =   d t  1 +     tan 2 ⁡ x   =   d t  1 +  t 2     


  =  ∫ 0 1      1 −  t 2  1 +  t 2  1 +   4 t  1 +  t 2 +   1 −  t 2  1 +  t 2 ×   d t  1 +  t 2


  =  ∫ 0 1    1 −  t 2  1 +  t 2 + 4 t + 1 −  t 2 ×   d t  1 +  t 2


  =  ∫ 0 1    1 −  t 2  2  (  1 + 2 t )  (  1 +  t 2 ) d t


  =  1  10  ∫ 0 1    5 − 5  t 2   (  1 + 2 t )  (  1 +  t 2 ) d t


  =  1  10 ×  1 2  (  𝜋 +   ln ⁡    27  16 )


  =  1  20  (  𝜋 +   ln ⁡    27  16 )


   I n =  ∫ 0   𝜋 2   x n cos   x d x                                  u =  x n            d v  d x =   cos ⁡ x     d u  d x = n  x  n − 1    v =   sin ⁡ x 


  =    [   x n   sin ⁡ x     2 2 ] 0   𝜋 2 − n  ∫ 0   𝜋 2   x  n − 1   sin ⁡ x d x


  =    (   𝜋 2 ) n − n  ∫ 0   𝜋 2   x  n − 1   sin ⁡ x d x


                                                                                           u =  x  n − 1            d v  d x =   sin ⁡ x     d u  d x = ( n − 1 )  x  n − 2    v = −   cos ⁡ x 


  =    (   𝜋 2 ) n − n  {     [  −  x  n − 1   cos ⁡ x     2 2 ] 0   𝜋 2 +  (  n − 1 )  ∫ 0   𝜋 2   x  n − 2   cos ⁡ x d x }


  ∴  I n =    (   𝜋 2 ) n − n  {  0 +  (  n − 1 )  I  n − 2 }


   I n =    (   𝜋 2 ) n − n  (  n − 1 )  I  n − 2


  A =  ∫ 0   𝜋 2   x 4   cos ⁡ x d x


                  =  I 4


                  =    (   𝜋 2 ) 4 − 4 × 3 ×  I 2


                  =    𝜋 4  16 − 12  (     (   𝜋 2 ) 2 − 2 × 1 ×  I 0 )


                  =    𝜋 4  16 − 3  𝜋 2 + 24  ∫ 0   𝜋 2    cos ⁡ x d x


                    =    𝜋 4  16 − 3  𝜋 2 + 24    [    sin ⁡ x     2 2 ] 0   𝜋 2


                    =    𝜋 4  16 − 3  𝜋 2 + 24


   I n =  ∫ 0 1    d x     (  1 +  x 2 ) n          u =    (  1 +  x 2 )  − n                                    d v  d x = 1     d u  d x = − n    (  1 +  x 2 )  − n − 1  (  2 x )    v = x 


  =    [   x     (  1 +  x 2 ) n ] 0 1 + 2 n  ∫ 0 1     x 2     (  1 +  x 2 )  n + 1 d x                                                                


  =  1   2 n − 0 + 2 n  ∫ 0 1     x 2     (  1 +  x 2 )  n + 1 d x


  =  1   2 n + 2 n  ∫ 0 1    1 +  x 2 − 1     (  1 +  x 2 )  n + 1 d x


  =  1   2 n + 2 n    ∫ 0 1   1     (  1 +  x 2 ) n d x − 2 n  ∫ 0 1   1     (  1 +  x 2 )  n + 1   d x


  ∴  I n =  1   2 n + 2 n  I n − 2 n  I  n + 1


   (  1 − 2 n )  I n =  1   2 n − 2 n  I  n + 1


   I n =  1   2 n  (  1 − 2 n ) +   2 n  2 n − 1  I  n + 1


   I n =  ∫ 0 1   x n   1 −  x 3 d x    


                                                             u =  x  n − 2                        d v  d x =  x 2    (  1 −  x 3 )   1 2       d u  d x =  (  n − 2 )  x  n − 3        v = −  2 9    (  1 −  x 3 )   3 2 


  = −  2 9    [   x  n − 2    (  1 −  x 3 )   3 2     2 2 ] 0 1 +  2 9  (  n − 2 )  ∫ 0 1   x  n − 3    (  1 −  x 3 )   3 2 d x


  = 0 +  2 9  (  n − 2 )  ∫ 0 1   x  n − 3  (  1 −  x 3 )   1 −  x 3 d x


  =  2 9  (  n − 2 )  ∫ 0 1   (   x  n − 3   1 −  x 3 −  x n   1 −  x 3 ) d x


   I n =   2 n − 4 9  I  n − 3 −   2 n − 4 9  I n


    2 n + 5 9  I n =   2 n − 4 9  I  n − 3


                             I n =   2 n − 4  2 n + 5  I  n − 3  


   I 8 =   2  ( 8 ) − 4  2  ( 8 ) + 5  I 5


                    =  4 7  (    2  ( 5 ) − 4  2  ( 5 ) + 5 )  I 2


                    =  8  35  ∫ 0 1   x 2   1 −  x 3 d x


                    =  8  35  ∫ 1 0   x 2 × u ×  (  −   2 u   d u  3  x 2 )


                    =   16  105  ∫ 0 1   u 2 d u


                    =   16  105    [     u 3 3 ] 0 1


                    =   16  315


  2   sin ⁡ x   sin ⁡   (   (  2 k + 1 ) x )


  =   cos ⁡   (   (  2 k + 1 ) x − x ) −   cos ⁡   (   (  2 k + 1 ) x + x )


  =   cos ⁡  ( 2 k x + x − x ) −   cos ⁡   (  2 k x + x + x )


  =   cos ⁡  ( 2 k x ) −   cos ⁡   (  2  (  k + 1 ) x )


  P ( n )


  P ( 1 )


  LHS =   sin ⁡ x ; RHS =   1 −   cos ⁡   (  2 x )  2   sin ⁡ x =   1 − ( 1 − 2   sin 2 x )  2   sin ⁡ x =   2   sin 2 x  2   sin ⁡ x =   sin ⁡ x


  P ( k )


  k ≥ 1


    sin ⁡ x +   sin ⁡  3 x +   sin ⁡  5 x +   .   .   .   +   sin ⁡   (   (  2 k − 1 ) x ) =   1 −   cos ⁡   (  2 k x )  2   sin ⁡ x


  R T P   P  (  k + 1 ) :    


    sin ⁡ x +   sin ⁡  3 x +   sin ⁡  5 x +   .   .   .   +   sin ⁡   (   (  2 k − 1 ) x ) +   sin ⁡   (   (  2 k + 1 ) x ) =   1 −   cos ⁡   (  2 ( k + 1 ) x )  2   sin ⁡ x


  L H S =   1 −   cos ⁡   (  2 k x )  2   sin ⁡ x +   sin ⁡   (   (  2 k + 1 ) x )       from   P  ( k )


  =   1 −   cos ⁡   (  2 k x ) + 2   sin ⁡ x   sin ⁡   (   (  2 k + 1 ) x )  2   sin ⁡ x


  =   1 −   cos ⁡   (  2 k x ) +   cos ⁡  ( 2 k x ) −   cos ⁡   (  2  (  k + 1 ) x )  2   sin ⁡ x


  =   1 −   cos ⁡   (  2  (  k + 1 ) x )  2   sin ⁡ x


  = R H S


  ∴ P  ( k ) ⇒ P  (  k + 1 )


  P ( n )


  n ≥ 1


     (  1 +  t 2 )  n − 1 +  t 2    (  1 +  t 2 )  n − 1


  =    (  1 +  t 2 )  n − 1  (  1 +  t 2 )


  =    (  1 +  t 2 )  n − 1


  =  ∫ 0 x     (  1 +  t 2 ) n d t  


                                                         u =    (  1 +  t 2 ) n                              d v  d t = 1     d u  d x = n    (  1 +  t 2 )   (  n − 1 )  (  2 t )    v = t 


  =    [  t    (  1 +  t 2 ) n     2 2 ] 0 x − 2 n ∫   t 2    (  1 +  t 2 )  n − 1 d t


  = x    (  1 +  x 2 ) n − 2 n ∫   (     (  1 +  t 2 ) n −    (  1 +  t 2 )  n − 1 ) d t


  ∴    I n = x    (  1 +  x 2 ) n − 2 n  I n + 2 n    I  n − 1


   (  2 n + 1 )  I n = x    (  1 +  x 2 ) n + 2 n  I  n − 1


                                     I n =   x    (  1 +  x 2 ) n  2 n + 1 +   2 n  2 n + 1  I  n − 1


   I n =  ∫   e  − 1 1     (  1 +     log e ⁡ x ) n d x                  


                                       u =    (  1 +   ln ⁡ x ) n                          d v  d x = 1     d u  d x = n    (  1 +   ln ⁡ x )  n − 1 ×  1 x      v = x 


  =    [  x    (  1 +   ln ⁡ x ) n     2 2 ]   e  − 1 1 − n  ∫   e  − 1 1     (  1 +   ln ⁡ x )  n − 1 d x


  = 1 − 0 − n  I  n − 1


  = 1 − n  I  n − 1


   J n =  ∫   e  − 1 1    (     log e ⁡ x )  (  1 +     log e ⁡ x ) n d x


                      =  ∫   e  − 1 1    ( 1 +     log e ⁡ x − 1 )  (  1 +     log e ⁡ x ) n d x


                      =  ∫   e  − 1 1     (  1 +     log e ⁡ x )  n + 1 d x −  ∫   e  − 1 1     (  1 +     log e ⁡ x ) n d x


                      =  I  n + 1 −  I n


                      = 1 −  (  n + 1 )  I n −  I n


                      = 1 −  (  n + 2 )  I n


     J 3 = 1 −  (  3 + 2 )  I 3


                      = 1 − 5  (  1 − 3  I 2 )


                      = − 4 + 15  (  1 − 2  I 1 )


                      = 11 − 30 ( 1 −  I 0 )


                      = − 19 + 30  ∫   e  − 1 1  d x


                      = − 19 + 30    [    x       2 2 ]   e  − 1 1


                      = − 19 + 30  (  1 −  1 e )


                      = 11 −   30 e


  ∫      cos ⁡  5 x +   cos ⁡  4 x  1 − 2   cos ⁡  3 x d x


  = ∫      cos ⁡  5 x +   cos ⁡  4 x  1 − 2   cos ⁡  3 x ×     sin ⁡  3 x    sin ⁡  3 x d x


  = ∫      sin ⁡  3 x (   cos ⁡  5 x +   cos ⁡  4 x )    sin ⁡  3 x − 2   sin ⁡  3 x   cos ⁡  3 x d x


  = ∫    2   sin ⁡    3 x 2   cos ⁡    3 x 2  (  2   cos ⁡    9 x 2   cos ⁡   x 2 )    sin ⁡  3 x −   sin ⁡  6 x d x


  = ∫    4   sin ⁡    3 x 2   cos ⁡    3 x 2   cos ⁡    9 x 2   cos ⁡   x 2  − 2   cos ⁡    9 x 2   sin ⁡    3 x 2 d x


  = − ∫  2   cos ⁡    3 x 2   cos ⁡   x 2 d x


  = − ∫   (    cos ⁡  2 x +   cos ⁡ x ) d x


  = −  1 2   sin ⁡  2 x −   sin ⁡ x + c

